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1. Motivation and preliminary results

Symmetric orthogonal polynomials on the real line, { P,(z) = 2" +. .. },,>0,
are characterized in terms of the three term recurrence relation

Po(z) =2P,(z) — v Pr1(x), n=0,1,..., (1)

with P_4(z) = 0, By(x) = 1. The parameters 7,, known as recurrence
relation coefficients, satisfy v, # 0, n > 1. Integrating with respect to the
orthogonality measure, yu, gives us the representation

1
Yo =5 /ZCPnPnl(ZC)d,u(ZE) R /Pgl(:v)d,u(:c) , n>1.
n JI 1

Here, I is the support of pu.
A very well-known class of symmetric orthogonal polynomials is the one
related to semi-classical weights, characterized through a differential equation
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known as Pearson equation [19],

1 iwx :C(x)
w(x) dx () A(x)’

with the property of symmetry in w. A systematic study of symmetric semi-
classical weights and the corresponding orthogonal polynomials, began with
G. Freud in the 1970’s (see [18]). Weights of the form

w(z) = exp(—Q(z)),

with ) an even, non-negative and continuous real valued function defined
on the real line (satisfying certain conditions involving its first and second
derivatives), are nowadays commonly known as Freud-type weights. The
cases Q(z) = |z|™, m € N, have been extensively studied, main references
and results can be found in the introduction section of [11]. A common
topic of research concerns the derivation and study of the systems of non-
linear difference equations satisfied by the recurrence relation coefficients of
the corresponding orthogonal polynomials. These systems of recurrences are
known, at least since the works of A.P. Magnus [22, 23] as the Laguerre-Freud
equations (see also [5, 20]).

The Laguerre-Freud equations for orthogonal polynomials related to semi-
classical weights are often identified with discrete forms of Painlevé equations
[31]. Early examples of such identification concern the weight studied by G.
Freud [18],

w(z,t) = exp(—a* +t2?), xR, (2)

where t is a parameter, and the case ¢ = 0 in (2), studied by J. Shohat in
29]. Here, the Laguerre Freud equations are 47, (Yn-1 + Y + Y41 — 5) =
n, n = 1,2,..., which are a form of dPI (see [2, 17]). Many other exam-
ples of discrete Painlevé equations for the recurrence relation coefficients of
orthogonal polynomials have been studied (see [6, 14, 16, 24]). Applications
of Laguerre-Freud equations to the study of asymptotics for the orthogonal
polynomials, properties of zeroes, estimates for derivatives, inequalities, etc,
can be found in a vast list of references (see, amongst many others, [2, 11, 32]
and its lists of references).

In this paper we shall consider extensions of semi-classical orthogonal poly-
nomials. We will take the family of Laguerre-Hahn orthogonal polynomials
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[13, 21, 26, 33], that is, the sequences of orthogonal polynomials whose Stielt-
jes function satisfies a Riccati type differential equation with polynomial co-
efficients,

AS'=BS*+CS+D, A#0, (3)
where A, B, C, D are co-prime. On a general setting, .S is the formal moment
generating function, defined through the asymptotic expansion

S(x) = Z Upr "t (4)

given the moments (u,,),>0 of the orthogonality measure. Here, we take, with-
out loss of generality, the normalized sequence of moments, that is, ug = 1
[33]. The Laguerre-Hahn families of orthogonal polynomials include, as spe-
cial cases, the semi-classical orthogonal polynomials as well as their standard
modifications [12, 33]. The semi-classical case appears whenever B = 0 in
(3).

The study of Laguerre-Freud equations for Laguerre-Hahn orthogonal poly-
nomials has been done for several instances of the polynomials A, B,C, D in
(3) (see [1, 7, 14, 15, 28]). In this paper we focus on the symmetric class two,
that is, we take s = 2 in [1, Prop. 3.1], thus, we consider the symmetric case
under the bounds

max {deg(C') — 1, max{deg(A),deg(B)} — 2} =2 (5)

in equation (3). In the symmetric case, the moments in (4) satisfy ug, 1 =
0, n > 1. We shall take sequences of monic orthogonal polynomials, P, (z) =
"+ lower degree terms, n > 0, satisfying (1), and we denote them by SMOP.
We also consider the sequence of associated polynomials of the first kind,

{Pél)}nzo, satisfying a three-term recurrence relation

PO(x) = 2P (2) = Py (x), n=1,2,.. (6)

with Pfll)(x) = 0, Po(l)(a:) = 1. Combining the recurrence relations (1) and
(6) in the matrix form, yields
Pn—|—1 P?’(Ll)

Yn - AnYn— ) Yn -
1 P, PY

_ | T —In
7-’471_[1 0 ]7 77/217

with initial conditions

vy 7
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With the matrices Y,, defined above, the SMOP related to the Riccati equa-
tion (3), AS” = BS* + C'S + D, satisfy differential systems that can be put
into the matrix form as the matrix Sylvester equation [8],

