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The fractional derivative of order «a, with 1 < a < 2 appears in several diffusion problems used
in physical and engineering applications. Therefore to obtain highly accurate approximations
for this derivative is of great importance. Here, we describe and compare different numerical
approximations for the fractional derivative of order 1 < a < 2. These approximations arise
mainly from the Griinwald-Letnikov definition and the Caputo definition and they are consis-
tent of order one and two. In the end some numerical examples are given, to compare their

performance.
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1. Introduction

The fractional derivative of order o for 1 < av < 2
in diffusion problems is related to the mechanism
of superdiffusion [Zaslavsky, 2002]. There are many
analytical techniques to solve fractional differen-
tial equations. But in many cases, the reasonable
approach is to use numerical methods since the
problems have initial conditions, boundary condi-
tions and source terms that become difficult in find-
ing an analytical solution. Different models using
fractional derivatives have been proposed and there
has been significant interest in developing numerical
schemes to find their approximate solution. Some
papers where the evidence of fractional diffusion
is discussed are, for instance, [Benson et al., 2000;
Pachepsky et al., 2000; Zhou & Selim, 2003; Huang
et al., 2006].

Many numerical methods involving the frac-
tional derivative that describes diffusion differ
essentially in the way the fractional derivative is
discretized, see for instance, [Shen & Liu, 2005;
Tadjeran et al., 2006; Yuste & Acedo, 2005; Sousa,
2009; Zhang et al., 2007]. Approximations of frac-

tional derivatives have more complex formulas than
the approximations of integer derivatives, since the
fractional derivative is nonlocal, that is, the cal-
culation at a certain point involves information of
the function further out of the region close to that
point. Consequently, the finite difference approxi-
mations of the fractional derivative involve a num-
ber of points that changes according to how far we
are from the boundary.

This paper considers the different approaches
presented in the literature and compare their trun-
cation errors and order of consistency.

2. Fractional Derivatives

We start to introduce different definitions of the
fractional derivative. There are a number of inter-
esting books describing the analytical properties of
fractional derivatives, such as, [Kilbas et al., 2006;
Oldham & Spanier, 1974; Podlubny, 1999; Samko
et al., 1993].

The usual way of representing the fractional
derivatives is by the Riemann—Liouville formula.
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The Riemann-Liouville fractional derivative of
order a, for z € [a, b], is defined by

1 e
mda:—"/ w(@)(z — &) g,

(1)
where I'(+) is the Gamma function, n — 1 < a <n
and n = [a]+1, with [a] denoting the integer part of
«. Another way to represent the fractional deriva-

tives is by the Grinwald—Letnikov formula, that is,
for a > 0

Dipu(r) =

x <Z‘> u(z — kAz). (2)

The Grinwald-Letnikov definition is a general-
ization of the ordinary discretization formulas for
integer order derivatives. If we consider the domain
R the sum in (2) is a series. This series converges
absolutely and uniformly for each a > 0 and for
every bounded function u(x).

The discrete approximations derived from the
Griinwald-Letnikov fractional derivative present
some limitations. First, they frequently originate
unstable numerical methods and henceforth many
times a shifted Griinwald—Letnikov formula is used
instead, see for instance [Meerschaert & Tadjeran,
2004]. Another disadvantage is that the order of
accuracy of such approaches is never higher than
one.

A different representation of the fractional
derivative was proposed by Caputo,

1

e = T =)

T d"u
< [ GOE-orele @
S
where n — 1 < a < n and n = [a] + 1. The
Caputo representation has some advantages over
the Riemann-Liouville representation. The most
well known is related to the fact that very frequently
the Laplace transform method is used for solving
fractional differential equations. The Laplace trans-
form of the Riemann—Liouville derivative leads to
boundary conditions containing the limit values of
the Riemann—Liouville fractional derivatives at the
lower terminal x = a. In spite of the fact that math-
ematically such problems can be solved, there is

no physical interpretation for such type of condi-
tions. On the other hand, the Laplace transform
of the Caputo derivative imposes boundary condi-
tions involving integer-order derivatives at the lower
point x = a which usually are acceptable physical
conditions.

In the next propositions we state that by requir-
ing a reasonable behavior of the function u(x) and
its derivatives, we can relate the three definitions.
These results can be found respectively in [Pod-
lubny, 1999; Kilbas et al., 2006].

