Pré-Publicacoes do Departamento de Matemética
Universidade de Coimbra
Preprint Number 14-08

LIKELIHOOD RATIO COMPARISONS AMONG SPACINGS
RELATED TO BOTH ONE OR TWO SAMPLES
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ABSTRACT: In this paper, we investigate some stochastic comparisons in terms
of likelihood ratio ordering between spacings from independent random variables
exponentially distributed with different scale parameters. We partially solve some
open problems in Wen et al. [16] for a one-sample problem and in Hu et al. [5]
for a two-sample problem. Specifically, we prove that the second spacing is always
smaller than the third spacing in terms of the likelihood ratio order and we provide
the ordering among all spacings in the case n = 4. In the two-sample case, we
establish comparisons between the second spacings related to each sample under
certain conditions.
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1. Introduction

Given a set of independent random variables, X7, X, ..., X, let the order
statistics of these variables be Xi., < Xo.,, < ... < X,.,. Then, the random
variables

Diy = Xin — Xi—1:n,
forv=1,...,n, with X;., =0, are called spacings.

Spacings are of great interest in many areas. In particular, in auction the-
ory, the second and the last spacings represent reverse auction in the second-
price business auction and auction rent’s in buyer’s auction, respectively (see
Xu and Li [18]). In the reliability context, they correspond to times elapsed
between successive failures of components in a system. In addition, there
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are many goodness-of-fit test based on spacings (see, e.g., Balakrishnan and
Rao [1, 2]) very useful in the context of life testing.

Many researchers have investigated stochastic relations in terms of sto-
chastic orderings between spacings of a random sample from independent
and identically distributed random variables. Some early references for this
case are Barlow and Proschan [3], Pledger and Proschan [12] and Kochar
and Kirmani [7]. The corresponding problem in single-outlier exponential
model has been studied by Khaledi and Kochar [6]. This topic has also been
studied by Wen et al. [16] and Xu et al. [17] in the multiple-outlier exponen-
tial model. When observations are heterogeneous, there are few references
due to the complicated distribution form of the spacings. From Kochar and
Korwar [8], we know that the survival function of Ds,, is Schur convex in
(A1,...,A\,) and that the hazard rate of Ds. is Schur concave in (A1, A9).
Note that for n > 3, the hazard rate of Ds., is not Schur concave. Wen et
al. [16] conjectured that D;.,, <; D1, for i = 1,...,n — 1. Hu et al. [4]
proved that Di., < Ds., and Ds.3 <; Ds.3 for all \;’s; and if A\, 1 > \;,
1= 1, oo, n, then D2:n—|—1 Slr Dgzn.

For two samples, Kochar and Rojo [9] and Kochar an Xu [10] established
condition for different stochastic orderings among spacings when one of those
samples is from heterogeneous exponential random variables and the other
one is from homogeneous exponential random variables. The case in which
both samples are from heterogeneous exponential random variables is inves-
tigated in Torrado and Lillo [15].

In this work, we investigate stochastic order relations among successive
spacings from a sample and also between spacings from two samples, in both
cases we consider that the observations are independent but not identically
distributed. In particular, for the one sample problem, we partially solve
open problems in Wen et al. [16]. When spacings are from two heteroge-
neous samples, we stochastically compare second spacings in the sense of the
likelihood ratio order by solving open problems in Hu et al. [5].

The rest of this article is organized as follows. We recall the definition
of likelihood ratio order, as well as, of the density function of spacings in
Section 2. Also in this section, we give some useful lemmas used in the
sequel. In Section 3, we present some advances on the conjecture in [16]. In
particular, we prove this conjecture for n = 4 and show that the second and
third spacings for any n are ordered according to the likelihood ratio order.
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In addition, we solve in Section 4 an open problem in [5] for the second
spacing. Finally, Section 5 makes some concluding remarks.

2. Preliminaries

First, let us introduce some notations and definitions. Let x = (1, x2, ..., x,),
n > 1 a vector with positive components, then

S(x) = Z:{: (2.1)

is the first elementary symmetrical function of the positive x1, xs, ..., z,.

For two random variables X and Y with densities fx and fy respectively,
X 1is said to be smaller than Y in the likelihood ratio order, denoted by
X <, Y, if fy(t)/fx(t) is increasing in t. It is known that the likelihood
ratio order implies both the hazard rate and the reversed hazard rate orders
(see, e.g., [13]).