AY!=B,Y,-Y,C, n>0, (8)
where C = CBP __0132 and the matrices B,, are defined in terms of poly-
nomials /,,, ©,, of uniformly bounded degrees,

B = [—@nlnl/% - +?fén1/%} 21, Bo= [—81 I ?Z«@l ’

where, in the account of (7), the following initial conditions hold: )

©O.1=D,0)=A+2(C/2-1)+ B, (10)

l1=C/2,1ly=-C/2—2xD. (11)

Furthermore, combining the recurrence relation (1) with the differential sys-
tem (8) yields the Lax pair

Yn - AnYn—l )
AY! = B,Y, — Y,C,

and, consequently, we get the compatibility conditions for the matrices A,,

AA, =B, A, — AB,—1, n>1. (12)
In turn, equations (12) yield the following identities:
trB,=0, n>0, (13)
"L O
det B, = det By + A o>, (14)
Tk

where det By = D(A + B) — (C/2)%

Let us emphasize that the Sylvester equations (8) can be regarded as an
extension of the differential systems for semi-classical orthogonal polynomials
in [24, Eq. 17]. Equation (14) is the analogue of A.P. Magnus’ summation
formula [24, Eq. 20].

The differential systems enclosed by (12), together with the identities (13)
and (14), will be our main tools to deduce difference equations for the recur-
rence coefficients y,, as well as for other relevant coefficients of the orthogonal
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polynomials related to the Riccati equation (3). Let us also emphasize that,
in the semi-classical case (B = 0 in (3)), other methods to get the differ-
ence equations for the recurrence coefficients are available, for instance, the
Ladder Operator technique [4, Section 4], and the Riemann-Hilbert method
6, 32].

The reminder of the paper is organized as follows. In Section 2 we deduce
recurrences involving the coefficients ~,. We stress the results in Theorems
4 and 5, where we deduce discrete Painlevé equations when deg(A) = 0
and deg(A) = 2; it is deduced a d-PI and d-PII, respectively. In section
3 we give applications of the previous results, we show examples related to
semi-classical as well as to non semi-classical orthogonal polynomials.

2. The symmetric Laguerre-Hahn class two

2.1. Fundamental quantities. In this section we derive fundamental quan-
tities to be used throughout the paper. ,
Henceforth we will use the following convention: if ¢ > j, then > 7+ = 0.
Taking into account the recurrence relations (1) and (6), we obtain the
expansions given in the following lemma.

Lemma 1. Let {P,},>0 be a symmetric SMOP. The following expansions
hold, for all n > 1:

Ppi(z) = 2" pi(n+ 12"+ puiaar" 4 (15)
PU(2) = o +va" 2 pl) 2" (16)
with
pi(n+1)==> w, p()=0, vo=—> %, (17)
k=1 k=2
and
Pritns="%+ Y Wi+ +m2), n>3, (18)
k=4
p7(11721—4 = Y274 + Z’Vk(% +o A Ye2), n>4. (19)
k=5

Also, the following relation holds:

1
Prtin-3 = —71(7 +72) —mpi(n+1) + pfz,iﬂ : (20)
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Recall that throughout the paper we are considering the Riccati equation
AS" = BS?+CS+ D in the symmetric setting with the sequence of moments
(u,) normalized, that is, us, 1 = 0, > 1, uy = 1. Let the bounds (5) hold.
According to [1, Prop. 3.1], A, B must be even, and C' odd. Let us write

A(x) = agz + asx® + ag, B(x) = byx’ + byx* + by, (21)
C(z) = c32° + o, D(z) = doa® + dy . (22)
The polynomial D is defined in terms of A, B, C' as follows:

dy=—a4s —by—c3, dy=—a9—by—c; — 71(3&4 + 204 + 03) . (23)

The data from (23) is obtained by equating coefficients of "™ and 2",

respectively, from the equation enclosed in position (1,2) from (8),

n

/
A (P(1)> = (I, +C/2)PV + 9nP7§£)1 + DBy (24)

Indeed, ds is determined once we use [, 3 given by (25) and dj is determined
once we use l,, 1 given by (26).

Furthermore, the parameter +; is related to the moment of order two.
Indeed, the coefficient of 2° in (3) gives us, in the account of the asymptotic
expansion (4) with ug = 1, dy = —ag — by — ¢1 — (3ag + 2by + c3)uy. This,
combined with dy given in (23), yields 71 = us.

