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ABSTRACT: An apparently new type of multivariate identity involving Stirling num-
bers of the second kind is proven. From this, for integers m > 0 and a cer-
tain large family of integers [ > 0, detailed information concerning the primitives
[a!72m (=1 + 2 +s)(1 -2 +s)(1+x—s)(1+x+ s))"dr and associated definite
integrals is deduced. This is then used to complete an elementary proof given in an
authors’ earlier paper that the density functions of unit step random flights in odd
dimensions are piecewise polynomial.
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0. Introduction

Following notation proposed in [GKP], given nonnegative integers n, k, and
an indeterminate x, denote by Z the number of partitions of {1,2,....,n}

into k£ nonempty blocks (Stirling numbers of the second kind) and by x® the
polynomial z(x —1)---(x —n+ 1).

Recently, when working on the problem to find an elementary proof for a
result by Garcia-Pelayo [G-P] according to which a certain probability density
associated to random flights in odd dimensions is piecewise polynomial, the
authors discovered the following identity which in spite of much searching
they could not find in the literature in any form equivalent to it.
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Theorem 1. Denote by 21,29, ..., 2, compler numbers of sum 0 and by
a1, Qo, ..., and M nonnegative integers. By understanding the sums be-
low as over nonnegative integers aq, ...,a, (of sum M), there holds

ayp Qo (7%
a1 a9 a, @1 A" Q" ai _as a, )1 %) (079
(1) Zl 22 o« . e Zn ' ' ' — Zl Z2 .« o e zn o« . e .
ailas!---ap! ai a2 an,

a1+--+a,=M a1+-+ap,=M

This result helped us to prove in succession the following two results. The-
orem 2 seems to about as good as possible. In a number of experiments with
triples (m, $, §) violating the conditions i and ii, the sum was always nonzero.

Theorem 2. Assume nonnegative integers m, s, s, S satisfy i or ii:

Lom>s+ [543 i sisoddand §=0.

Then:
(_2)b 3 5.8
(2) Z Wb (CI,— C) Cc = 0
a,b,c>0
a+b+c=m

Theorem 3. Lete(x,s) = (—1+x+s)(1—az+s)(1+x—s)(1+x+s) and

es(x,5) = e(w, s)/x?. For integers m > 0 and [ € {0,2,4,...,2m — 2} U Zso,,

there exists a primitive F,(z,s) € [ a'(—es(z, s))™dz, so that:

a. Fip(z,s) is element of R[z, x 1, s] with deg, F},,, < 4m; and:

i Fip(z,s) is even in s. So Fip(z,s) = Fipm(x, —s).

ii. For (admitted) odd l, F},,(z,s) is an even polynomial also in x.

ili. For even I, Fj,,(x,s) is odd in .

b. Furthermore Fy (14 s,s) has these properties:

i. It is a polynomial in s of degree < 1+ [+ 2m.

ii. It has (1+ s)'*! as a factor.

iii. It is reciprocal: written Fy,,(1+s,5) = S.0702" q,5" one finds

ay, = AQ1yi1om—v forv=0,1,...,1+14 2m.

iv. The coefficients a, with v € {1,3,....2m — 1} U{l+ 2,1+ 4,....1 + 2m}
are zeros. In particular the exponents which occur in Fj,,(1+ s,s) again
lie all in {0,2,4,....2m — 2} U Zsop,.

The degrees mentioned above will be usually equal to 4m and 1+ [ + 2m,
respectively, but we will not need this. Of all the claims made the by far
hardest to establish is b.iv.
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It is the purpose of this article to prove in Section 1 Theorem 1 and to
deduce certain often used facts for univariate polynomials as corollaries, and
as a particular example another identity which has some similarities with
Theorem 2 but is ‘universal’ and easier to prove; to give in Section 2 a
bijective proof for a certain expression in the Stirling numbers of the second
kind being zero and to deduce from this, and Theorem 1, Theorem 2. Section
3 deduces Theorem 3. In Section 4 we add a brief explanation as to what the
main result of Garcia-Pelayo says, what tools he used, and how we achieve
the same result using apart of some probabilistic considerations essentially
the results laid down in the present paper.