Proposition 1. Let us assume that the function
u(z) is (n — 1) times differentiable in [a,b] and
that the nth derivative of u(x) is integrable in [a,b].
Then, for everyn —1 < o < n we have

D¢ u(z) = Dipu(z), a<z <b.
Proposition 2. Let us assume that the function
u(x) is a function for which the Caputo frac-
tional derivative Dgu(x) exists together with the
Riemman—Liouville fractional derivative Dy u(x)
in [a,b]. Then, for every n —1 < a < n we have,
fora <z <b,

)—a+k

2 dru (x —a
Dgu(x) = Dgpu(z) — —(a) =——————.
A modified definition of the Riemann—Liouville
derivative was introduced recently by Jumarie
[2006]. Although this formulation may not have
advantages compared with the Caputo derivative
in what concern numerical discretizations, we think
it is worth a mention. For n — 1 < a < n, we get

b d
I'(n—«)dz

T dnfl dnfl
<[ (o - fi@)

x (z — €)"T2de. (4)

The main difference is that this definition does not
require the existence of the derivative of order n for
u(x) as is required by the Caputo derivative.

Diu(x) =

3. Discretization of the Fractional
Derivatives

In this section, we describe different ways of dis-
cretizing the fractional derivative.
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3.1. Grinwald—Letnikov

approxrimations
Let us define the mesh points
rj=a+jAx, j=0,1,...,N

where Ax denotes the uniform space step.
The Griinwald-Letnikov formulae can lead
immediately to the approximation

DG’LA u(z;) = Aga Zw,(g )u(xj_k), (5)
k=0

for

pala—=1)---(a—k+1)

= (=1 3]
B L'k —a)
T+ 1) (6)

To implement the fractional difference method,
it is necessary to compute the coefficients w(ka),
where « is the order of fractional differentiation.

For that, we can use the recurrence relationships

k=1,2,3,.... (7)

This approach is suitable for a fixed value of a.
In some problems where o must be found, various
values of a need to be considered and this may not
be the most appropriated way. Instead of that rela-
tion, we can use the fast Fourier transform method.

When discretizing fractional differential equa-
tions we observe that in the literature the shifted
Grinwald—Letnikov formula is exhaustively used,
since, as already mentioned, the numerical approx-
imations based in the unshifted formula very fre-
quently originates unstable numerical methods.

The shifted Griinwald—Letnikov formula is
given by

oAz 1 & @
DGLA,SU($]') = Az Zw(k )u($j+1—k)- (8)
k=0

In the next results we give the leading term
of the truncation error for both approaches and
observe that although they have the same order of
consistency, O(Ax), they are slightly different.

Assuming that u(z) is a function that can be
written in the form of a power series

oo
u(z) = Z amax™,
m=0

we can compare their truncation errors by observ-
ing the behavior for each function of the form
um(z) = ™. The following proof is partially pre-
sented in [Podlubny, 1999]. We present it here, since
it becomes clearer in the next proof for the shifted
Griinwald—-Letnikov formula.

Proposition 3. Let uy,(z) = 2™, m > 0. Then

D" ug(2) = Dpuo(@) + Az &0
X Wla)(—a)(—a +1)
+0(Az?), (9)

D%fﬂgum(:ﬁ) = D& um () + Az z™ 17

< %@@ + O(A).
(10)
Proof

(a) Let us first consider m = 0, that is, up(z) = 1.
We know that

x—O{

D¢ uo(x) = T —a)

For x = nAx, we have

D?}’LAIUO@) = Aiya Z(*l)j <a> uo(xr — jAT).

J=0

Since [Podlubny, 1999]

we have, for r = nAx,

A 1 [(n—«
D?}LIUO@):AH;Q< n )

= JTh—-—a+1)
T1—a) T+l
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Now using the asymptotic expansion [Abramowitz &
Stegun, 1970],

I'(z+a)
I'(z +b)

:zab<1+%z%a—bxa+b—-m+49@%>,

(12)
then
D& ug(x)
_ x ¢ o, —Q
rl—a) "
<+ n (—a)(—a+1)+ O( ))

Finally

Az o Ax o1

Dey, uo(z) = l)GLuo(x)‘F'75—fYEi:7;5

X (—a)(—a+1) + O(Az?).

Let us now consider u,,(z) = =™ for m > 1.