Lemma 2. Let S be a Stieltjes function satisfying AS" = BS? 4+ CS + D with
A, B,C,D given as in (21)-(22), with D given through (23). Let {P,}n>0
be the symmetric SMOP associated with S, satisfying the recurrence relation
Poii(x) = 2Py(x) — v Poi(z), n=0,1,2,.... The polynomials l,,, O,, in
(9) are defined by

lo(z) = ln73x3 + 12, O,(z) = @n,2x2 + O,0.

where, for allmn > 1,

ln73 = (n—|— 1)a4—|—b4—|—03/2, (25)
ln,l = —2&41)1(71 + 1) + (n + 1)@2 + A\ — @n,g , (26)
O,

2 — —((2n 4 3)ag + ), (27)
Tn+1

Gn,O - _7n®n,2 — 2a2p1(n + 1) + 2a4P%(n + 1) - 4a4pn+1,n—3
+(n+ 1Dag+ 7, (28)
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where
A=yby+bo+c1/2, p=2b44c3, T="0bs(y+ )y +by+bo. (29)
Alternatively, ©,, is given, for alln > 1, by

O,
O — daup(n-+1)~ (20-+ )02~ 20— (20 5)as + )iz + ) (30
n+1
Also, we have the initial conditions
l073 =ay+ by + % , lO,l = a9 + by + % -+ (3@4 + 2by + 03)71 , (31)
)
02 = —3a4 — 254 —C3, (32)
71
00 _ 34, — 2 b 5 33
T——ag— 2—01—(5a4—|—03—|—34)71—(a4—|—,u)y2. ( )
Proof: Take the condition enclosed by position (1,1) in (8),

AP, = (l,—C/2)P,.1 +©,P, — BPY. (34)

For all n > 1, the coefficient of "™ gives us (25). The coefficient of z"*3
gives us

ln,QZO, 77,20 (35)

For all n > 1, the coefficient of "™ gives us (26). The coefficient of 2"
gives us

ln,() = _@n,l s n Z 0. (36)

For all n > 1, the coefficient of ™ gives us (28).
On the other hand, let us take (13) for n > 1. It reads

O,
l(z) + lq(2) + 2 (@) =0, n>1. (37)
Tn
The coefficient of 2% in (37) gives us, in the account of (35),
On-1,1 — 0, n>1.
Tn

Therefore, from (36), we obtain
ln,() = 0, n > 0.

®n71,2

The coefficient of z? in (37) yields l,, 3+ 1,13+
get (27).

= 0, from which we
Tn
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The alternative form for O, is obtained from the coefficient of = in (37),

lng+ln—11+ % = 0, from which we get (30).
To obtain (31), we use lg = —C/2 — xD (cf. (11)), thus we get
C3 C1
log=—=—do, lp1=——=—4d 38
0,3 9 2 0,1 9 0> ( )

which gives the required identities.
To get (32) and (33) we use (37) with n = 1, hence,

) )
22 = g =g, — =l — o, (39)
g g
which gives the required identities. u

Lemma 3. Let the previous notations hold. The coefficients v, and 3 are
defined in terms of v1 through the following equations:

agp+ b
07 U= —3ay — 20y — ¢1 — (5ag + ¢35+ b))y — (Bag + p)ya,  (40)
1
((—4ay — 2bs)y1 — Bag — 2by — ¢ — (Tas + 1) (v3 + 72)) 72 = ao + 1do.
(41)

Proof: From (10) we get ©py = ag + by, which we combine with (33), thus
getting (40).

Taking n = 1 in equation (24) and equating the independent term, we get
ag = @170 — do’yl. ThUS, we get (41) |

Remark . Alternatively, (40) can be obtained as follows: the coefficient of
2" in (34) and the coefficient of 2"7! in (24) give us, respectively, after
computations where we use (20),
On2 + Onp = —2asp1(n + 1) + 2a4pT(n + 1)
—4dasppsin—s+ (n+1)ag + 7,(42)
Y0Ona + 6,0 = —2asp1(n + 1) + 2a4pi(n + 1)
—4a4ppi1n-3 +nag + T, (43)
with
7 = by(71 + 72)71 + bay1 + bo,
T = —(3az + by + c1 + (5ag + c3 + 2by) 71 + (5ay + 3+ ba)y2) 71 -

Equating (42) with (43), we get ag + 7 = 7, thus obtaining (40).
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2.2. Difference equations for 7, and p;(n).

Theorem 1. Let S be a Stieltjes function satisfying AS" = BS?*+CS+D with
A, B,C, D given as in (21)-(22), with D given through (23). Let {P,},>0 be
the symmetric SMOP associated with S, satisfying the recurrence relation (1),
Poii(z) = 2P, (x) — v Pu1(x), n=0,1,2,.... Let the previous notations
hold. The recurrence coefficients ~, satisfy the following equation:

Ynt1Tni1 = mIn1+ao, n=>2, (44)
with
T, = 4asp1(n) — (2n+ D)as — 2\ — ((2n + 3)as + p) (Vo1 +70), n > 2,
and the initial condition T = %. The quantities \, v are given in (29).

Proof: The independent term of the equation enclosed in position (1,1) of
(12), that is,

O,
A=, —ly 1)+ O, — yp—=2, (45)
Tn—1
gives us
O,
apg = Gn,O —In 20 (46)
Tn—1
Hence, we have
ag = anJrlTnle - W/nTn—l )
with the identification 7T}, = 62*1’0, with % given by (30). |
Corollary 1. Take ag = 0 in Theorem 1. The quantities T,, satisfy
T
T T, = 2220 >0, (47)
Tn+1

Proof: If ay = 0, then from (44) we get
’Vn—i—lTn—i—lTn - ’VnTnTn—l , m=>2.

