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Abstract

The main objective is to characterize all configurations of three distinct points
on the n-dimensional sphere that have the same Riemannian geometric mean
and find efficient ways to compute such invariant. The regular case, when
the points form the vertices of an equilateral spherical triangle, appears as
the global minimum of an appropriate cost function. As a warm-up, and
also to get more insight for the spherical case, we first develop our ideas
for configurations in the Euclidean space R™. In both cases, the theoretical
results are supported by numerical experiments and illustrated by meaningful
plots.
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1. Introduction

In recent years there has been increasing interest in studying certain k-
point configurations or arrangements on specific finite dimensional Rieman-
nian manifolds, in particular configurations that fulfil certain geometric con-
straints. Among them are, for instance, those having their geometric mean
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in common or those maximizing the content of their convex hull. The first of
these problems appears prominently in statistics on manifolds, where usually
k points are given and one aims to find the geometric (Riemannian) mean
or a closely related different type of weighted mean, cf. [3] and further ref-
erences cited therein. The second is related to packing problems and as a
consequence also to the task of designing codes with additional properties,
say self-duality or fulfilling an additional optimality criterion. In this case,
one looks for k points which satisfy certain geometric properties, cf. [8].
However, in both cases usually closed form solutions are extremely rare to
find. So, a maximal amount of a priori (differential) geometric insight might
be helpful for designing an efficient numerical procedure. Clearly, ordinary
Euclidean geometry, along with the entire arsenal of linear algebra, is helpful
simply because Euclidean space serves as a joyful playground for most of
these problems. In such cases, closed-form solutions are indeed well-known,
sometimes even for centuries.

Although, at first glance, the mathematics behind such goals is mainly
based on differential geometric methodologies or insights, as well on purely
algebraic grounds (other than the real numbers field), oftentimes one has to
apply sophisticated numerical techniques, such as geometric integration, cf.
[10], or geometric optimization, cf. [1].

We are generally interested in characterizing configurations of & distinct
points in an n-dimensional Riemannian manifold that share the same geomet-
ric mean. Additionally, we aim to explore efficient methods for computing
these configurations and their associated invariant.

Finding the geometric mean of data points on a Riemannian manifold
has been extensively studied for quite some time. Typically, the geometric
mean is the solution of an optimization problem, where the sum of the square
geodesic distances to the data points is minimized. This approach has been
used in specific manifolds, such as, S™, the orthogonal group, the hyperbolic
space, and the cone of positive symmetric matrices, cf., [4], [23], [6], [3], [18],
6], [5], [24], to name a few. For more differential geometric background with
respect to existence and uniqueness of geometric means see [13] or [15]. In
the literature, the geometric or Fréchet mean has, in some instances, been at-
tributed to H. Karcher see, however, [14] (https://arxiv.org/abs/1407.2087).

Our general interest and objective is rather ambitious, since it requires
more advanced backgrounds and time to mature ideas and achieve solid de-
velopments. To keep this paper in a manageable frame, for the moment
we only consider the example of the standard sphere S™ embedded in the



Euclidean space R"*!, with k = 3, but using new ideas rather than just
minimizing the sum of the squared geodesic distances. Some of these new
ideas, also emerged from the fact that one often knows a simple formula for
the mean of k points that form a regular Riemannian geodesic k-gon, e.g.
for £ = 3 an equilateral geodesic triangle. In order to get some insight, we
nevertheless, even start by applying this new approach to Euclidean n-space.
Generalizations to other symmetric spaces are already in preparation and
will appear in forthcoming publications.

The paper is organized as follows. After introducing the necessary nota-
tions, our problem statement is presented in Section 3, where we consider,
as warming up, points in the Euclidean space R™. Then, in Section 4, we
transfer all the ideas and procedures to the n-dimensional spherical case. The
geometry of the manifold consisting of all configurations of points that have
the same Riemannian geometric mean is studied in detail. Both sections, 3
and 4, also contain explicit calculations, a detailed characterization of the
critical point sets of appropriate cost functions, their Riemannian gradients
and Hessians, followed by the classification of the critical points. In particu-
lar, the equilateral triangle configurations arise as global minimum of those
cost functions.

Using several routines from MATLAB toolboxes, the steepest descent and
quasi-Newton algorithms on manifolds have been implemented to corrobo-
rate the theoretical outcomes. These algorithms turned out to be easy to
implement, offering high accuracy and precision even when handling spher-
ical data. To enrich the paper, meaningful plots illustrating our results are
also included.



2. Notations

These are some of the notations used throughout the paper.

M, N smooth manifolds

T,M tangent space of M at x € M

DF(x): T,M — TpuN tangent map (or differential) of F': M — N at z
T+M normal space of M at © € M

VF gradient of the function F’

Hp Hessian matrix of the function F

Sn n-dimensional unit sphere

H" open hemisphere of S™

Il |l Euclidean norm

cos Lz Ty) arccos(z " y)

cos 2(z"y) arccos?(z"y)

ker(X) kernel of a matrix X

RS(X) row space of a matrix X

CS(X) column space of a matrix X

rref(X) reduced row echelon form of a matrix X
X+ Moore-Penrose inverse of a matrix X

3. Problem Statement, Warming up in R”

Given three distinct points xg, x1, 22 in R™, find all configurations of three
points {pg, p1, p2} C R™ having the same geometric mean ¢ as the given ones,
ie.,

Q:%(po + p1 4 p2) I%($o+=’1¢1+5€2)~ (1)

In particular, we are also looking for three points that form the vertices of
a regular 3-gon, i.e., an equilateral triangular having ¢ as the center of its
circumscribed circle.