For heterogeneous but independent exponential random variables, Kochar
and Korwar [8] proved that, for i € {2,...,n}, the distribution of D; is a
mixture of independent exponential random variables. Following Torrado et
al. [14] the density function of D; can be written as

M;
. N )
fit) =D AB, .n)BY e, (2.2)
Jj=1

n—i+1
B = 5(Am,), (2.3)

where S(-) is defined as in (2.1) and m; indicates a group of indices of size
n—1+ 1, and
-1

i1 | i1
ABDn) = > TT M [T Ao H BT (24)
i lm, kEHmj /=1 u=/{
TUEH'ITLJ'
where H,,, = {1,...,n} — m; and the outer summation is being taken over

all permutations of the elements of H,,,.
Before proceeding to our main results, we recall four lemmas, which will
be used repeatedly in the following sections.



4 N. TORRADO AND R.E. LILLO

Lemma 2.1 (Lemma 3.1, in Kochar and Korwar [8]). Let A(@(fg,n) be as
defined in (2.4). Suppose that my and msy are two subsets of {1,...,n} of
sizen—i+1 (1 <i<n) and having all but one element in common. Denote
the uncommon element in my by a1 and that in msy by as. Then,

AalA(ﬁg)pn) Z )‘a2A(5(Z) n)? Zf >\a2 Z )‘al'

mo?

Lemma 2.2 (Chebyshev’s sum inequality, Theorem 1, in Mitrinovic [11]).
Leta; <as <...<a, and by < by < ... <b, be two decreasing sequences of
real numbers. Then

Lemma 2.3 (Lemma A.1, in Torrado et al. [14]). Let A(ﬁ%,n) be as in
(2.4) and ﬁ,(ﬁi as in (2.3). Then,

A(BS DABY ) = ABL DABY,4) > AR, HABY 1),

for h=1,2.

Lemma 2.4 (Lemma A.2, in Torrado et al. [14]). Under the same assump-
tions as those in Lemma 2.3

(a) A(BG ) DABY,4) > ABY),
(b) ABY, DABY,4) > AR,
for h = 3,4.

Remark that in Lemmas 2.3 and 2.4, from (2.1), we get that

o
S

I
»

—
>

<

~—
I

Aand B =S\ M) = A+ A

Js

3. Comparisons between spacings related to a sample
Observing equation (2.2), note that D;.,, <; D;i1., if and only if
My i+1 i+1) ¢ty
fraa(t) _ S50 AR )y e
, - - i i) 8%
Jill) i AR m) Bl

9
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is increasing in ¢. Differentiating this equation with respect to ¢ we have to
prove

M1 M;
DD AL mAGEY w8 Ve A (50 - i) > o
7j=1 k=1

(3.1)
Note that if (ﬁfﬁl — B%j”) is positive for all my; and m;, then the Eq.(3.1)
holds. Throughout this paper we suppose without loss of generality that the
A;’s are in increasing order.

Wen et al [16] conjectured that successive spacings from heterogeneous ex-
ponential random variables are increasing in likelihood ratio ordering. Next,
we show that the second and the third simple spacings are ordered according
to likelihood ratio ordering for any n, but first we need to prove the following
result.

Lemma 3.1. Let %) = S(A) — \; and 8%, _,) = S(A) = \; = A\ be for
1<j<k<tl<n, where A= (\,...,\,). Then,
8287, o+ 898%. ) > 898

Proof: Note that,
BEBE = SPA) = SO (A + A+ M)+ A (e + Ao),
BEBE. = SHA) = SO (A + Ak + M) + Au(As + o),
BB 1y = SEA) = SO (A + M+ M) + Al + Ay),

‘
where A = (A1,...,A,). Then

6% 48P —8C8E = SNP=S(A) (A + Ak + A)F2A A > 0,

since S(A) —A\j — g — A\ > 0. n
Theorem 3.2. Let X1, ..., X, be independent exponential random variables
such that X; has hazard rate \; fori=1,...,n, then

D2:n Slr D3:n-

Proof: We have to show that (3.1) holds. Note that, for j < k < ¢,
BE =B,y =N+ A) = A,
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: (2 _ _ 3) _ )\ _ R _
since 8, = S(A)—\; and B n = S(A)—=Aj—As. Let us denote a, 1 = 87

(3) ) (3) _ 3® (3) _ n
ﬁ(ikﬁé), aup = B — 5(,]-,,5) and a,3 = 87, — ﬁ(ﬂ.ﬁk), foru=1,..., (3)

It is easy to see that a,1,a,2 > 0 and a,3 can be positive or negative.
Moreover, these elements are ordered as follows:

Au1 = (Ae+ X)) = Aj = auz = (Nj + A) = A = auz = (A + M) — Ao
Since
6(—2]) + ﬁ(i)k; -0 — 6(—2]3: + ﬁ(i)] -0 — B(_Qg) =+ ﬁ((i)j’_k) = 25()\) — )\j — A\p — )\g7

then e tB5+8000) = ~t(BA+8T, ) = ot (8967 ).

prove

Bu = Qy,1 bu’15£2])6(( ke, —0) + Qy,2 bu 25 kﬁ + Ay 3 bu 36 5 —k) > 07

where

Hence, we have to

bur = AP n)ABY, _,.n),
buz = ABELABY, . n),
bus = ABY.n)ABY,_,.n).

foru=1,..., (g) By Lemma 2.1, we get b, 1 > b, 2 > b, 3, then,

3

Bu Z Ay 2 bu,? (6(_2)ﬁ ik + 6 Igﬁ ) + au3 bu 36 6 j,—k) = Z au,hcu,h )

h=2

where
ez = bus (8980, + 8987, ) and
cus = busBYBY, .

It follows by Lemmas 2.2 and 3.1 that

B, >Zauhcuh> (iauh> (icuh>

h=2
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foru=1,..., (Z) From all these inequalities, the required result follows
immediately. ]
Hu et al [4] proved for n = 3 the conjecture in [16], that is
D3 <pp Da.3 <i D3:3.

In the following result, we extend the result in [4] to n = 4. Hu et al [4]
also proved that D;., <;. Ds., for any n, and by Theorem 3.2 we know that
Ds.., <i D3, for any n, so we have to show that Ds.y <j Dyy.

Theorem 3.3. Let X4,..., Xy be independent exponential random variables
such that X; has hazard rate \; fort1=1,...,4, then
D3:4 Slr D4:4-

Proof: We have to show that 3.1 holds. Here, the matrix of 57(5’,2 — ,67(73‘3 is

(>\3+)\4—>\1 Az + A — Ao A4 A3 \
Ao+ — N A4 Ao+ Ay — A3 A2
Ao+ A3 — A\ A3 A9 Ao+ A3 — Mg (3.2)
A AMHA = AL+ A — A3 A1 '
A3 A+ A3 — Ao A1 A+ A3 — M\
Ao Al AM+X—A3 Ai+de— Ay )

To simplify the notation, we define 5((?)1@ = )\ + A and 53@ = \;. It is easy
to check that there are only four negative coefficients a, 3 = \; + A\, — A, for
j<k</landu¢{j,k,¢} We can consider the terms a,; = A\ + A — \; >

ay2 = Nj+A—Ap; > 0foru=1,...,4. Notice that exp {_t(ﬁ((z?g) + 5}4))} =

exp {—t(ﬁ((i)() + 5124))} = exp —t(ﬁ((i)k) + ﬁl@)}. Hence, we have to prove

+ABE HABY, DB, 8 (g + A = M)
ABD  DHABY )8 8 (A + X — ) >0 3.3
+ (B(j,k)v ) (ﬁe ) )rB(M) ¢ <j+ k 4)— ) ( )

where u & {j, k, (}.
Now, if u = 1 or 2, using Lemma 2.3, we find that

ABE DABY,. ) = ABE 0 HABSY 4) > ABY,
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And, if u = 3 or 4, by Lemma 2.4, we have that

ABS HAEBY.4) > ABY,, HABY, ),

(2, (1,2
and
ABD L AABY,4) > AL, HABY, 4).

(1)’ U

From this, we conclude that

Bu > Qy,2 min {bu,la bu72} (5((27)5)57(4) + 68}5)524)) + Ay, 3 bu,Sﬁ((i)k)ﬁy);

where
bus = ABY DALY 1),
3 4
bu,2 — A(B((j,)g)aél)A( ](§)74)7

4

for u=1,...,4. Note that

where
e = min{by1,bua} (B8 + 57,
Cu3 = bu,3ﬁ((i)k)ﬁlg4)7

for u =1,...,4. This proves the required result.
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4. Comparisons between spacings related to two samples

In the two samples problem, when X, ..., X, are independent exponential
random variables with X; having hazard rate A\;, 2 =1,...,nand Y3,...,Y,
are another random sample with Y; having hazard rate 6;, « = 1,...,n,

Kochar and Rojo [9] proved that simple spacings are ordered according to
likelihood ratio order when the parameters are ordered in the majorization
order for n = 2, i.e., if (61,02) <" (A1, \2), then Cyo <j Dao, where Do
and (5.9 are the second simple spacings from X;’s and Y;’s, respectively. As
pointed out Kochar and Korwar [8], the hazard rate of Ds., is not Schur-
concave for n > 3. Therefore the result in [9] can not be extended to n > 3.
This topic has been studied for multiple-outlier exponential models in [5, 15].