Iteration gives us
Y1 L1 Ty = 15T .
Thus, we get (47). |
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Corollary 2. The recurrence coefficients v, may be determined recursively
through the following equation:

—Qo + En’}/n—i—l - Fn’}/n

a9 = , n>2, 48
2 0+ B)as + 10 48
(ao -+ ’71d())/’72 + (4@4 + 2()4)’}/1 + 5@2 -+ 2b2 + C1
V3= —72 — )
Tay + M
B (ao + b())/71 + (5@4 + c3 + 3b4)’y1 + 3as + 2by + ¢4
day + M ’

with

E,=4a,p1(n+1) — (2n+ 3)as —2X — ((2n + 5)ay + 1) Yn+1 , (49)

F,=4a;p1(n—1) — (2n — Das — 2\ — ((2n+ )ag + p) (0 + Y1) - (50)

Proof: Solving (44) for ~,,2 gives us (48). The coefficients 7o and 3 are
given from (40) and (41). u

Corollary 3. If ay # 0, the coefficient p1(n) is determined in terms of
Vit2, Vi1, Yo, Yn_1 through the following equation:

Gn n - Hn n
4a4(7n+1 - %’L)

with
G = 4agy, + (2n+ 3)as + 22X + ((2n +5)as + 1) Yotz + Yor1),  (52)
H, = —4a,¥n1+ 2n—1D)as + 22+ ((2n+ Dag + p) (Y0 + Y1) (53)
Furthermore, we have:

ap + én’anLl - F[n’Yn
day (%H—l - 771)

pi(n—1)= L n>2, (54)
with ) )
Gn - Gn + 4a4’yn—1 ) Hn = Hn + 4@4’}/71*1. (55)

Proof: Using p1(n+ 1) = p1(n) — v, and pi(n — 1) = p1(n) + 4,1 in (44)
and solving for p;(n) we get (51).

Using pi(n+ 1) =p1(n — 1) — -1 — 7 in (44) and solving for py(n — 1)
we get (54). |

Doing the shift n — n — 1 in (51) and equating to (54) we get a fourth
order difference equation for +,, as stated in the following corollary.
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Corollary 4. The recurrence coefficients vy, satisfy the fourth order difference
equation

-F(/Yn—i—l; Yns VYn—1, fyn—Q)
2n +5)as + )1 (1 — )

n>2,

Yn+2 =
S
with

F(Ynt1 Yo Yn—15 Yn—2) = —@0(Ynt+1 — 2%n + Yn-1)
+ Yot 1Vn [2a4Yn41 — (21 — 1)ag + p)yn + 2a2]
+Ynr1¥n-1 [—((2n + B)as + p) 1 — dagy, + ((2n — 5)as + 1) (Yn-1 + Yn—2) — 6as]
+ 9 [((2n 4 3)as + 1) o1 + 2aa7n — (20 = 3)as + (1)1 + 2as]
+ VYoot [((2n + Dag + 1)y, + 2a47,-1 — ((2n — 5)ay + 1) yn—o + 2as] .

Theorem 2. Let S be a Stieltjes function satisfying AS" = BS?*+C S+ D with

A, B,C, D given as in (21)-(22), with D given through (23). Let {P,},>0 be

the symmetric SMOP associated with S, satisfying the recurrence relation (1),
Poii(x) = 2Py (x) — yPuo1(x), n=20,1,2,.... Let the previous notations
hold, as well as

o= 2n 4+ Dag+p, Ny =02n+ 1)as + 2X,

where X and p are given in (29). The coefficients p1(n) given in (17) satisfy
the following quadratic equations:

4aipi(n+ 1)+ Byapi(n+ 1) + Cra1 =0, (56)
16@27711% p%(n + 1) =+ BnJrlpl(n + 1) =+ énJrl =0 ) (57)
where
C
Bt = 4ay {C@ (53 + b4> — A\ + Ayl Yot (58)

Chnt1 = —ay [fnfn+2Yn+2 + Bnbn2Vnt1 + fnt1fin—1n
i Ani1] Va1 + oy (59)
Bii1 = 4ay [—aaptnsoVnsoVns1 — Qa(fini1 + finr2) Vo
tag(4as — fini1)Ynr1Vn — aa( Ay + A1) Vg1 — aoln 3] , (60)
Crr1 = Y1 [a4(nst + g2 (Y2 + Y1) (An + M1 Vo1 + fin-17n)
+pint1(2a0ln3 + aopin)] + 7, (61)
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where
.2

= (a2 — aséou) + (aoas — @) ( 02— = 1)((n+ B)as + u))

— ((n4+ Das+ A) (ag((n+ )ag — X) + aspe)

(n—1)((n+3)as + ,u)) :

. ©
Tn = 2aoln73((n+1)a2+>\)+a0§0,4—a4£o,o+aoa2 <’}/— —
1

Here, & ; denotes the coefficient of 27 in det By.