Recall that ¢ is the unique solution of the minimization problem

min (lpo = [* + llp — 2| + Ip2 — «[1*)- @)

Here it seems we are dealing with a catch-22 as we do not need an equi-
lateral triangle to verify formula (1), but we are currently only warming up
for the much more complicated spherical case, where ¢ is in general given
only implicitly as the unique global minimum of a smooth cost.
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Without loss of generality we fix one of the three points, say z¢o =: po,
and consider the smooth manifold

M = {(p1,p2) €ER" xR™ : p; +p> =3¢ —po}, (3)

which is clearly an n-dimensional affine subspace. The tangent and the nor-
mal spaces of M at (p1,ps) € M are given, respectively, by

TrM = {(v,—v) [v €R"}, Tp )M = {(v,0) [vER"}. (4

>p2)

Any vector (u,v) € R™ x R™ can be decomposed in a unique way as
(w,v) = 3(u—v,v—u) + F(u+v,u+v), (5)

where l(u — v, —u) € Ty, ppyM and %(u +v,u+ U) eTt M.

2 (p1,p2)
In the sequel we analyze the smooth cost function

F: M —R,
2 2
(p1,p2) — 3 (Ilpo = palI* = llpo = p2ll*)” + 1 (Il = poll* = llp2 = p2l?)” (6)
2
+ 5 ([lp2 = poll* = llp2 = pa[I?) "
Clearly, the global minimum value of F' equals 0 and it is attained exactly if
the triple (po, p1, p2) describes an equilateral triangle in R™ or is the degener-
ated case when all the points coincide. One of our objectives is to minimize

F to end up with one of these equilateral triangles.
To simplify notations, define

A lepo —p1H2 - ||po - p2||2;

B :=|p1 = poll* = lIp1 — p2l1*; (7)
C =|[ps —JUOH2 — |lp2 — ]91||2 =B - A.

Consider the following smooth cost function

F: M — R, .
(p1,p2) — 1(A%+ B>+ C?) = $(A? + B> — AB).

Theorem 1. Every critical point (p1,p2) € M of the function F defined
by (8) fulfills one of the following conditions.

L. po=p1=p2=¢q;



2. pr=p2= Bq%po;

3. po, p1,p2 form an equilateral triangle.

Proof. The critical points are the points (p;, p2) such that DF (py, p2) (v, —v) =
0, for all v € R™, where DF stands for the differential of F'. Since

DF(p1,p2)(v, —v) = (24 — B)({p1 — po, v) + (p2 — po, v))
+ (2B — A) ({p1 — po, v) + (p2 — p1,20)) 9)
= 3(A(p1 — po) + B(p2 — 1), v),

the critical points (pi, p2) are solutions of

A(pr — po) + B(p2 —p1) = 0. (10)
Let us consider the following cases.

Case 1. p; — pp and py — p; are linearly dependent.

Case 1.1. p; —po =0 and py — p; = 0.
We get the trivial case py = p1 = ps = q.

Case 1.2. p; —pg # 0 and py — p; = 0.
From the constraint py 4+ p1 + p2 = 3¢, we immediately get p; =
po = 3"_7"0. Note that in this case A = 0, so equation (10) is
satisfied.

Case 1.3. p; —po =0 and py — p; # 0.
Using the definition of B, this implies that B # 0. But on the
other hand these conditions, together with (10), imply that B = 0.
So, this case gives no critical points.

Case 1.4. p; — po # 0 and ps — py; # 0.
In this case, there exists A € R (A # 0) such that py — py =
A(p1 —p2) and so the equation (10) is satisfied only when B = \A.
Using the fact that pg—py = (po—p1) +(p1—p2) = (1=X)(p1 —p2),
and replacing in the expressions of A and B, we get

A=A =Dlpr—pol?, B=N=Dlp—pof*  (11)

But the condition B = AA implies that A> — A + 1 = 0, which has
no real solutions. So, this case gives no critical points.



Case 2. p; — pp and py — p; are linearly independent.
In this case A = B = 0 or, equivalently,

1? = [|p1 — pa|*. (12)

So, po, p1, p2 form the vertices of an equilateral triangle.

I*

||po — D1l = ||po — P2

This completes the proof.
O

Remark 1. Notice that the cost function F' vanishes at the critical points

corresponding to 1. and 3. in the previous theorem, while for the other case
2

we have A =0, B = ||p1 — po||> > 0, and so, F(p1,p2) = Z- > 0.

3.1. Gradients and Hessians

The simplest way to compute Riemannian gradients and Riemannian Hes-
sians for a function F' defined on a Riemannian manifold M is by exploiting
well known formulas for the Levi-Civita connection V. In particular, for the
latter

HGSSF(X, Y) = VX(VyF) —DF(V)(Y), (13)

where X and Y are vector fields in M (see, for instance, pages 343-344 in
[17]). There are two situations when the second summand in (13) vanishes.
Either the Hessian is evaluated at a critical point p and DF(p) = 0, or one
considers the representation of the Hessian along a geodesic 7y, in which case,
X =Y = 7 and consequently V5% = 0. In this paper, we only need to evalu-
ate Riemannian Hessians in these two situations, and since we only consider
submanifolds embedded in Euclidean spaces, the Riemannian Hessian coin-
cides with the tangent space projection of the Euclidean Hessian.

We now consider gradients and Hessians of the function F' defined by (8).
In a straightforward way we extend F' uniquely from M to a smooth function
F on the embedding space R" x R" = R?", compute the Euclidean gradient
of F' and project it back to T'M orthogonally to end up with the Riemannian
gradient VF of F on M. The symbol V used in(13) for the Levi-Civita
connection will no longer be used later. So, our notation for the Riemannian
gradient of a function will not be a source of confusion.