1. Proof of Theorem 1 and some corollaries

For an indeterminate x and integers a,?,n > 0 one has that

"=, {Z} 7E, see [GKP, (6.10)], and finds by inspection

at  ala—1)---(a—i+1) 0 ifi>a
al al “\ 1/(a—9)! ifi<a.
Therefore
lhs(1) =
22yt ) i o) iy | i
= 2 N D i a ) ; ay ) i (O
artrag=py AT T P in
i 2 in
= Z ZiLl ZgQ ce Zan E {Ql} a_l 2 a_l .. n a_n
" 1 oaq! 2] as! in [ .
ar++tap=M ivigiy 1) 22) 42 n) an
- Yawea Y Slo s it ame i oo
" [ — i) ¢ — i9)! i — )
S {a} {a} . {a} 3 N A
L~ | 19 () a; — i1 (as — o) -+ (a, — i,)!
11,225--5n " a1 > 11,02 > 19, ..., Gp > Iy ( 1 1) ( 2 2) ( n n)

apt+ax+---+a,=M
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ai a2 G
o i1 o i, Jor| Joe Qi Rl Rt Ry
_— Zl 22 o e e Zn . . o o e . - - -
L~ 1) |22 I arlas! - - - ap!
21,125+4yln dl 205d2 207 aan 20
a1 +ax+ -t an=M-—1 —ig— iy
11 12 7 n
5 g e
ilai27"'7in
= rhs(1).
Here the penultimate equality sign is justified as follows: if M = 11+ - -+1,,
().o. O . .
then the inner sum reduces to the one term g = 1. If M —iy —---—i,, > 0,

then the inner sum is by the multinomial theorem and the hypothesis of the
(Zl+"'+Z71,)M7i17.“7in R O .
=it~

theorem equal to

So the two polynomial expressions lhs(1) and rhs(1) of the theorem define
on the complex hyperplane z; + 29 + - - - 4 2, = 0 the same polynomial map
and their difference is a polynomial which is divisible by z; + 29 + - - - + 2,.

We next note some corollaries, the last two of which (at least) are known.

Corollary 1.1. As before assume Y . z; = 0. Let p € Clxy, xa, ..., 2] be a
polynomial in n variables of degree< d. Let pg be its homogeneous component
of degree d. Then

Z aj _as an p(afl;-'-;an)

Z]_ Z2 “ e e Zn
a1+-+ap=d

= Pd\21,22y ey ).
a1!a2!-~an! p< ’ ’ ’n)

Proof: In the case that a; + -+ + o, = d there exists exactly one non-
negative n-uple (ay,...,a,) among those of sum d for which the product
{al} {a2} f {a”} is nonzero; namely (o, ..., ;). In this case the men-
aq a9 (079
tioned product is 1, because by the definition of Stirling numbers of the
second kind, all factors are 1. In the case oy + --- + «a,, < d, there exists
for each of the considered (ay,...,a,) an i such that a; < a; and then the
product of the Stirling numbers must be 0. We can now write p = p4 + pa
where p.4 is the sum of the homogeneous components of degree < d of p.
Since p4(ay, ..., a,) is a sum of terms of form caj*a3? - --a% with ¢ € C and
Y ;a; < d it is clear that putting in the above sum p.4 in place of p we
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get by Theorem 1 value 0; and putting p; in place of p, each of its terms

caj'ay? - - - alm contributes ¢ 27" z9? - - - 2% and therefore we get the claim. =

The following result is quite often used in work with binomial coefficients.

Usually it is proved using the forward difference operator, see [GKP, formula
(5.42)].

Corollary 1.2. Let p € Clz] be a polynomial of degree < d. Then

d
Z(—l)k (d)p(k) = (—1)dd! - coefficient of z? in p.