Proof: Take the coefficients of 2%, 2% and 2° in (14), i.e., in equation
O, )
—1(x) + @n(x)# = det By + AZ o>, (62)
Tn =1 Yk
We get, respectively,
O —~ O —~ O,
2yl + Opa——2 =Gutas Y ——Ctayy ——2 (63)
n —1 Yk —1 Yk
O, O, SN "0
2,40, L0 L@t gy GQZ k1,0 +aoz k1264
Tn Tn —1 Yk —1 Yk
O
L0 = (65)

9’“{;’“ between (63) and (64), and using the data from

Lemma 2, we get, after simplifications, (56). Eliminating Y _,_, % between

Eliminating >/,

(63) and (65), and using the data from Lemma 2, we get, after simplifications,
(57). |

Theorem 3. Let the notations and conditions of Theorem 2 hold. The re-
currence coefficients vy, satisfy the following second order difference equation:

36
Z Z Z Cpar T Vg1 Ynsz = 0. (66)

p=0 ¢=0 r=0
Proof: Eliminating the quadratic term between (56) and (57), we get

én+1 — 49,1101
4’Yn+an+1 - Bn+1

pl(n —+ 1) =

Y
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from which we obtain, by substitution into (56), the equation

4ai(én+1 o 47n+10n+1)2 + Bn+1 (én+1 - 47n+10n+1> (47n+1Bn+1 — BnJrl)
+ Cpi1(49m11Bni1 — Bui1)? = 0.

Therefore, we obtain (66) with coefficients ¢, ,, defined in terms of Ay, ft,,, 7,
and 7,,. ]

2.3. Difference equations of the Painlevé type. In this subsection we
derive difference equations of the Painlevé type for symmetric Laguerre-Hahn
orthogonal polynomials of class two. The fundamental tools are the identities
for the trace and determinant given by (13) and (14). Recall these identities
reading as (37) and (62), respectively:

ln(x)+ln1(x)+x@n_—1(x):0, n>0,
Tn
—12(x) + ®n<x)®n_—1(az) =det By + A Okt , n>1.
Tn b1 Tk

In what follows we consider the cases deg(A) = 0 and deg(A) = 2 in the
Riccati equation AS' = BS? + OS + D. Without loss of generality, the
polynomial A will be taken as monic.

Theorem 4. Let S be a Stieltjes function satisfying AS' = BS* + CS + D
with

Alx) =1, B(z)=ba* +boa*+by, C(x)=cax’+ciw, D(x)=dyr*+dy),
(67)
with dy, dy given in (23). Let {P,},>0 be the symmetric SMOP associated
with S, satisfying the recurrence relation P, 1(x) = xPy(z) — v, Po_1(z), n =
0,1,2,.... The coefficients =, satisfy the discrete Painlevé I equation

Yo (Vo1 +Yn + Yns1) +20) =—n—7, n>1, (68)
with A\, u, T given in (29),
A=1by+by+c1/2, p=2by+cz, T="by(y1+Y2)7 + b1+ bo.
Proof: From Lemma 2, we have

ln,l =\ — Gn,Q ) Gn,() - _’Vn@n,Q +n+1+ T, Gn,2 = — MU Vn+1,
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with A, u, 7 given in (29). Using these equalities into the relation that follows
from the linear term in the equation for the trace (37),

Gn—l,O

g+ lp—11+ =0, (69)

Tn

we obtain (68). |

Theorem 5. Let S be a Stieltjes function satisfying AS' = BS* + CS + D
with

A(x) = 2°+ag, B(x) = byt +byr’+by, C(z) = csa’+c1o, D(x) = dyr*+dy,
(70)
with ds, dy given in (23). Let {P,},>0 be the symmetric SMOP associated
with S, satisfying the recurrence relation Pyy1(x) = 2Py (x) — v, Po-1(x), n =
0,1,2,....
If
4(a0b2 — bo)do = aqu — 4@3,&(1 + )\) — 4a0(d2(a0 + bo) — 63/4) , (71)

where X = y1by + by + ¢1/2, p = 2by + c3, then the expression x, = n+ 1+

A+ pyny1 — 52 satisfies the discrete Painlevé 11 equation

—4z?
(Tp1 +xp) (T +2p31) = ——"—, n>1, (72)
Ay + 2n)
with N = 4 o _— o _ 4ntlt))
pag? “n pag

Proof: The independent term in the equation for the determinant (62) gives

us
n
Or-10 1 On0 On-10
Z = | T+t —&o0 | -
Tk ao Tn+1 In
Using the equation above as well as ©,, 9 = —p1y,41, n > 0, into the coefficient

of the quadratic term of (62),

On-10 On-12 "L O 10 "L 01
—5721,1 + Oy — + Opp = = &2+ as Z — + ag -,
n Tn 1 V& 1 Vi

we obtain, after some computations,

anl 0 ®n ®n an
2 ,0) + Vi1 ,0 1,0 ,
Tn Yn+1 TYn+1  Tn

2
—aply, | — Kp = HaoYnt1 (
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with k, = app2 — uagn — &0,0. Thus, we have