For any (p1,p2) € R* x R™ and (v1,v2) € T(p, po)(R" X R") = R" x R™ we
have

~ ~

DFE(p1,p2)(v1,v2) = (VF(p1,p2), (v1,v2)). (14)
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Since

DF\(]jl;pQ)(UlaUQ) = (2A - B)(<]9 07U1> + <p0 —p27U2>)
+ (2B — A)( P2 — Po,v1) + (P1 —pz,v2>)
(p

(15)
= ((2A = B)(p1 — o) + (2B — A)(p2 — po), v1)
+ ((2A = B)(po — p2) + (2B — A)(p1 — p2), v2),
the Euclidean gradient is given by
~ (2A = B)(p1 — po) + (2B — A)(p2 — po)
(2A — B)(po — p2) + (2B — A)(p1 — p2)
Consequently, from (5) we get for the Riemannian gradient
VF(p1,p2) = P(;l,pQ)vﬁ(p17p2) € Tipy )M, (17)
where
1 1 -[n _[n
P(PLP?) ) [_[n I, } ‘ (18)
Some straightforward computations show that
A(pr = po) + B(p2 — p1)
VEF(prps) = 5 . (19)
—(A(p1 —po) + B(ps — pl))

The Riemannian gradient can now be used to implement the steepest
descent method (Algorithm 1). Figure 1 illustrates this method for points
in R? with fixed py = (0,1). In the three situations shown on the left hand
side, the points p; and py (whose coordinates are given in each caption)
converge to the minimum of the cost function, forming with pg the vertices
of an equilateral triangle. The circumscribed circle observed in each picture
is centered at the geometric mean, a property only shared by equilateral
triangles. The graphs on the right hand side show how the distances between
pairs of points (pi,pa) in successive iterations evolve. As expected, these
distances converge linearly to zero.



Algorithm 1: Steepest descent with Armijo line search

Input : Initial point p© = (p§0>, péo)) and tolerance tol

Output: Stationary point p* = (pf, p})
1 for k=0,1,...do

2 Set d¥) = —VF(p®)) ;

3 Determine the step length «; according to Armijo rule;
5 | Stopif F(p®) < tol or |[VEF(p®)|| < tol

6 end
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(b) Iteration k versus d(pF+1), p(F))

(d) Iteration k versus d(pF+1), p(F))

(f) Tteration k versus d(p(¥), p(k+1))

(h) Tteration k versus d(p(*®), p(k+1))

Figure 1: Plots obtained using Algorithm 1.



Now, from the Euclidean gradient given in (16), we can proceed with the
Hessian. The matrix representation of the Hessian of a function I’ will be
denoted by Hp. In order to compute second derivatives, notice that

2A — B = |lpo — ;1> = 2|lpo — p2|* + llp1 — p2|
2B — A= |lpo — mlI* = 2|lpr — p2I” + llpo — p2|

and we compute the matrix representation of the Hessian of F as follows

Di{F(pbpz):Q((pl —po)(p1 — po + p1 — p2) "+ (P2 — o) (P2 — po + P2 — pl)T)

+ (24— B)I,,
:2((1?1— p0)(p1—po) +(pa—po) (P2 —po) + (P2—p1) (P2 —pl)T)
+ (24— B,
D12ﬁ(p1,p2) =2((p1—po)(Po—p1 + Po — p2) +(P2—po) (1 —p2 + p1 — o) ")
+ (2B - A,
:2((1?1—Po)(po—pz)T+(P1—p2)(p0—p1)T +(p2 —Po)(P1—p2)T)
4 (2B - A,

=~ T
- (D21F(p17p2)) )
D3F(p1,p2) 22((130—]?2)(]90 —P1+Do— p2)T+ (P1—p2)(P1—p2 + 1 — po)T

—(A+B)I,
:2((1?1—po)(pl—po)T+(p2—po)(pz—po)T+(p1_pQ)(pl_pQ)T)
— (A+ B)I,.
(20)
So, A )
Hﬁ(p17p2) — D%F(p17p2) D12F(p1’p2) (21)

(D12ﬁ(p1,p2))T Dgﬁ(plap2)

Furthermore, being the Riemannian Hessian the restriction to the tangent
space of the Euclidean Hessian, we can write

Hp(p1,p2) = Hﬁ(phpQ)‘T(plm)M - P(Jﬁ17p2)Hﬁ(p1’pz)P(JI;hPZ)' (22)

Here an important remark is in order. Hp(pi,ps) is considered here in co-
ordinates of the embedding space R™ x R™, the space of point pairs (pi, ps).
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It, however, defines a symmetric quadratic form on the subspace 1(;, ;,,)M C
R™ x R™ which has codimension n.

The matrix representation of the Riemannian Hessian is a 2n x 2n block
matrix with the structure

He(p1,p) = [ 4 _ﬂ - [ 1 ] X, (23)

where X is written in terms of A and B as

X = 3(2(p1 = po) (o1 — po)”

(24)
+2(p2 — po)(p2 — o) " +2(p1 — p2)(p1 — p2) T + (A —2B)I),

and is clearly symmetric and singular.

Making use of the Riemannian Hessian, we now apply a quasi-Newton
method to improve the convergence speed (Algorithm 4). Figure 2 illus-
trates this method for the data already used to implement Algorithm 1. As
expected, the distances between pairs of points (p;,ps) in successive itera-
tions converge quadratically to zero, showing that the quasi-Newton method
is faster than the steepest descent method.