, d :
Proof: Write p(x) = Zfzo a;x" as a 2-variable polynomial p(z,y) = > a;x'y".
i=0

Evidently, for any integers k, 1, p(k,l) = p(k) with the convention here that
0° = 1. We now have, using the previous corollary for the case n = 2,2, =
—1, 29 = 1,

lhs =d! ) (-1)’?1”9552'” = d'pa(—1,1) = d!(—1)%ay = rhs. m
k+l=d o

Corollary 1.3. |GKP, 6.19] For integers m,n > 0 there holds
- m n/_1\ym—k _ | n
Z<k>k (—1) —m{m}
k=0

Proof: Choose in our general identity n = 2, M = m, write a; = k so that

as =m — k, and put z; = 1,29 = —1. Then the identity becomes
“ Lk (m— k)2 & i [ o)
_1\ym—k _ _1\ym—k 1 2
>~ o
k=0 k=0

Now put a; = n and as = 0. Then the right hand side turns because
of {2} = dp,; into {:,L} Finally multiply both sides with m! and use the

definition of binomial coefficients. ]

As a foretaste to Theorem 2, the following corollary can serve.
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Corollary 1.4. For m, s > 0 integers there holds

> Sl =ofo]

a,b,c>0
a+b+c=m
Proof:
) Ly
lhs = Z (=2) a0+
alblc! ]
a+b+c=m u=0

a+b+c=m

) Z -2 2080

u=0 a+c=m a+c=m pu=0

()2 i
* 50,z B
<

[[v

PIRASIOU D ST E S

¢

Here we used Theorem 1 as indicated and in ‘=’ an identity that can be
found as number 28 in a table of Stirling identities in [GKP]. n

2. Proof of Theorem 2

We shall need the following proposition.

o, 0 . . . . . 1
Proposition 2.1. Assume nonnegative integers m, s, § satisfy m > §+ (%1
Then

50 2 BETRE0 5 B

0 a,c>0 w=20 a,c>0
1 even at+c=m wodd at+c=m

Proof: We give a bijective proof. Having in mind the combinatorial signifi-

cance of the Stirling numbers {Z} we see that {’Z } {8 + i_ H } is the number
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of pairs (71, ™) where 7y is a partition of {1, ..., 4} into a (nonempty) parts
and my is a partition of {1 + p,2 + u,...,s + §} into ¢ parts. Therefore the

inner sum
Z pwl Js+s—p
a c

a,c>0
at+c=m

is the number of partitions 7 of {1, ..., s+ §} into m parts, where every part
pertains either to the set {1, ..., u} or to the set {1+ p, ..., s + §}. Since (Z)

is the number of subsets U of {1,...,s} of cardinality u, we see for the left
hand side of (x3) that:

lhs(*s) =number of pairs (U, 7) where U is a subset of {1,...,s} of even
cardinality and 7 is a partition of {1, ..., s + §} into m parts such that each
part pertains either to U or to {1,...,s 4+ §} \ U.

The rhs(x;) is analougously defined with the difference that the subsets U
are of odd cardinality. From the hypothesis on s, s, m we get the following:

Claim: A partition 7 of {1,...,s + §} into m parts has a singleton block
whose element lies in {1, ..., s}.
L Assume otherwise; that is every part of = which is subset of {1, ..., s} has
two or more elements. Then clearly the number of blocks in {1,...,s} is
< [H£]. The number of blocks in {1 + s, ..., § + s} is of course < §. So the
total number of blocks of 7 is < § + [12], contradicting the hypothesis.

Fix a partition 7 of {1, ..., s + §} into m parts. Let & = {U C {1,...,s} :
|U| is even and each part of 7 lies either in U  or in [s + §] \ U}. Similarly
define O, = {U C {1,...,s} : |U] is odd and each part of 7 lies either in U
orin [s + 5]\ U}.

For U in £, WO, and m, :=smallest k such that {k} is a block of 7, define

U\{m.} ifm,eU
L(U):{U&J{mw} itm, g U

It is easy to see that tg, : & — Or and that ¢ is injective. Similarly ¢p_ :

Or — & is injective. In consequence, |E;| = |O,|. Now we have lhs(xy) =
Yo & = > |0z = rhs(x2), where both sums are over the partitions 7 of
{1,...,s + §} into m parts. |

Proof of Theorem 2. The case of assumption ii is trivial: if (a,b,c) is
a triple of nonnegative integers of sum m, so is (¢, b,a) and the term the
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latter triple produces in the sum is evidently the negative of that produced
by (a, b, c) and the result follows. For the case of assumption i, we compute

-2)" ¢ —uf S § s+i—p
lhs(2) = Z (a!b!Z! Z%(—l)s “(M) atb’c

a,b,c>0
a+b+c=m
S /s (=2)" e
— _1\S—H W18 St+S—[
B Z( 2 (u) Z alble! e
p=0 a,b,c>0
at+b+c=m
PReG) E )
a,b,c >0
a+b+c=m
B = | © wl |s+s—u
SXerpner() IR
b=0 pn= a,c>0
a+c=m-—>
Here ‘=’ follows by using Theorem 1 with 21 = 23 = 1,20 = —2, and