®n71 0 671 0
%+1(Ma0)2 - @052,1 — Rn = Tn+1 ( -+ Mao> ( — + pag | . (73)
Tn Yn+1

Taking into account that
lni=n+1+ X+ vy, (74)

the left hand side of (73) is quadratic in 7,,1. Due to condition (71), the left
hand side of (73) factorizes as

—aptt® (Ynt1 +€n)7,
2(n+ 14+ X) — pag

with g, =

24
Hence, we have
anl 0 971 0
—apft® (Y1 + €0)° = Yot ( =+ Ma()) ( — 4 pag | . (75)
n VYn+1
Now we use the identities
lp1—(n+1+A O,
Vnt1 = n1 — p ) ;o =+ l1a) = 7:;—1’0

(cf.(74) and (69)) into (75), thus obtaining
-y s ) (s ()

2 —pag 2 2
Mao) ( M%))
X ((lp1—— )+ lho11———])]) .
(( 1T b
a
With the identification z,, = [,, ;1 — %, the previous equation is written as
(i1 + xn)(zn + xn_1)(5\xn + 2z, = x% ,
with \ = —ﬁ, 3, = "J’HAM;(()““O)/ 2 Hence, we get the discrete Painlevé IT
—4q?
(anrl + xn) (:En + xn—l) = )
Ay + 2n)
with A = 4, —9_ 4+l m
pag? " pag

Remark . If no cancellations occur, condition (71) yields conditions on 7
(i.e, on the normalized moment of order two) for the Painlevé equation to

hold.
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3. Examples

A way of generating orthogonal polynomials with respect to a symmetric
measure is doing a quadratic transformation from the weights related to
the classical orthogonal polynomials (see [9]). Some of such transformations
falling into the class two are given in the following examples.

3.1. Example 1. Let us take the modified Freud weight [18, 29],
w(z,t) = exp(—a* +tz?), z€R. (76)

Here, t is a parameter, which, in some contexts, is interpreted as the time
variable (see [24]).

1d C
w satisfies the Pearson equation S = o where A(z) = 1, C(z) =
wdx
—423 + 2tz. Thus, in our previous notations,
a4:a2:0,a0:1,63:—4,61:2t. (77)

We take the Stieltjes function related to w, satisfying AS’ = CS + D, where
D(z) = dox* + dy, with dy = —ay — ¢3, dy = —as — ¢1 — (3ay + ¢3)71. Thus,
we have

do =4, dy= —2t+ 4y,
where 7 is the normalized moment of order two,
 JgzPexp(—z* + ta?)dx
 fpexp(—at + ta?)dx

71 (78)

In the account of the above data we have, from Lemma 2, A = ¢, u =
—4, 7 =0. From Theorem 4, we have the following d-PI (see [17, 24]),

t
4y (771—1 + Yo+ Vnt1 — 5) =n, n=>1, (79)

with initial conditions 7y = 0 and v given by (78).
Let us note that n = 1 in (79) is compatible with (40) provided 7y = 0,
and n = 2 in (79) agrees with (41).
3.2. Example 2. Let us take the modified Hermite weight [3, 25],
w(x,a) = exp(—z?), € I(a) =] — o0, —a]U |a,+ool, (80)

where a is some positive real number.
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1d C
w satisfies the Pearson equation ——w = —, where A(z) = 2%2—a?, C(z) =
wdz A’

—223 + 24’z (see [3]). Thus, in our previous notations,

ay =0, a=1, ap=—a*, c3=—-2, ¢; = 2a>. (81)

We take the Stieltjes function related to w, satisfying AS’ = CS + D, where
D(z) = dyx* + dy, with dy = —ay — ¢35, dy = —as — ¢ — (3as + ¢3)71. Thus,
we have

dy =2, dy=—1—2a>+2v,

where 7, is the normalized moment of order two,

f Ia 22 exp(—2?)dx
"=
| I(a eXp 2)dx

(82)

The constants A and p in Theorem 5 are given by A = a?, ;1 = —2. Note
that condition (71) holds. Therefore, the expression x, = n + 1 — 27,1
satisfies the following d-PII,

—4z2
(X1 +xp)(Tp +Tpy1) = —"—, n>1, (83)
Az, + 2p)

with A = 2,z = —%. Indeed, the formula (83) holds for n = 0, under
the initial conditions r_1 = 0,29 =1— 27, where 7, is given by (82).

3.3. Example 3. Let us take the modified Jacobi weight [4],

w(z, k)= (1—-2)"1 - k2, ze[-1,1], a> -1, R, k*€0,1].
(84)
1d C )

w satisfies the Pearson equation S = where A(z) = (2?2 — 1)(2* —
T
1/k?), C(z) = (2a+28)2? —|—(—2oz/k2—26)x. Thus, in our previous notations,
ay=1, ay=—(1+1/k%), ag=1/k*, c3 =2a + 28, c1 = —2a/k* —23.