Algorithm 2: Quasi-Newton method

Input : Initial point p® = (p(lo),pgo)), A > 0 and tolerance tol

Output: Stationary point p* = (p, p})
1 for k=0,1,... do

2 Set B®) = Hp(p®) + A, ;

3 Solve d®) from B®d*) = -V F(p*);

4 Update p*+h = pk) 4 q(k),

5 | Stopif F(p®) < tol or |[VF(p™)|| < tol
6 end

12



(b) Tteration k versus d(p(*+1) p(k))

(d) Tteration k versus d(p(k+1), p(k))
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(f) Tteration k versus d(p(¥), p(k+1))

(h) Tteration k versus d(p(®), p(k+1))
(g) Pr1= (0’ _%)7 p2 = (07 _g)

Figure 2: Plots obtained using Algorithm 4.
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3.2. Classification of the critical points

At the critical points given in Theorem 1, the formulas (21) and(22) sim-
plify considerably, either by collinearity of the triple {pg, p1,p2} or by equi-
laterality. The latter suggests to deal with the triple in R?, more specifically
in the plane spanned by this triple.

For convenience, we may represent pairs of points in R"™! x R**! by

(v1,v2) or by a column matrix vy

Theorem 2. The critical points of the function F on M are classified as:

1. when p; = py = 3‘];”0, the critical point (p1,pe) is a saddle point;
2. when pg, p1,p2 form an equilateral triangle, the critical point (py,p2) is

a global minimum.

Proof. In order to show that the critical point (p1,p;) is a saddle point, first
note that in this case of collinearity A = 0, B = ||p; — pol|?, and consequently

3
= 5(2@1 — po)(p1 —PO)T — [lp1 —POHQI)'

First consider the vector v = (vy, —v1), where v; = p; — po. In this case,

[ ol —v | He(pi,p2) { _:2 } =[v —v ] [ —§ _§ } [ —Zi ] (25)

= 4U1TXU1 =6|p; —p0H4 > 0.

Now, consider a vector v = (vy,vy) such that (vy —ve) " (p1 — po) = 0. In this
case, we get

V1 X —X V1
[UI UzT]HF(pl,pz){w]:[%T U;}[_X X:||:U2:|
= (’Ul — UQ)TX(Ul — ’Ug)
= —3lIpr = poll*llor — wa|* < 0.

(26)

This proves that we are in the presence of a saddle point.
In case of equilaterality, A = B = 0 and X is the rank two matrix

X = %((Pl —po)(P1—po)" + (P2 —p0)(P2—p0) " + (1 —p2)(p1 —p2)"). (27)
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For convenience, denote the critical point by (p},p3). Then, for any vector
v = (v1,v7) € R*" x R*H

U1
V2

} 3 [((01 = v) (0] — o))
+ ((v1 = v2) " (P5 — p0))

+ (01— v2) " (0; — 15))°] 2 0,

(ol o] | Helptn)) [
2 (28)

meaning that the Riemannian Hessian at (py,p}) is positive semidefinite.
This, combined with the observation that F(py,p2) > F(p3,p;) = 0, for all
(p1,p2) € M, leads to the conclusion that the cost function F' attains its
global minimum at (p7, p}). O

Figure 3 shows the behavior of the points (p;,p2) in a neighborhood of
a saddle point. If p; and psy are aligned with pg, then they converge to the
saddle point. Otherwise, they converge to the minimum of the cost function
(the vertices of an equilateral triangle).

A\

1
1 08 06 04 02 0 02 04 06 08 1 1 08 06 -04 02 0 02 04 06 08 1

(a) p1 = (0, —0.55), pa = (0, —0.45) (b) p1 = (—0.001,—0.499), pa = (0.001, —0.501)

Figure 3: Behavior in a neighborhood of a saddle point.

4. The Spherical Case

4.1. Some background

In preparation for the main results in this section, we first recall some
important facts that will be used in this section, referring to [19] for basic
concepts of Riemannian geometry.
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Consider the unit sphere
St={peR" |p'p=1}, (29)

equipped with the Riemannian metric induced by the Euclidean inner prod-
uct in R™*1. Its tangent and normal space at p € S™ are, respectively,

T,5" = {v e R"™ | v'p = 0}, TPLS” = span(p). (30)

If p e S™ and v € T,,S™, the unique minimal geodesic with v(0) = p, 4(0) = v
is given by

1(2) = cos(t]jo])p + Sy, (31)
If p,q € S™ with p # +¢, the unique minimal geodesic satisfying v(0) = p,
~v(1) = ¢, purely expressed by p and q only, is given by (see, for instance

[12]),

~(t) = sin(=8)[vll) ;, | sint|lvl) with ||v|| = arccos(q'p). (32)

sin [[o] sinflof D

The geodesic distance between two points p,qg € S™ is exactly equal to the
norm of the velocity vector that takes p to ¢, i.e.,

d(p, q) = arccos(q ' p). (33)

For x € R"1\ {0}, the orthogonal projection operator is defined by
P R™ S Ry (1— 220y, (34)

x Tz
and the associated reflection operator by
R,: R 5 R"™™ R, :=id —2Pr. (35)

The latter is an orthogonal linear transformation, thus preserving the Eu-
clidean metric.
When z = p € S,

PR S T,8" yw (I—pp')y, (36)

and
Ry R 5 Ry (=T +2ppT)y. (37)

Notice that
ker(PpL) = TPLS", rank(PpL) =n,

and
Rp|TpS" - - ld, R[J‘TPLS" - ld .
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4.2. Problem Statement on the sphere S™

Given three distinct points g, 1, T2 contained in an open hemisphere H"
of 8™, find all configurations of points {pg, p1,p2} in that hemisphere that
have the same Riemannian geometric mean ¢ € H", in particular those that
form the vertices of an equilateral spherical triangle centered at q. Without
loss of generality we keep the assumption pg := .

It is well known that the Riemannian mean minimizes the sum of squared
geodesic distances to a given set of points. In our case, consider the smooth
function

2 2
O H'"CS"— R, zr——Px)= ZdQ(l‘i,l“) = Zarccosz(xTxi), (38)
i=0

=0
with tangent map

D&(z): TyH" = TowR = R,

2 2
h— 2 E arccos(x ' ;) D arccos(z ' x;)h = —2 E siffg (z, h).
. S————— . ‘
=0 1=0

=:§;

(39)

[7], showed that @ is strictly convex and therefore has exactly one global
minimum, the geometric Riemannian mean, [13], [15], [16].