We know that

I'(14m)
Hl+m—a«)

m—o

Dy um(r) =

For x = nAx, we have

D (@) = = D (1) (0‘> tm(z — ),

J=0 J
that is
n )
A 1 j—a—1 )
D (@) = 5z > ( } )(x ~ jAa)
=0

we have

T

" fi—a—1
Do (T
=0 J

Let us now rewrite the sum
n )
J—a—1)
j=0 J
(m)

We use the Stirling numbers of the second kind oy,
[Abramowitz & Stegun, 1970], that is,

n_ Zn: i)l
=0

I'(z+1)
Mxz—i+1)

(13)

n >, 2l =

In our case, we obtain from (13),

=1 Jj=t
_ " 0’5,7') (e F(k + 7 — Oé)
2% ZaT(—a)T(k + 1)
r F(Z n—i E+ti—a—1
N F( a) Z ( )
i=1 k=0

Now using (11), we can write

N (i-a—1)

Z( j )‘7
_ TU@FU—® n—ao
; " T(-a) <nz>

_ " (0 'n—a+1) n—au
; " i)l (—a)(n—i+1) (n—z)
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Therefore,
oAz _ i (™ - (@), —r I'(n—a+1)
D1 um(@) = 5 TZ:;]( 1 (JZ;U " G—alm—it1)
Using (12) we have
DG unla) = o S (1y (™) oI (14t ek a4 1) + O
oL um( = T o) 2 . i:1ar P 5" a+i)(—a—i n
zme & m 1 1
_ 1\ (r) L=l P -2
F(a);( 1) <T>O'T Ta<1+2n (—a+r)(—a—r+1)+0(n )>
pmea m o m r—1 0 ni—r . 1 . A A . N 5
+F(a);<_) . ;UT ia( +gn (—a+i)(—a—i+1)+O(n ))
AT & o™ o) 1ame & o™ o) 1
- I(—a) TZ:;]( ) r T‘*OéjLiF(*Oé) TZ:;)( ) rlr—a (matr)(—a—r+l)
o m m n1
—1) (r— 1)7 ) .
+F<—Ct> TZ;( ) (T>U 7"—1—04+O(n )
Since 0\”) = 1 and as we have found in [Podlubny, '

1999, Therefore we have,

Zm}—l)?"(m) L _TO4mla) Dgfﬂﬁum():DgLum(xHM%LF(a)

r— Hl+m—a«)

,
r=0
we have, % Pim+1)I(1 -« + O(Al'z),
oAz 1 xm— a—1 F(m - Oé)
Dy u = D&y u + Az—
Gl um(®) CLtm () 2 I'(—a) and then we get (10). W
ik m We now turn to the shifted formula.
Xy (—1) (—a—r+1)
r=0 " Proposition 4. Let up,(z) = 2™, m > 0. Then
Ca—1 m 1
Al S PG D& Suo(r) = Depuo(z) + Az 2717
['(—a) r)7
r=2 1
X ————(—a)(—a+3)
1 _
x ———— + O(Az?), 20(1 = )
r—1—-—« 9
(r—1) +O(Az?), (16)
where oy = (3). It is also easy to prove that

m DgLASx“m( ) = Dgpum(x) + Ax gm e
m

2 < ) U= , Lim+1)

N 2I'(m — «)

0 (2 —a) + O(Az?).
<m> r—1)  T(m+ 1)1 - 04). (17)

r—1—-—a I'(m—«a) . )
Proof. Let us first consider m = 0, that is, ug(z) = 1.

(15)  For x = nAx, we have
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A 1 7%1 M that is,
D suo(x) = (1)
GL,s Yo\ .
Az = J DgLAqum(a:)
X ug(x — jJAz + Ax). 1 i a-1
= — jAzx + Az)™
Then, Axajzg j (x — jAzx + Ax)
1 n+1—«
D% A:pu i —a—1
GL,S 0() A:L'a< n+1 ) :(n+1)mAxm—aZ(] .
J
oz naI‘(n—oHrQ). PG
Il -a) I'(n+2) ><<1— +1) :
n
From (12),
oA Expanding the binomial we obtain
D, s uo(2)
e m
- D un(x) = (n+ 1>mAwm—“Z<—”r< )
= r
I'l—a) r=0
1 Hj—a—1
X (1 + §n_1(—a)(—a +3)+ (’)(n‘g)). x(n+1)~" Z (] , )f.
— J
7=0
Finall
Y A Let us now rewrite the sum
DgLAépuo( ) = Dgpuo(z) + 7$_a_1 SN0 SN
1 >y
—(—a)(— Az?). 7=0
< Ry (et 8) + 0(as?)