(o, 0, 3) = (, 8,8 + 8§ — ). We have m > § from where it follows that
the outer sum » ;" ... can be written Zizo ... s0 it can be assumed that
b < s. The hypothesis of the theorem then guarantees m — b > § + (%1
The previous proposition implies that the inner double sum is zero. Hence
the theorem follows. |

3. Proof of Theorem 3

Expanding ey gives —es(x,s) = 2% — 2(1 + s?) + (1 — s*)?272 and the
multinomial theorem yields

zl(—ey(z,5))™ = Z (—2)b( m )(1 + §2)bglt2eme) (] — g%,

a,b,c
a,b,c>0 7
By definition of multinomial coefficients, in this sum occur only terms
associated to nonnegative integer triples (a,b,c) for which a + b+ ¢ = m.
Therefore 2(a — ¢) is an even integer in the interval [—2m,2m)|, while, if [
is an integer satisfying the hypothesis, then | € {even integers in [0,2m —
2]} U Z>om,. Thus [ + 2(a — ¢) # —1. Consequently the indefinite integral
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[ 2!(—ea(x, s))™dx has no logarithmic term and one of the primitive functions
of z!(—ey(x, s))™ is given by

m
F (:U S) _ Z (_Z)b(a,b,C) (1 + S2)bx1+l+2(a—c)(1 . 82)26.
A e (14+142(a—2c))

This is evidently a polynomial in even powers of s (and coefficients that
are Laurent polynomials in x). Its degree in s is not larger than the maximal
value which 2b+ 4c¢ assumes when (a, b, ¢) range over nonnegative integers of
sum m. This value is evidently 4m. Theorem 3a is now evident. Substituting

x by (14 s) and again using the definition of multinomial coefficients we get

(—2)b 2b 14+14+2(a—
F (1 = m! 1 1 HH2a=c) (1 _ g2
(145, 5) =m Z a!b!c!(1+l+2(a—c))£ o) +S)V S
a,b,c>0 =:0(s)
a+b+c=m

Writing (1 — s2)%¢ = (1 — s)%*(1 + s)¢, we find

o(s) = (1 + s)(1+ sH)"(1 4 5)%*(1 — 5)*

which has leading term stti+20+2a+2c — Gl+H2m = Also since (1 — 5)* =

(1 — 2s + s%)¢ is reciprocal, ¢(s) is a product of reciprocal polynomials and
therefore reciprocal. Independent of a,b, ¢, ¢(s) has constant term 1 and
leading coefficient 1 and (as seen) degree 1+ [ 4 2m. Thus Fj,,(1 + s, s) as
a linear combination of reciprocal polynomials ¢(s) is reciprocal in the sense
of b.iii. Now b.ii is also clear.

We still need to prove iv. From the original definition of ¢(s) we find

o) =3 () () > (%)

By writing binomial coefficients via falling factorials, we see

(coefficient of s’ in ¢(s))=

T e

. i+2(k+j)=t
e Al 2@ —0) Y RN T+ 2(a — )= bR (20)
i+2(j+k)=t

Here the ‘if £ is odd’ condition guarantees that ¢ — 1 > 0. Thus, if ¢ is odd,
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(coefficient of s’ in F,,(1+s,s) )=

=ml ) (_ﬁb > (KN TN+ 2(a — ¢)) = bE(20)

alblc!
a,b,c >0 i+2(j+k)=t
a+b+c=m
R (—2)° '
= ml Y (RN > aWda+2m—@»?u#@@1
i+2(j+k)=t a,b,c>0
a+b+c=m

Now evidently (I 4 2(a — ¢))=Lb% (2¢)L can be expanded into a linear com-
bination of products b°(a — ¢)*c® in each of which we will have (3,s,3) <
(k,i —1,7) in componentwise order. Now assume additionally ¢ < 2m — 1.
Since t, and hence 7, are odd we then get

X .
s+[$l+§§k+[%1+j:(t+1)/2§m.