We take the Stieltjes function related to w, satisfying AS’ = CS + D, where
D(z) = doa® + dy, with dy = —ayg — ¢3, do = —az — ¢1 — (3as + ¢3)1. Thus,
we have

dy=—1—2a—28, dy=(1+1/k* +2a/k* +28 — (3+2a+28)71,
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where 7 is the normalized moment of order two,

f_ll 22(1 — 22)(1 — kK*2?)Pdx
a fjl(l — 22)2(1 — k222)Pdz
The coefficients =, of the SMOP related to (84) are governed by the dif-

ference equations described in Theorems 1 and 3, with by = by = by in all
formulae.

gl (85)

Remark . The difference equations given in Theorems 1 and 3 with B = 0
were also derived in [4], using the ladder operator technique.

3.4. Further examples - non semi-classical orthogonal polynomi-
als. Let us now look at some examples of orthogonal polynomials not semi-
classical whose results from Section 2 apply.

Let us take the Stieltjes function related to the previous examples, satisfy-
ing the differential equation AS" = C'S + D. We now consider the Stieltjes
function S [33]

7SO () = —% ba (86)

S is the Stieltjes function related to the associated polynomials of the first

kind, {Pr(bl)}nzo. As S satisfies the linear differential equation AS" = C'S+ D,
then S satisfies the Riccati equation

/ 2
A (S<1>> _ B, (S<1>) LS 4 Dy, (87)
with
Al = A, Bl = ’le, 01 = —(C+2£L“D), D1 = (A—FIC—FZCQD—FB)/’}/l, (88)

Note that deg(D;) = 2. The degrees of the polynomials in (88) satisfy (5),
therefore, the sequences of orthogonal polynomials {Pél)}nzo are Laguerre-

Hahn sequences of class two. The recurrence coefficients of {Pél)}nzo, satisfy

the difference equations given in Theorems 1 and 3, as well as in Theorems
4 and 5.

References

[1] J. Alaya, P. Maroni P, Symmetric Laguerre-Hahn forms of class s = 1, Integral Transforms
Spec. Funct. 4 (1996), 301-320.



2]

[21]

22]

SEMI-CLASSICAL O.P. OF CLASS TWO AND SOME OF THEIR EXTENSIONS 19

S.M. Alsulami, P. Nevai, J. Szabados, W. Van Assche, A family of nonlinear difference equa-
tions: existence uniqueness and asymptotic behaviour of positive solutions, J. Approx. Theory
193 (2015) 39-55.

S. Belmehdi, A. Ronveaux, Laguerre Freud’s equations for the recurrence coefficients of semi-
classical orthogonal polynomials, J. Approx. Theory 76 (1994) 351-368.

Estelle L. Basor, Yang Chen, Nazmus S. Haq, Asymptotics of determinants of Hankel matrices
via non-linear difference equations, J. Approx. Theory 198 (2015) 63-110.

S. Belmehdi and A. Ronveaux, Laguerre-Freud’s equations for the recurrence coefficients of
semi-classical orthogonal polynomials, J. Approx. Theory. 76 (1994), 351-368.

P. Bleher, A.R. Its, Semiclassical asymptotics of orthogonal polynomials, Riemann-Hilbert
problem, and universality in the matrix model, Ann. of Math. 150 (1999) 185-266.

H. Bouakkaz, P. Maroni, Description des polynomes orthogonaux de Laguerre-Hahn de classe
zéro, in: Orthogonal Polynomials and Their Applications (Erice 1990), IMACS Ann. Comput.
Appl. Math. 9, Baltzer, Basel, 1991, pp. 189194.

A. Branquinho, A. Paiva, and M.N. Rebocho, Sylvester equations for Laguerre-Hahn orthog-
onal polynomials on the real line, Appl. Math. Comput. 219 (2013), 9118-9131.

T.S. Chihara, An Introduction to Orthogonal Polynomials. Gordon and Breach, New York;
1978.

P.A. Clarkson, K. Jordaan, A. Kelil, A generalized Freud weight, Stud. Appl. Math. 136
(2016), 288-320.

P.A. Clarkson and K. Jordaan, Properties of generalized Freud polynomials, J. Approx. Theory
225 (2018), 148-175.

J.S. Dehesa, F. Marcellan, and A. Ronveaux, On orthogonal polynomials with perturbed
recurrence relations, J. Comput. Appl. Math. 30 (1990), 203-212.

J. Dini, Sur les formes linéaires et les polynémes orthogonaux de Laguerre-Hahn [doctoral
dissertation]. Paris (France): University Pierre et Marie Curie; 1988.

G. Filipuk, M.N. Rebocho, Discrete Painlevé equations for recurrence coefficients of Laguerre-
Hahn orthogonal polynomials of class one, Integral Transforms Spec. Funct. 27 (2016), 548-565.
G. Filipuk, M.N. Rebocho, Laguerre-Hahn orthogonal polynomials of class one: classification
and discrete Painlevé equations, submitted.