It is well known that the Riemannian mean is the solution of D @(x)(h) =
0, Vh € T,’H". From now on, g will denote the Riemannian mean of the points
x;, which is defined implicitly by

2
> g (s — g ")as = 0. (40)
i=0

The quotient Siflif‘ makes sense in the interval [0, 7[ by assuming that for

& =0, its value is equal to lim Si_ — 1. Similar indeterminate forms that

&0+ sin &;

appear throughout the text will be treated the same way.

Remark 2. From the equation that defines the Riemannian mean q, it is

also clear that )

2
(> frbi)g =) ey, (41)
1=0

=0
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showing that the Riemannian mean of the points xg,x1,Ts belongs to the
vector subspace of R spanned by them. In the particular case when the
3 points belong to the same geodesic in S™, then q also belongs to the same
geodesic.

There is one particular situation when the Riemannian mean is given
explicitly in terms of the given points, as the following result shows.

Lemma 1 ([20]). If zg,x1, 22 are the vertices of a spherical equilateral tri-
angle lying in H™, then the Riemannian mean of these points coincides with
its spherical projected arithmetic mean, given explicitly by

= it 42
q HZ?ZO%' . (42)

Proof. Since the function ® has a unique critical point, one just needs to
show that the spherical projected arithmetic mean given by (42) satisfies the
equation (40).

Let © denote the common length of the edges of the equilateral triangle,
that is, © = arccos(xg, 1) = arccos(xg, x2) = arccos(zxy, ra). So,

|zo + z1 + 22| = 3(1 + 2o O),

(xo+ 1 + @0, ;) =14+ 2cosO, fori=0,1,2,

and

(g, ;) = /229 fori=0,1,2.

Consequently, =5~ has the same value for i = 0, 1,2, and the left hand side

sin¢;

of equation (40) reduces to

(I —aq") (D mi). (43)

=0

Since Z?:o x; is a multiple of ¢, the expression in (43) is identically zero. [
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4.8. Defining the manifold M of all configurations

Consider the diffeomorphism that defines the Riemannian normal coor-
dinates around a point ¢

pg: S" = T,5", pr 32 (p—qcosa), (44)

sin «

where cosa = ¢ p.
Let M be the smooth manifold consisting of all sets of pairs (p1, p2) such
that (po, p1, p2) has the Riemannian mean ¢, that is

2

M= {(p1,po) €EH" xH" : (I—qq")) 2p;=0}, (45
=0

where cosa; = ¢'p; and I denotes the identity matrix of order n + 1. In
terms of Riemannian normal coordinates around ¢, M can be written as

M = {(p1,p2) €H" x H" = Y pq(ps) = 0}. (46)

=0
Theorem 3. M is an n—dimensional smooth manifold.

Proof. We will use the regular value theorem to show that M is the zero fiber
of the following differentiable function
p: H'xH" — T;H"

p) el = S eulp) )

Given (p1,p2) € ¢ 1 ({0}), the tangent map of ¢ at (py,ps) is defined as
Dop(p1,p2) : T, H" x T, H" — T,H"
v 48
() > [Deo) Do | 2]

(%

Since Dy, (p;) is an isomorphism between T, H" and T,H", its rank is n and
so rank(Dy(p1,p2)) = n, showing that Dy(p1,pe) is surjective everywhere.
Consequently, ¢ is a submersion and M = ¢~ '({0}) is an n-dimensional
smooth manifold. O
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Visualizing the manifold M is challenging, even for dimension 2, but one
can exhibit some symmetries.
Using the projection operator, M can be rewritten as

2

M ={(p1,p2) € H" x H" : Pqi(z s2-p;) = 0}, (49)

=0

Proposition 1. Assume that py = q # p1 € S™. Then, (p1, Ry(p1)) € M,
where R, is the reflection operator defined in (37).

Proof. To show that (p1,p2) € M when py = Ry(p1) = —p1 + 2qcos oy,
notice that in this case ag = 0, and R, leaves ¢ invariant. This implies
cos as = cos a1 and, consequently, o = Sl‘g—jll So,

2
D stpi = (04 325 (0 + Ry(p) = (g + 2a5201g),
=0

showing that

2
(I—ag") ) s-pi=0.
=0
SO7 (plaRq(pl)) S M; D

Now, assume that py # ¢, and let R, ;, denote a reflection operator along
the plane spanned by pg, ¢ and 0. With respect to this plane, any y € R**!
can be written as y = y* + 7, where 7 is the orthogonal projection of y onto
the plane. Then,

Ryq: R™ S R s 25 — . (50)

Moreover, § = apg + Bq, where

Q= sin%ag (p(—)ry - (COS Oéo)qu), ﬁ = s ag (q U (COS Oéo)po y)

or, equivalently, 7 = (popo +qq" — cosag (poq" + qpd )) Y.

sin? ag

So, the orthogonal matrix Ag describing the reflection R, , can be written
as

Ar = 52 o0 (popo +qq" — cosay (quT + qu)) — Lot
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Proposition 2. If py # q and (p1,p2) € M, then (Ar(p1), Ar(p2)) € M,
i.e., Ag is a symmetry of M.

Proof. We first show that Az commutes with I —qq". This follows from the
fact that [popy — cosap(poq' + qpg ), qq"] = 0, which is easily checked from

[pops g "] = cos ao(pog” — qpg ),
poa" +apg . aa"] = poa" — ap; -
Moreover, it is clear that Ag leaves py and ¢ invariant, and ¢' Ar(p;) =
q"p; = cosqy, for i = 1,2. Consequently,

2 2
PqL (Z slzlalpl) = O 1mphes qu (Z sigixi AR(pl)) = 0’
=0

=0

that is, if (p1,p2) € M then (Ar(p1), Ar(p2)) € M. o

4.4. Tangent and normal spaces to M

The following result will be useful.