Let X4,..., X, be independent exponential distributions such that X; has
hazard rate A, for7 = 1,...,p and X; has hazard rate A, for j = p+1,...,n.
Let Yi,...,Y, be another set of independent exponential distributions such
that Y; has hazard rate Ay, for ¢« = 1,...,p and Y} has hazard rate A, for
j=p+1,...,n. In particular, Hu et al. [5] showed that C;.,, <;. D;.,, for
1 =1,...,nif Ay < Ay < Ao, where Ds.,, and (5., are the second simple
spacing from X;’s and Y;’s, respectively. Note that this is a particular case
of Theorem 3.3 in Torrado and Lillo [15].

For A\; < Xy < A, Hu et al. [5] showed that spacings are increasing in the
likelihood ratio order for n = 2, 3. In the following result, we prove this open
problem for the second spacing for arbitrary n.

Theorem 4.1. Let X1, ..., X, be independent exponential distributions such
that X; has hazard rate \1, for @ = 1,...,p and X; has hazard rate \. for
j=p+1,....n. Let Yy,....Y, be another set of independent exponential
distributions such that Y; has hazard rate Ao, for i = 1,...,p and Y; has
hazard rate A, for j =p+1,...,n. If \y < Xy < A, then
02:71 Slr DZ:n:

where Ds., and Cs.,, are the second simple spacing from X;’s and Y;’s, respec-
tively.

Proof: From (2.2), we know that the density function of Ds., is

(1) =
where A1 = (A1, ..., A1, A, ..., Ax). Analogously, we get the density function
of Cy,, by interchanging \; and A,. On differentiating fs.,(t) with respect to

(p)\l (S(A1) — M) e HEAD=X0) Lo (S(A1) — ) e—t(5<"1>—A*>) .



10 N. TORRADO AND R.E. LILLO

t, we get
fan(t) = ﬁ;) <P>\1 (S(A1) = Ap)2 e (SA=M) L on (S(A) = Ao)? et(S(Al))\*)> 7
1

Thus, we have to prove that
A2 (S(A2) — A2)2 e + g\, (S(Ag) — \,)7 e
PA2 (S(A2) — Xa) et2t + g, (S(A2) — M) eMt —
A1 (S(A1) — )\1)2 Mg, (S(A) — )2 el
A (SO — M) eM + g (SO — A ent

After some computations we get that the above expression is equivalent to

P A A2 (S(A1) = A1) (S(A9) = Ag) €M™ ((S(Ag) — Ao) — (S(A1) — A1) ) +
PaA A (S(A1) = A1) (S(Az) — A) eMTAI((S(A9) = A) — (S(A1) — A1) ) +
pgA2A (S(A1) = A) (S(Az) = Ao) e M ((S(Xg) = A2) — (S(A1) — m) +
PaX: (S(A1) = A) (S(X2) = A) e ((S(A2) = M) = (S(A1) = A.) ) = 0
Note that
(S(A2) = A2)=(S(A1) = A1) = pAatqAe—pA1—qAF+ A=Ay = (p—1)(A2—A1) > 0,
4.1
and b
(S(A2) = A) = (S(A1) = A) = S(A2) = S(A1) = pla+ qh — A1 — g\
= p(Aa — A1) >0,

since A; < Ay and p > 1. Therefore, what remains to be proved is
pq}\*eA*t(Mé’Alt (S(A1) = A1) (S(X2) = A) ((S(X2) = M) = (S(A1) = A1)
+F20M (S(A1) = M) (S(A2) = A2) ((S(A2) = Aa) = (S(A1) = A\) )) > 0.

Note that (S(Ag) — A2) — (S(A1) — As) = (S(A2) = S(A1)) + (A —A2) >0

since \; < Ay < A, and e > eM! then the above expression is equivalent
to
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Hence, the required result follows from (4.1),
(S(A2) = A2) = (S(A) =A) = (S(A) = A1) = (S(Ag) = M)
= (p—l))\g—p)\l—i—/\* Z (p—l))\l—p)\1+)\*

~ >\1 S AQ:
and
)\2 (S()\l) - A*) Z )\1 (S()\Q) - A*) ~ p/\l/\g + (q — 1)/\2/\* Z p/\l/\g + (q - 1)/\1/\*
S oA < .