F o b We use the Stirling numbers of the second kind
or up(z) = ™ we have aﬁlm), as previously in (13), to get

n+1 o
D (@) = Azaz(l)j(J) ZC ) Zo— )Ll —a) (nHa)
=0 j T(—a) »a

= n+1—1

X um(@ — jAT + Az), | Therefore

Dgfﬂﬁum(x) (n+1)™ A Z < ) n+1)"" Z 07(;‘) G F(()ZF(S*;J)F 3

=1

Using (12) we have

e m m r 0_7(]) ‘
DiSun(e) = (n+ D"y S - () (4 )73 Tt )
0 i=1

X (1 + %(n + 1) N(—a+i)(—a—i+2)+O0((n+ 1)2)>.

Consider
D& um(x) = Ay + As,
for
m—ao A:Em—a - r m 0-7("T) 1 —1 —2
A =(n+1) W;(l) <r>ra<1+§(n+1) (—a+r)(—a—r+2)+0((n+1) )>,
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M

pma m m r—1 0_ 7,) )
A 1 1 -7 —a+1
i 3 & ( ) )Y

r=2 =1
X (1 + %(n + 1) N —a+i)(—a—i+2)+0((n+ 1)2)>.

For A we have

m—a Zm—a m (7”) m—a—1 m—a
_(n+1 n+1 m—a1 AT
m=(") 2 ( ) ) T

m m\ )
><Z<—1)T< )TQ;( atr)(—a=r+2)+0(n+1)7%).

It is easy to check that O((n + 1)72) = O(Ax?) for a fixed x. Then

Al:(l (’I’L >( miai ( )U(T;>+<1+m_§é—1+o(n—2)>
r=0
m—a—1 ™M

x m\ o )
X Az Z(—l)"( ) 1( a+r)(—a—r+2)+ O(Azx)
0

[(—a) & r]r—a?2
m—a M (r) m—a— 1 m (r)
T P T\ or T oy
:r<—o<>;(_1> <T>T—Q+MF< Zo < )’"—a

m—a—1 ™M

+ Az (1) <T> %(—a — 7+ 2) + O(Az?).
r=0

Now we turn to As. We have, using similar tools,

n+1\""* Az C m (n+1)71
Ao — m—a 1) (r—1)
? ( n > " I'(—a) Z2< ) (r>0 r—1—a

r—

< (1430 07 ke (a4 + 00807

Axm—oc—l m m O'(T 1)
A S (1) S o)

where ol ™V = = (3). Then,

T m m pm—o—l
D¢ gum( ) = D&pum(x) + Amm(m — ) Z(—l)r <r> " _1 ot Ax o)
r=0
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Finally, using (14) and (15) we have

DLt ()

+ Ax

m—a—1
T(—a) |
Agm—a—t 1T(m+1I(1 - a)

= Dapum(z) + Az

I'(m + )I(—a)

m—a) 'm+1-—a)

+ O(A:L'Q),

INGe)

and we obtain (17). W

3.2. Lubich approxrimations
The coeflicients w,(ca) on Egs. (5) and (8) can be con-
sidered as the coefficients of the power series for the

function (1 — 2)¢

172

Zwk 2k (18)

as noted in [Lubich, 1986]. We can say, for instance,

that in (5) the weights w,(fa) assigned to the values
u(x — kAx), are the first order N + 1 coefficients of
the Taylor series expansion of the function

fT(z) = (1 —=2)% (19)

Lubich [1986] obtained approximations up to the
sixth order in the form

Da,Awu

1 @
- Axakzowjk u(xg).  (20)

The coefficients w,(ga) are respectively the coef-

ficients of the Taylor series expansions of the corre-
sponding generating functions, f,(z), p being the
order of consistency. For p = 2, the function is
given by

f3'(2) = <g —2z+ %z2>a. (21)

(@)

Technically all the coefficients w; ~ can be computed
using any implementation of the fast Fourier trans-
form.

For the coefficients wj(.z) we can consider s = 0.

