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Galois structure [G. Janelidze]

Definition
A Galois structure Γ is given by:

I X a full replete reflective subcategory of C

X
⊆
33⊥ C ;

Itt

I E a class of morphisms in C such that:
I E contains the isomorphisms in C ;
I pullbacks of morphisms in E exists and are in E;
I E is closed under composition;
I I(E) ⊆ E;

I η : 1C ⇒ I a unit such that ηC : C → I(C) in E for all C.

Notation
ExtE(C ): category of extensions.
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Galois structures

We will only consider Galois structures of type (A), i.e. which satisfy:

I I preserves pullbacks

A
f //

k

��

B

g

��
D

h
// C

with g, h in E and g split epi;
I every extension is monadic and a regular epimorphism;
I enough projective objects w.r.t. E;

Notation
f ∈ SplitE if f ∈ E and f is a split epimorphism (a split extension).
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Kp : C ↓E B → C ↓EEq(p) is an equivalence

Kp(f) = (f ′, f ′′)
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Extensions

Definition
An extension f : A→ B is a trivial extension if

A
ηA //

f

��

I(E)

I(f)

��
B ηB

// I(B)

is a pullback.

Notation
TrivΓ(C ): category of trivial extensions.
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Normalisation functor as a pointwise Kan extension

I One can show that there is an isomorphism

f ↓ H1
∼= Cocone(K̃ ◦ T1 ◦ P f )

I1 exists iff LanK(K̃ ◦ T1) exists, and they coincide!
I Since

Cocone(K̃ ◦ T1 ◦ P f ) = Cocone(K̃ ◦ T1 ◦ P f ◦ Lf )

I1 exists if the coequalizer of

T1(pf1 )
T1(πq

1) //
T1(πq

2)
// T1(πf1 ),

exists in NExtΓ(C ) for every f in NExtΓ(C )
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Normalisation functor as a pointwise Kan extension
I The normalisation functor exists!
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Normalisation functor as a pointwise Kan extension:
Summary

ExtE(C )

I1=LanK(K̃)◦T1
,,

⊥

∼=

NExtΓ(C )
H1

ll

SplitExtE(C )

T1 --
⊥

K

OO

SplitTrivΓ(C )

H̃1

mm

K̃

OO



Outline

Galois structures and extensions

Normalisation functor as a pointwise Kan extension

A classification theorem for normal extensions



Weakly universal normal extensions

Definition
A normal extension p : E → B is weakly universal if it factors through
every other normal extension with the same codomain:

E
p //

∃u
��
	

B

E′
p′ normal

==



Construction of weakly universal normal extensions

Lemma
For all B in C one can construct a weakly universal normal extension of
B.

Proof: If f : P → B is a projective presentation of B:
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Construction of weakly universal normal extensions

Lemma
For all B in C one can construct a weakly universal normal extension of
B.
Proof: If f : P → B is a projective presentation of B:

P
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Construction of weakly universal normal extensions

Lemma
For all B in C one can construct a weakly universal normal extension of
B.
Proof: If f : P → B is a projective presentation of B:
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Construction of weakly universal normal extensions

Lemma
For all B in C one can construct a weakly universal normal extension of
B.
Proof: If f : P → B is a projective presentation of B:

P
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A classification theorem for normal extensions
Theorem
Let Γ be a Galois structure of type (A):

X
⊆
44⊥ C

Itt
+ E

and
p : E → B

a weakly universal normal extension of B. Then one has an equivalence
of categories

NExtΓ(B) ∼= X ↓SplitEGal(E,p)

where Gal(E, p) is the internal groupoid in X

I(Eq(p)×E Eq(p))
I(pp

1) //

I(pp
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//I(τ) // I(Eq(p))
I(πp

1 ) //

I(πp
2 )

//

I(σ)

��
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A classification theorem for normal extensions
Proof: For (A, f) in NExtΓ(B):
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A classification theorem for normal extensions
Proof: For (A, f) in NExtΓ(B):
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The classical categorical Galois theorem [G. Janelidze]

Theorem
Let Γ be an admissible Galois structure :

C

I
''

⊥ X

⊇
ff + E

and
p : E → B

a weakly universal normal extension of B. Then one has an equivalence
of categories

SplΓ(E, p) ∼= X ↓EGal(E,p)



A non-classical example

Example
The Galois structure

Ab

I ((
⊥ Ab∗

⊇
hh + RegEpi(Ab)

where Ab∗ is the full subcategory of Ab whose objects satisfy

4x = 0⇒ 2x = 0.

is not admissible but is of type (A).
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The end

Thank you for your attention!