G. Filipuk, W. Van Assche, L. Zhang, The recurrence coefficients of semiclassical laguerre
polynomials and the fourth Painlevé equation, J. Phys. A 45 (2012) 205201.

A.S. Fokas, A. Its, and A.V. Kitaev, Discrete Painlevé equations and their appearance in
quantum gravity, Commun. Math. Phys. 142 (1991), 313-44.

G. Freud, On the coefficients in the recursion formulae of orthogonal polynomials. Proc. Roy.
Irish Acad. Sect. A 76(1) (1976), 1-6.

E. Hendriksen, H. van Rossum, Semiclassical orthogonal polynomials, in: C. Brezinski, A.
Draux, A.P. Magnus, P. Maroni, A. Ronveaux (Eds.), Orthogonal Polynomials and Applica-
tions, in: Lect. Notes Math., vol. 1171, Springer- Verlag, Berlin, 1985, pp. 354-361.

E. Laguerre, Sur la réduction en fractions continues d’une fraction qui satisfait a une équation
différentialle linéaire du premier ordre dont les coefficients sont rationnels. J. Math. Pures
Appl. (4) 1 (1885), 135-165.

A.P. Magnus, Riccati acceleration of the Jacobi continued fractions and Laguerre-Hahn poly-
nomials. In: Werner H, Bunger HT, editors. Padé Approximation and its Applications. Lect.
Notes in Math. 1071, Berlin: Springer Verlag; 1984. p. 213-230.

A.P. Magnus. A proof of Freud’s conjecture about the orthogonal polynomials related to
|z|P exp(—x?™), for integer m. In Orthogonal Polynomials and applications (Bar-le-Duc, 1984),
vol. 1171 of Lecture Notes in Math., pp. 362-372. Springer, Berlin (1985).



20 G. FILIPUK AND M.N. REBOCHO

[23] A.P. Magnus. On Freud’s equations for exponential weights, J. Approx. Theory 46(1) (1986),
65-99.

[24] A.P. Magnus, Painlevé-type differential equations for the recurrence coefficients of semi-
classical orthogonal polynomials, J. Comput. Appl. Math. 57 (1995), 215-237.

[25] Man Cao, Yang Chen, James Griffin, Continuous and Discrete Painlevé Equations Arising
from the Gap Probability Distribution of the Finite n Gaussian Unitary Ensembles, J. Stat.
Phys. 157 (2014), 363-375.

[26] P. Maroni, Une théorie algébrique des polynomes orthogonaux. Application aux polynomes
orthogonaux semi-classiques. In: Brezinski C, Gori L, Ronveaux A, editors. Orthogonal poly-
nomials and their applications. Baltzer, Basel: IMACS Ann. Comput. Appl. Math. 9; 1991.
p- 95-130.

[27] A. Ronveaux, W. Van Assche, Upward extension of the Jacobi matrix for orthogonal polyno-
mials, J. Approx. Theory 86 (1996) 335-357.

[28] M. Sghaier, J. Alaya, Semiclassical forms of class s = 2: the symmetric case, when ®(0) = 0.
Methods Appl. Anal. 13 (2006) 387-410.

[29] J. Shohat, A differential equation for orthogonal polynomials, Duke Math. J. 5 (1939) 401-417.

[30] G. Szegd, Orthogonal polynomials. 4th ed. Providence Rhode Island: Amer Math Soc Collogq
Publ.; 1975.

[31] W. Van Assche, Discrete Painlevé equations for recurrence coefficients of orthogonal polyno-
mials. In: Elaydi S, Cushing J, Lasser R, Ruffing A, Papageorgiou V, Van Assche W, editors.
Difference equations, special functions and orthogonal polynomials. Hackensack, NJ: World
Scientific; 2007. pp. 687-725.

[32] R. Wong, L. Zhang, Global asymptotics of orthogonal polynomials associated with |z|>*e@®),
J. Approx. Theory 162 (2010) 723-765.

[33] A.Zhedanov, Rational spectral transformations and orthogonal polynomials, J. Comput. Appl.
Math. 85 (1997), 67-86.

G. FILIPUK

FACULTY OF MATHEMATICS, INFORMATICS AND MECHANICS, UNIVERSITY OF WARSAW, BANACHA 2,
WARsAwW, 02-097, POLAND.

E-mail address: £ilipuk@mimuw.edu.pl

M.N. REBOCHO

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DA BEIRA INTERIOR, 6201-001 COVILHA, POR-
TUGAL; CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-501 COIMBRA,
PORTUGAL.

E-mail address: mneves@ubi.pt



	1. Motivation and preliminary results
	2. The symmetric Laguerre-Hahn class two 
	2.1. Fundamental quantities
	2.2. Difference equations for n and p1(n)
	2.3. Difference equations of the Painlevé type

	3. Examples
	3.1. Example 1
	3.2. Example 2
	3.3. Example 3
	3.4. Further examples - non semi-classical orthogonal polynomials

	References