Lemma 2. Consider the function

CHY — HY
I o (51)
pi sin:xipi
The tangent map of f at the point p; is given by
D f(pi) : T, H" = TrpayH"
( ) Pi fp (52)

vi'_>( a; I+ (alcosal—smal)plq ) i'

sin (673 sin” o

Proof. The proof uses some elementary calculations based on the fact that
for a; = arccos(q"p;), Da(ps)(v;) = oo L (qT;). O

Now, it is convenient to define matrices

Ai o I+ (alcosal—smal)pzq (53)

sin (677 sin® ag

One can check that they are full rank. Indeed, following [21], p.475,

det(AZ) _ (.aii)n-l-l(ai—cos.aisinai)’ (54)

sin a; o sin? o
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and since the second term in (54) is increasing in the interval |0, 7| and
satisfies

Jim esittnes = 2/3,
we can conclude that det(A;) # 0, in the interval [0, 7[. Its inverse can be
derived from the Sherman-Morrison formula in [21], to obtain

—1 sin «; sin a; —@; COS ; T
A =2 (I+ Diq )

a; a;—sin a; cos a;

Using the matrices A;, the linear transformation Dg(py,p2) defined in (48)
can be written as the following block matrix

Do(p1,pa) = (I — qq") [Ar A

The tangent space to M at the point (p1,ps), can be characterized im-
plicitly by

Tipy po) M = {(Ul,UQ) € R"™ XR"™ : Xj01+ X0 =0, pjv; =0, pyvy = 0},
(55)
where X;, ¢ = 1,2, is the rank-n matrix

Xi=(I—qq")A;. (56)
Example 1. If (p1,p1) € M, the tangent space simplifies to
T(Pl,Pl)M = {('Ula _’U1) S TplS"}.

Indeed, this vector space is n-dimensional and its vectors trivially satisfy the
constraints in (55).

Example 2. If py = q € H" and p; € H" satisfies cos~ (q"p1) €]0,7/2],
then
T(PLRq(Pl))M = {(U1,RQ(U1)) IS Tplsn}v

where R, is the reflection operator defined in (37).

To show this, first notice that since v{ py = 0, also (Ry(v1))" Ry(p1) = 0,
and so the last constraint in (55) holds. To check that the first constraint in
(55) also holds, compute Xiv1 and Xovy, with vy = Ry(v1) = —v; + 2¢" v1q

and taking into consideration that if ps = Ry(v1), then cosa; = cosas,
we conclude after simplifications that Xovy = —Xqv1, which completes the
verification.
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In what follows, it is convenient to rewrite the tangent space in a more
compact form. For that, define the the block matrix

X1 Xy
X = pir 0 c R(n+3)><(2n+2).
0 p;

Notice that the tangent space to M is the kernel of the matrix X, therefore
the normal space is the row space (RS) of the matrix X (or the column space
(CS) of XT), that is,

T(Pl»m)M = ker(X) == {l’ E R2n+2 ’ Xl‘ = O }’

57
TE, oM = RS(X) = CS(XT) = {XTa| 2 cR™). 1)

By the rank-nullity theorem, we conclude that dim(T(?hpz)M )=n+2.
Since M is an embedded submanifold of R™*! x R"*! it is convenient to
define the projection operators onto the tangent and the normal spaces of
M. For that, we first recall some facts about the Moore-Penrose inverse of
X, denoted by X (see, for instance, [11] or [21] for details).
The projection operators onto the tangent and the normal spaces of M
are therefore defined, respectively, by

w1

Peorxy: RMIXRY™ = Ty ) M, (w1,w2) = (Tongo— X X) [ e

| 69

n n w
Pagixy: R X R = T M, (wy,we) = XTX [ w; ] . (59)

4.5. Geodesics in M

In order to characterize the geodesics in M, let v : t € (a,b) — ~(t) =
(m(t),72(t)) € M. Then, fori=1,2,

(i), u(t)) = 1, vt € (a,b). (60)

and

2

(I=4q") Y gofyu() + (I —aq") g% mo =0, (61)

i=1
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where «;(t) = arccos(q, vi(t)), Vt € (a,b), i = 1,2.
Differentiating (60) and (61) with respect to t, one gets

(i), %)) =0, i=1,2, (62)
and
2 .
(I=aa") Y (mrag ! + P 5le P u®a w0 = 0. (63)

i=1

Introducing for i = 1,2

Xz(t) — (I . qu)( a;(t) I + Oéi(t)COSQi(t)—Sinai(t),.}/Z_(t)q—r)’

sin ay; (t) sin® oy (t)

and the block matrix
Xt)=|n®" o ,

equations (62)-(63) are equivalent to
X(t)3(t) =0, Vte (a,b). (64)

If we differentiate (64) with respect to ¢, one also gets the following relation
between the extrinsic acceleration (in the embedding space R***2) and the
velocity of any curve in M

X(8)3(t) = =X ()3(D). (65)

In order for v to be a geodesic in M, the orthogonal projection of the
extrinsic acceleration %(t) onto the tangent space T(-, (1), (+))M should vanish,
for all t € (a,b). So, using (58) one must have

5 - XTXH = 0. (66)
Using (65), the geodesic equation (66) can be rewritten as
4+ XTXA=0. (67)

So far, no explicit solutions of this equation are known. Nevertheless we can
state that geodesics on M are not pairs of geodesics on S™, except possibly
when all the points are aligned.
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4.6. Cost function on M
Now, consider the smooth cost function

F: M —R,
2 2

(p1,p2) > (d*(po, p1) — d*(po, p2))” + 2 (d?(po, p1) — d*(p1, p2))

2
+ 5 (*(po, p2) — d*(p1, p2))
2 2 2
il(e1—e3)" + (61 -e3)" + (63 - 63)7],
where ©; = arccos(pg, p;), i = 1,2, and ©3 = arccos(py, p2).