For s # 0, the coefficients w](.z) can be constructed
such that

I'(m—a)

DRy (z;)?
= Dﬁ"m(:cj)q, for all integer 0 < g <p—1,
which results in the following system of equations

s

(@),  Llg+1)
;wﬂ“ kq_l‘( a+q+1 Zw] kkq

q=0,...,5—1.

It is easy to see that in this case it makes sense to
choose s = p.

The implementation of the fast Fourier trans-
form consist of the following. If f(z) is an analytic
function in the closed unit disk, then its Taylor
series converges there, and the Taylor coefficients
can be computed by Cauchy integrals:

o 1
— E : k —
= agz”, ap = 5
k=0

M (2)dz

|z|=1
(22)

where the contour of integration is the unit circle
traversed once counterclockwise.
Setting z = €'?, with dz = izd¢ shows that an
equivalent expression for ay is
1

A = —

o e*“w f(e)dg. (23)

These coefficients can be evaluated by the fast

Fourier transform.
In our particular case, the analytic function

fo(z) is
Zw ek p=1,2, (24)

with the coefficients given by

2w
(@ _ 1 —ike paf i
Wy, = %/0 e ¢fp (') dg. (25)
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Note that for o = 2 the coefficients w,(ga) can be  Proposition 5. For any function u(x) sufficiently

. . o A
easily obtained. For instance, for p = 1 differentiable, the approzimation Dy u(z;),
) satisfies
w((f) =1, w§2) 2, wé ) = 1,

DA y(x) — D ula;) = O(AaP).

uniformly for x; € [a,b], 0 < a < b < 0.

and for p = 2
L0 9 P 11 L0 _ 3.3. Caputo approximations
0 4’ ! ’ 2 2’ 7 In this section we derive numerical approximations
@ 1 @ based on the Caputo derivative definition,
wy' ==, w =0, k>5.
' Deu(r) = s [ RO - 9. (26)
u(r) = ——— — — .
According to Lubich [1986], we have the following © re-—a)/, de&
result. | For each x;, we have that
1 j_l Th+1 dgu 1
DEu(z;) = ——— — = &) e, 27

An usual way of approximating the Caputo derivative Dgu(x;) is by

]_1 €T
o Ax u(zpto) — 2u(@py1) +ulzy) [ —a
Dy uleg) = T(2—a) Z - A2 () — €)' 7dg
k:O Tk
1
_ 1 T u(Tpro) — 2u(wprr) + ulzg) Az ad<
I'2-a) Ax? 2—a F
k=0
Az 14
= w2 din(u(@rs2) — 2u(@pr1) + ulzk)),
I's—a) —

for |
We compute these integrals by approximating
dir = (j — k)2_a - —k- 1>2_a~ the second order derivative by a linear spline
5j(€), whose nodes and knots are chosen at xy,
k= 0,1,2,...,7. A similar approach is done in
[Diethelm et al., 2004a, 2004b; Li & Tao, 2009; Li
Proposition 6. Let u(x) be a function in C3[a,b] et al., 2011]. The spline s;() is of the form
and 1 < a < 2. Then

This is a first order approximation as stated in the
next result and proved in [Shen & Liu, 2005].

2
D&Y u(;) = DE yuly) + Eoa(w)) Z d§2 () 854(8). (29)
with with s;1(£), in each interval [xy_1, zp41], for 1 <
Ups — a)2—2 k <3 —1, given by
Boa(zy) < 289 Co(ag), ,
I'(3—a) §—Tp1
——, 1 <E <y
Let us now derive a second order approxima- Tk = Th-1
tion. For z;, 7 =1,..., N — 1 we need to calculate . — _
’ ) #x(6) 75}!6“ xi, Tk <& < T
1 i dfu I—o +1
Y — P — dg. 28
r'2-a) / ag? (&)@ —¢) ¢ (28) L0 otherwise.

1250075-9



E. Sousa

For k=0 and k = j, s;(§) is of the form

g < &< 1y
sj0(§) = L1~ 0
0 otherwise
ey
: -1 zj_1 <& < @
51.4(6) = (%~ T
0 otherwise.