Recall that normalized spacings are defined as D}, = (n — i+ 1)D;.,, for
i = 1,...,n. Note that, from Theorem 3.1 in Torrado and Lillo [15] and
Theorem 4.1, we have that

A < A2 S A= Oy < D3,

where D3, and (5., are the second normalized spacings from two multiple-
outlier exponential models as before.

Theorem 4.2. Let X1, ..., X, be independent exponential distributions such
that X; has hazard rate \;, fori =1,...,n —1 and X,, has hazard rate \,.
Let Y1,...,Y, be another set of independent exponential distributions such
that Y; has hazard rate \;, fort =1,....,n—1 and Y, has hazard rate 0,. If
AN <N <O, fori=1,...,n—1. Then,

O2:n Slr D2:n7

where Do., and Csy., are the second simple spacing from X;’s and Y;’s, respec-
tively.

Proof: Again, from (2.2), we know that the density function of Dy, is

Jan(t) = ﬁ <A* (S(A) = M) e (SN i i (S(A) = ) et(5<>\>&)> |

where A = (A1, Ag, ..., A\—1, A). Analogously, we get the density function of
Cy., by interchanging A, and 6,. On differentiating fs.,(¢) with respect to t,
we get

—1

Fanl®) = 5033 (A* (S(A) = AP e A i A (S(N) = )’ w(sdm) |
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Thus, we have to prove that

0. (S(0) —0,)" ™ + nf A (S(0) — \)? et

1=1

0, (S(0) —0,) et + El M (S(6) — ) e

)\* (S(A) - )\*)2 €>\*t + )\z (S()\) — )\2)2 €>\it
> i=1
B n—1 :
A (SN = A) eMt+ SN (S(A) = i) ert
i=1

After some computations, we get that the above expression is equivalent to

n—1 n—1

DD NN (S(0) = N) (S(A) = X)) eXFI((S(0) = Ai) — (S(A) = N))) +

i=1 j=1

A (SO0 = ) S0 (5(6) M) M ((S(6) — A) — (S) —A) +

0. (S(6) —6,) e z_: Ai (SN = X) e ((S(8) —0,) — (S(A) —\i)) +

M (SOA) — M) M6, (S(8) — 6.,) 1 ((S(0) — 0.) — (S(A) = A\)) > 0.

Since (S(0) — 0.) — (S(X) — Ax) = 0, the last term of the above expression is
equal to zero. Note hat

(S(@) —XN)—(SA) = X)) = 0.— X\ >0,
(S(0) —0.) = (SAN) = X)) = A=A >0,
and
(S(8) = A) — (S(A) = A,) > (S(6) — 6.) — (S(A) = A)) = A — A. > 0,
since \y, < \; < 0, forv =1,...,n — 1. Hence, the required result follows
immediately. |

Again, from Theorem 3.1 in Torrado and Lillo [15], we have a similar result
as Theorem 4.2 for normalized spacing, that is:

A*SAZSQ*, fOIiZl,...,n—1:>C;:2 SZTD;:Q,
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where D3, and (3., are the second normalized spacings from two multiple-
outlier exponential models as before.

5. Discussion and Concluding Remarks

Let Xq,..., X, be independent exponential random variables such that X;
has hazard rate \; for ¢ = 1,...,n, we have established the conjecture by
Wen et al. [16] for n = 4, that iS7 D1:4 Slr D2:4 Slr D3:4 Slr D4:4. In addition,
we have proved that the second spacing is smaller than the third spacing
in the likelihood ratio order and for all n. These results have extended the
known results for spacings for the exponential case, but the general case still
remains an open problem.

For the two random samples problem, we have established that

A< A < A= Coyy <pp Doy,

where Ds.,, and Cs., are the second simple spacings from two multiple-outlier
exponential models with hazard rate Ay = (A1,..., A1, Ay ..., As) and Ap =
(A2, -5 A2y A,y ..y i), respectively. This result solves an open problem in
the literature (see Hu et al. [5]) for the second spacing from multiple-outlier
exponential model. We have also proved that

/\*S)\ZSQ* forizl,...,n—1:>02:nSITDZna

where Dy, and (5., are the second simple spacings from two samples of
exponential random variables with hazard rate A = (A, A2, ..., A\_1, Ax) and
0 = (A, Ao, ..., A1, 0,), respectively.
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