Clearly if (po,p1,p2) describes a spherical equilateral triangle, then F
attains its global minimum. Since the tangent space to M is only defined
implicitly, we naturally extend F from M to a smooth function F', then
compute its derivative at the point (pi,p2) in the embedding space and use
the implicit definition of the tangent space. R

In order to simplify the expression for the differential of F', introduce

B = 63+ 63 - 262

(68)

Lemma 3.

DF(plaPZ)(UhUQ) = (bu?élﬁlpoT - bm@S (B + ﬁQ)pg)
+ (sm@252p0 - M(ﬁl + BQ)pl )02-

Proof. In order to compute the tangent map of F at a pair (p1,p2), first
notice that the expression of F' is equivalent to

(69)

F(p1,p2) = 5(01 + 63 + 65 — ©1(63 + 63) — 0363). (70)
Thus, given (vi,v2) € T(p, po)M, we can write
DE(py, p2)(v1,v5) = —%félpgm - QSiSé Do V2 — 251S§)3 (pg v1 + Py v2)
+ sm91 (34 03)py o1 + s;gipoTvz + ngngvg

+ e (o + ) va) + e (3 +plw)

:(51n91(@2+@2 207 )py + (07 + 035 —203)p; v

sin 93

=pF1 =—(p1+82)
+(sm92(®2+62_2@2)p0 sm@ (62+@2_2@2)p1)
— N—
= =—(B1+p2)
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The Euclidean gradient of DF (p1, pa) is therefore given by

= e B0 — g (Br + B2)pe
VE(prp2) = 92 O3 ’ (71)
0050200 ~ S (B1+ B2)m
and the Riemannian gradient of F' is given by
n sir?(lal Bipo — sir(:)%3 (51 + /32)192
VF(phpQ) = Pker(X) O 04 . (72)
sin@gﬁQpO - m(ﬁl + /62)]91

4.6.1. Chritical points

Theorem 4. In the three following situations, (p1,p2) € M is a critical point
of the functional F defined by (68).

Lpp=pi=p2=gq;
2. po, p1, P2 form an equilateral spherical triangle;

. .06 . 20
sm(Tl)poJrsm(?l)pl
sin ©1

3. p1 = pa, and moreover q = , where ©1 = arccos(p] p1).

Proof. Since (p1,ps) € M is a critical point of F'if and only if the Riemannian
gradient VF' vanishes at that point, it is enough to show that in all these
cases the orthogonal projection, onto the tangent space T(p, p,)M, of the

Euclidean gradient VF (given in (71)) vanishes.

Case 1. po=p1 =p2 =¢.

In this case, ©; = arccos(q'p;) = arccos(1) = 0, Vi = 1,2,3, and so
B1 = [y = 0. Consequently, Vﬁ(pl,pg) =0 and VF(p1,p2) = 0.

Case 2. py, p1, p2 form an equilateral spherical triangle.

Here we have 0O, :/\62 = O3. So, as in the previous case, §; = B3 =0
and clearly also VF(p1,ps) = VF(p1,p2) = 0.

Case 3. p; = ps (# po) implies that a; = ay, O3 = 0, O; = O, and according to
Remark 2, all the points are on the same geodesic. Moreover, ag = 2a4
and consequently cos ©; = cos(3ay), ©7 = 903, and ) = By = —9ai.
We first obtain the value of ¢ in terms of py and p;. For that, consider
the geodesic in S™ going through ¢ at t = 0, with velocity v, y(t) =

sin(#[|v])

cos(tljv]])qg+ o - Assume that py = ~(to), p1 = y(t1), with ¢; > 0.

Then, ty = —2t; and, since cosa; = ¢ p;, we can write

sin(ag)

po = cos(ap)q — oV L= cos(ay)q +

sin(ay)
llll

.
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Multiplying both sides of the first equation by sin ay, both sides of the
second equation by sin(2q, ), adding them up, and using the fact that
ap = 2a7 and ©7 = 3a;, one obtains

. .© . 20
B 51n(71)p0+sm( 31)1)1

sin ©1

In order to show that (p1,p;) is a critical point, it is enough to observe
that in this case the Euclidean gradient in (71) reduces to

w0 — 25058
~ smo, P1Po sin 02 P1P1
VF(plapl) - @11 ’

_9_63 ’
sin@lﬁlpo 25in6361p1

and clearly leaves in the orthogonal space to T(,, ,,)M given in Example
2. So, the Riemannian gradient vanishes at (p1,p1).

0J

Theorem 5. The only critical points of the functional F' in M are those in
the previous theorem.