So the claim that the coefficient of an s' with ¢ € {1,3,...,2m—1} in F,,,(1+
s,s) is 0 follows from the preceding theorem. That the monomials s' with
te{l+2,0l+4,..,14+2m} cannot occur either is then a consequence of the
reciprocality of F,,(1+ s, s). m

We conclude this section with examples of the objects we are speaking of:

2 7 9
F2,3(1+3 3) _ 1234 o 10?2)?;3 o 10§§s 10§§s
= 2 (14 5)* (5 — 155 + 215> — 235° + 215" — 155° + 55°)
2 4 6 8 10 12
F23(2 8) — 1%321 o 821%1705 4+ 4528 o 14%3 + 16§>s i 13219 o 32_4
_ 262144 5242885 262144s* 26214451 524288s!3 26214415
Fis(1+s,s) = — 2145 + e T e -~ o T Timer T e
Foa(r,s) = (5 — 8 4345 20;"’ - 313 + 15z + 6)s0
+(—6i - 4x + 2 — 120 — 1)
+(3x5 Y SR + 12) y
_}_(_205133 + 20 20 _ 12:1;,_'_ le)
+H(—5 + 157 — 18)58 1 (7 +2)s"0 + (—5m)s"

4. Connection to Random flights.

Consider in and odd-dimensional euclidean space a particle at instant 0 at
the origin which at each tick of the clock jumps exactly one unit from its
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current position into a random direction (with uniform distribution). Let R,
be the distance of the particle from the starting place after n steps viewn as
a random variable. Determine the character of the density function fz,.

This problem was first solved in 2012 by R. Garcia - Pelayo [G-P] who
showed that fr, is piecewise polynomial function. He uses that the Fourier
transform of a convolutional product is the product of the Fourier transforms
of the factors, a result of Kingman of 1963 on the behaviour of convolutions
under projections, and a multivariate generalization of the the Abel transform
which is known as a tool to analyse radial functions.

In the preprint [SK2] the authors presented an elementary approach to this
problem. After a few pages they get the result that the function

fr,(s) = Cg_l - 8- by(s),

where Cy is a certain explicitly known rational which depends only on the
dimension d and the functions b, can be inductively defined via the formulas
given in the first lines of the following theorem. These formulas can directly
be used for a Mathematica implementation using the Piecewise command
but it was shown that if we treat the functions b,, as lists of functions on
different intervals then we can speed up computation considerably. Experi-
ments then show that these lists seem to consist only of polynomial functions;
and in fact that this must be so is the main result of Garcia - Pelayo’ s pa-
per. We can now rectify the insactisfactory state of affairs that we have an
in principle elementary algorithm but the correctness proof for it relies on
sofisticated methods.
In [SK2] the following is shown:

Theorem. Assume d > 3 is an odd integer and let m = %. Then the
functions by(s), inductively defined for n > 2 by
ba(s) = (s*(4 = %)) " Lpar(r),  Dasa( f bn(r)ea(r, 8)" L1y, 11s((7)dr;

admit depending on the parity of index n the piecewise representations
h—1
= > pol;(5)Lyg; 2i42((5)
i=0

biyoi, = Z PAC;IZ'(S)]1[(2i—1)+,2i+1[(3),
i=0

in which we can express the functions pAo/li(s) pertaining to indices 1 4 2n
from the functions pol; pertaining to index 2n by
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( 1+s
ifi=0: [ poly(r)ex(r,s)™dr
— 212'_5 1+s
pol,(s) =< ifi=1,...n—1: f pol,_(r)es(r, s)™dr + f pol,(r)es(r, s)™dr
—1+s 21
%
ifi=n: f pol,,_4(r)ex(r, s)™dr;
\ —1+s

and the functions pol; pertaining to the case n = 2(n+ 1) from the functions
pol,(s) pertaining to the case n =14 2n by
(

1 I+s
ifi=0: [ poly(r)ex(r,s)™dr+ [ pol,(r)es(r,s)™dr
[—1+s| 1
2+1 __ s+1
poli(s) = ifi=1,...,n—1:] pol(r)es(r,s)™dr+ [ pol;,i(r)ex(r,s)"dr

3—127.}_’_1 N 2i+1

ifi=n: [ pol,(r)es(r,s)"dr.