Therefore, an approximation for (28) is of the
form

and after some calculations we obtain
1 i 11—«
m/a sj(&)(z; — &) "d¢

2 «

J
Z d—u L)k, (30)

where
ajr=0G 1= % -3+a), k=0 (31)
ajp=(j —k+1)°7 =2(j —k)°7°
+(G—k-1P%" 1<k<j-1 (32)
ajr=1, k=3 (33)
For the mesh points zp, k = 1,...,N — 1 the

second order derivative of (30) can be approximated
by 6%u;/Az? where §2 is the central second order
differential operator
§%uj = u(zji1) — 2u(z;) + ulrj—1).

Additionally, we also need to know the value of the
second order derivative at the boundary point xg.
If we have a physical boundary condition of the
type

d?u

s (w0) = Do (31)

we can consider the given value. If this value is
not available at x = zy the second order derivative
can be approximated by 6oUy/Ax? where dg is the
operator

douj = 2u(x;) — Sulwjt1) + du(wjp2) — u(z)ts).

(35)

Finally, an approximation for D@(z;) can be
written as

JAVI A :
Dg’mu(x]‘) = F(T—a) {améouo + Z aj,k52uk}~
k=1

We have the following result, proved in [Sousa,
2011].

Proposition 7. Let u(z) be a function in C*[a,b]
and 1 < a < 2. Then

D& u(wy) = Deulay) + Eo(;)
with
T — a 2—«
|Eo(z;)] < %O(Agjg).
Note that
« « ! dku (:L' a)iaJrk
Dgu(x) = Dy u(z) — kZ:O %(Q)F( a+k+1)
that is
N lz-a)j*
D) = Deu(x) + ula) g =3
/ (x o a>fa+1
T T Ty

If we want a first order approximation for the
derivative DR u(x), we can use a first order approx-
imation to determine u'(a) by using the forward
operator

Aju(z)) = u(@ji1) — u(z))
and

A u(xj)

/ + J

u'(z;) = ———= + O(Ax).

(2j) = 2558 1 0(Aw)
On the other hand if we want a second order

approximation for the Riemman-Liouville deriva-

tive we can use the second order approximation for

the first derivative, such as,

—u(zjy2) + du(zj1) — 3u(z;)

2
Az + O(Az?).

u' () =

1250075-10
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4. Numerical Tests

In this section, we present some numerical results.
The magnitude of the truncation error is compared
for the approximations discussed previously and
their order of consistency is confirmed.

4.1.

Consider the function u(x) = x*. We have that, for
l<a<?2

Boundary conditions are zero

24 _
D¢u(z) = Dypu(z) = Dgpu(z) = m$4 “
Consider the vectors Uspp = (U(xo),...,
U(zn)), where U is the approximate solution and

Uex = (u(xg),...,u(xy)), where u is the exact solu-
tion. The error is defined by
[ttex (Az) — Uapp(Az) oo, (36)

where |||/ is the lo norm.

In Table 1 we compare the first order approx-
imations and in Table 2 we compare the second
order approximations for « = 1.8. We observe
in Table 1, that the approximation based on
the shifted Griinwald-Letnikov formula gives the
smaller error. This is in agreement with the theoret-
ical results (10) and (17). In Table 2, the approx-
imation based on the Caputo derivative performs
better.

Table 3. s error (36) fora =1.2, 0 <z < 1.
.A" 7A,. ,A,.
Az D¢y ” Deis D"
% 0.1633 x 10° 0.1118 x 10° 0.1379 x 10°
1 -1 1 -1
@ 0.1697 x 10 0.1142 x 10 0.1425 x 10
1 —2 2 2
5000 0.1717 x 10 0.1145 x 10 0.1431 x 10

Additionally, the approximation D%Awu(:ﬂ)
starts to perform well for values of Az = 1/50
and Az = 1/500 but for quite small Az, such as,
Az = 1/5000 we have accuracy problems. Numeri-
cal problems related to this approximation are also
reported, for instance, in [Diethelm et al., 2004].
Note that for this approximation we have consid-
ered s = 0 in (20), since there was no significant
differences in the precision if we consider s = 1.

In Tables 3 and 4, we do similar tests to the
ones that were done in Tables 1 and 2, but now for
a = 1.2. The conclusions are the same.

4.2. Nonzero boundary conditions

Let us now consider for 0 < z < 1, the function
v

(1 —x)5/2’

and a = 3/2. We have that

u(x) =

Table 1. lso error (36) for a =1.8, 0 <z < 1. 322 + 18z + 3
A Da,A:v Da,A:v Da,A:v DIO:{LU(QZ') - 5 '
r GL GL,S cl r 3 Vol —z)4
1
= 0.3778 x 10° 0.4335 x 10°'  0.1327 x 10° Note that
1 ) . ) o (z) = 2+ 3z o () = 20 + 15x
o5 03919} 1072 04356 x 1070 0.1845 x 1072 and therefore
uw(0)=0 «(0)=1 4"(0)=5.
Table 2. s error (36) for a =1.8,0 <z < 1. Table 4. I error (36) for a =1.2,0 <z < 1.
Az DyAe DEA" Az DAe DEA*
% 0.6229 x 1072 0.1496 x 1072 % 0.4006 x 10~2 0.1606 x 10~2
1 . L -4 —4
500 0.5421 x 10 0.1602 x 10 500 0.8689 x 10 0.1707 x 10
1 2 -6 1 2 -6
— 2511 x 1 1 1 — . .
5000 0.2511 x 10 0.1678 x 10 5000 0.4160 x 10 0.1716 x 10
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Table 5. First order error for a = 1.5 at x = 1/4. Table 7. First order error for « = 1.5 at x = 1/4.
Az D(éLAéL (1/4) Error Az ?{LAlxu(l/él) Error
% 9.372416532513057 0.2339 x 10Y 6_10 9.557038359800762 0.4186 x 10°
ﬁ 9.160930732981797 0.2245 x 101 & 9.183034203064997 0.4456 x 107!
1
5000 9.140714295237558 0.2236 x 1072 ﬁ 9.143066643085710 0.4588 x 102
The solution, DRLU(1/4)7 at  — 1/4’ and con- Table 8. Second order error for o = 1.5 at x = 1/4.
sidering sixteen digits, is given by Df;u(1/4) = Az DA (1 /4 Error
9.138478192773535. DRl
In Tables 5 and 6 we compare the two approx- 1 9.151374640108251 0.1290 x 10~}
imations based on the Griinwald-Letnikov defini- 60
tion and its confirmed that the shifted formula gives 1 0.138618733987558 0.1405 % 103
smaller errors and we note again this is in agreement 600
with the theoretical results (10) and (17). 1 9.138479620502642 0.1428 x 10-°
Since the first order derivative at the left 6000

boundary is not zero, the Caputo derivative and
the Riemann-Liouville derivative are different.
In the next tables we present the Riemman-—
Liouville derivative values based on the Caputo
approximations.

The approximations of the first order and
second order derivatives at the boundary point
must be considered as described in the pre-
vious section, that is, to obtain a first order
approximation for the Riemman—Liouville deriva-
tive, and assuming u(0) = 0 we need to consider the
approximation,

ul(ry) —ulx
DR uley) = D tu(ey) + L)
x
—a+1
X 73:'7 R
I'—a+2)

and to obtain a second order approximation,

DA u(xy) = DG u(x)

—u(z2) + 4u(xy) — 3u(xg)

+ 2Ax

— 37
“T(at2) (37)

In Tables 7 and 8 we show the performance

of the derivatives D?{’LAlw u(x) and D?{LA “u(x) and

see that the approximation DRL “u(r) is quite
accurate.

Finally we present the results for the derivative
based on the second order Lubich approximation
and it is again confirmed that for quite small space
steps we have precision problems.

We conclude the second order approximation
based on the Caputo definition is a very good
option.

Table 6. First order error for a = 1.5 at = 1/4. Table 9. Second order error for « = 1.5 at z = 1/4.
Az DgLAzu(l/Zl) Error Ax DE"Axu(l/él) Error
1
50 8.504256221012128 0.6342 x 10° % 9.087659189694477 0.5082 x 107!
1
500 9.071845197716357 0.6663 x 10~ & 9.137964592304343 0.5136 x 1073
1 -2 1 -2
— 138478192 6701 x 1 — . .
6000 9.138478192773535 0.6701 x 10 5000 9.140670631721150 0.2192 x 10
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5. Conclusion

We have presented and compared different numer-
ical approximations for the fractional derivative.
The approximation based on the shifted Griinwald—
Letnikov definition is the best option when consid-
ering first order approximations. For second order
approximations, the approximation obtained from
the Caputo definition performs better. Additionally
precision problems related to the Lubich approxi-
mation are reported. These problems may be a con-
sequence of the fact that we are unable to compute
the weights with high accuracy.
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