\ s—1

The missing piece was to show that the functions pol; and ]_ggli are poly-

heavily on the fact that by Theorem 3a, we have for positive reals a,b and

[ €{2,4,...,2m — 2} UZ>9,, that the definite integral f; vl (—ey(z, 8))"dr =

F (b, s)—Fym(a, s); hence if p(x) is a polynomial in which only monomials

with exponents in [ € {2,4, ..., 2m—2}UZ>9,,, occur, then f;p(aj)eg(x, s)"dx

is a real linear combination of expressions Fj,, (b, s) — Fi.m(a, s) with such [.
Looking at the definition of by(s), we find:

0. The expression pol, associated to 7 = 1 is the polynomial (s*(4 — s%))™
and hence is even and has only monomials s’ with ¢ > 2m.

_1. If poly, associated to be; is a polynomial all whose exponents [ are in

{2,4,...,2m — 2} U Z>9,,,, then pol,, associated to by 9, is an odd polynomial
of underdegree > 2m.

Proof: For an [ as admitted we have that by its definition, I)A(;lo(s) is a linear
combination of differences

E,m(l + S, S) - E,m(l - S, S) = B,m(l + S, S) o E,m(l - S, _S>

for different [. Here we used that by Theorem 3a.i, F'(z,s) = F(z,—s). We
see now that these differences turn into their negatives as we replace s by —s,
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so they are odd polynomials. By Theorem 3b.iv, the exponents < 2m — 1
occurring in Fj,,(1+ s, s) are even; so the same holds for Fj,,(1 — s, —s). So
the exponents occurring in the differences all must be > 2m. This yields the
claim. |

2. If [ > 2m is odd, then f s |:Ueg(3: s)"dx = fl vles(w, s)"dx.

Proof: Recall that ex(x,s) = —(1 — s?)?27% + 2(1 + s*) — 22. So in ey(z,s)™
the powers of x occurring are all even and> —2m. Hence z'e}' has only
odd powers which are all > 0. Now if 2 is such an odd power of x, then

Sl sy ade = (140) (1= [ = 145]*) = (14+0) ! (1—(1—s)"*%) = [ a*d,
since 1 + o is even. The claim follows. ]

3. All the expressions Fj,,(a,s) with a being one of the s-independent

lower or upper bounds in the integrals occurring for the poli,ﬁglz- are (for
admitted [) even polynomials in s.

Proof: This is immediate from Theorem 3a.i. ]

4. Concerning the integrals below at the left which occur in the Theorem

of [SK2] for the computation of the functions pol, associated to by, by, bg, ..,
there holds

f‘1_1+8| 5610(7“)620“, s)"dr = fll—s I;Elo(r)eg(r, s)™dr.

Proof: The expression pol(s) associated to by is by observation 0 even and
has underdegree > 2m. It satisfies hence the hypothesis of observation 1 for
n = 1 and that observation yields that pol, associated to b3 is an odd polyno-
mial of underdegree > 2m. Thus by observation 2, we may replace the integral
fll Lig - DY fll . If we do so we get that the expression pol, pertaining to
by is given by polo fl  poly(r)ex(r, s)™dr + les pA(;ll(r)eg(r, s)™dr. This
expression is hence a hnear combination of differences Fj,,(1,s)—F1m(1—s,s)
and Fj,,(1+4s,s)— Fi,,(1, s) for various [s and so by 3 and Theorem 3b.iv we
see this poly(s) has only exponents in {2,4, ...,2m — 2} U Z>9,,. Then 1 gives
us that 1;510(3) associated to by = by40.1 is odd and has underdegree > 2m.
s by

f11—3 ....and so for the calculation of pol, associated to bg to write the same
formula as before we did for the pol, associated to by. Repeating this type of

This in turn, as above, by 2 allows us again a replacement of fll_
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reasoning we see by induction that indeed we can write the formulas for pol,
for all polynomials by, with integrals f11—5 ... instead of f|1_1 o] m

Conclusion of the proof. We realize that all the integrals figuring in the
computations of the pol;(s) and pol;(s) can be written with upper and lower
bounds which are reals a > 0 (independent of s) or are of the forms s — 1,1 —
s,1 + s. Thanks to the observations done up till here, we find that indeed
the expressions pol,(s) and pol,(s) are polynomials and we are done. m
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