Proof. Based on the characterization of the normal space given in (57), we
can also state that (py,p2) is a critical point of F' if, and only if, there exists
(71,2, 73) € R™ x R x R such that

Sil(?éh Blpo B Sir?(%g (51 + 62)])2 XIT pl O xl (73)
= i) .

six?é)gﬁQpO_ sir(?%g(/gl—i_ﬁQ)pl XQT 0 P2 T3
To prove this theorem we are going to show that in all the situations
not covered by the previous theorem the system (73) is inconsistent or im-
possible. Let us assume that all the three points pg, p1 and p, are distinct
from each other. Suppose, by contradiction, that the system (73) is pos-
sible. This means that VF(py,p2) € RS(X), which is equivalent to have
Pljér(X)(VF(pl,pQ)) = 0, where Pl/j\ér(X) is the orthogonal projection opera-
tor defined by (58). Therefore, VF(py,ps) is a solution of the homogeneous

system
(I — X+X)y =0. (74)

Now, let R = rref(I — X X) be the reduced row echelon form of / — XX
(see, for instance, [11] for details). Then, there exists an (invertible) product
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& of the elementary row operations such that R = £(I — X™X). So, it is
immediate to see that y is a solution of (74) if and only if it is a solution of
Ry = 0. But, since rank(/ — X*X) = n, then R has also rank n and can be

represented as
A B
R= , (75)
0 0

where the last n 4+ 2 rows are null. Therefore, in order for

y—[“], (76)

Y2

where y; € R” and 3, € R"2, to be a solution for Ry = 0 it 1s necessary
that yo = 0. It is evident that since p; € S™, i = 0,1,2, VF(py, p2) cannot
fulfill this requirement, which leads us to the desired contradiction. O]

Next, we present the steepest descent algorithm (Algorithm 3) in order to
obtain approximate solutions to the problem. Figure 4 illustrates this method
for points (py, p2) in M with fixed py = (0,0, 1). In the first two images, the
points (whose coordinates are given in each caption) converge to the vertices
of a spherical equilateral triangle, corresponding to the critical point stated in
Theorem 4, case 2. In the third image, the points belong to the geodesic that
contains py and g and converge to the critical point, corresponding to case 3
in Theorem 4. The graphs on the right hand side show how the Euclidean
distances between pairs of points (py, p2) in successive iterations evolve. As
expected, these distances converge linearly to zero.

Algorithm 3: Steepest descent with Armijo line search

Input : Initial point p(® = (pgo), pgo)) and tolerance tol
Output: Stationary point p* = (p, p})
1 for k=0,1,...do
2 Set vgpy = —VEF(p®);
3 Determine the step length ay according to Armijo rule;
4 Set p**1) = y(ay,), where 7 is a geodesic in M starting in p*)
with velocity v);
5 | Stop if F(p®) < tol or ||VE(p®)]| < tol
6 end
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(a) p1 = (0, — V3 %)’ po=(—1,1, ?) (b) Iteration k versus Euclidean distance

2 2

() p1 = (0,1,0), pz = (—4, 2,0

© » = (dgsin 2, s s 2), p

(f) Iteration k versus Euclidean distance
(-1 sin 3Y2 sin 3Y2 | cos 3Y2)
V3 2 3 2 €08 T3

Figure 4: Plots obtained using Algorithm 3
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4.6.2. Riemannian Hessian
According to the definition (see, for instance, p. 109 in [1] or Proposition
16.22. in [9]), the Riemannian Hessian along geodesics can be computed as

2

Hp(p1,p2)(v1,v2) = %‘t:oF(’Y(t))a (77)

where v(t) = (711(t),72(t)) is a geodesic in M satisfying v(0) = (p1,p2) and
Y(0) = (v, v2).

The presence of the Moore-Penrose inverse of X in the projection operator
(58) makes the computation of the Riemannian Hessian of F' challenging.
Formula (7) in [2] provides an alternative to obtain this Hessian. However,
in our case, the non-differentiability of X *(¢) that appears in the projection
operator (58) becomes an obstacle to use that formula.

In order to use (77), we need some additional computations to obtain
X/L(O) and @J<O)

Using equation (67), one can write

[ e ] — X (0)X(0) [ " ] , (78)
where
Xi(t)  Xa(t)
Xt)=|m®" 0o |,
0 @'
and, for i = 1,2, X;(t) is defined as before by

Xz(t) _ ([ o qu)( a;(t) I+ ozi(t)cosag(t)fsinai(t)ryi(t)qT)’

sin ay; (t) sin® o (t)

and
a;(t) = arccos(q, v;(1)).

The derivatives evaluated at ¢t = 0 of the two above expressions give

di(O) _ _ lgwi)

sin a; ?
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and
Xl(O) = —%@((q%,»)(sm o — oy cos a;) I + (sin oy — oy cos a;)viq "

3 cos a; sin a; —3ay; cos? a; —a; sin? T T
+ 7 2 Sin7/2 az 2 7 K (q U,L)plq )

(79)

= —(I_giT)((sin a; — aicosoy)((qTv)I +vig")

sin® a;

+ (3cot (1 — v cot ;) — ai)(qui)piqT)

Let ©;(t) = arccos(po,7i(t)), i = 1,2 and ©O3(t) = arccos(v(t),y2(t)).
Then, for i =1, 2,

—65(t) sin ©4(t) = (po, %(1)), (80)
and .. .
So, evaluating the above at t = 0, yields
6i(0) =~z 6,(0) - ~=ematEEnAL) ()

Analogous computations for ©3 show that

6,0 = ~ it &
and
03(0) = — 55 (©3(0) cos O3 + (51(0), p2) + 2(v1, v2) + (32(0), 1))
= —56; (€08 O3((p1,v2)” + 2(p1, v2) (P2, v1) + (P2, 01)?) (84)
+ sin® ©5((51(0), p2) + 2(v1, v2) + (32(0), p1)))
Then

Hp(p1, po)(v1,02) = 5, F(3(1))
= 4] (2010 + 20,03 + 20303 — ©,0,(03 + 03) — 0:,0,(67 + 63)
— 0;0;(01 + 03))
= 01(0)0:(207 — 63 — 63) + 6,(0)0:(205 — 7 — ©3)
+03(0)03(20% — ©F — 03) + ©,(0)* (607 — 0% — ©3)
+0,(0)%(603 — O — 02) + 6;(0)*(60% — 07 — 03)
—4010,0,(0)05(0) — 40,030, (0)03(0) — 40,050,(0)O3(0) )
85
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Now, plugging the expressions (82) and (84) in the latter and after rearrang-
ing the terms, one gets

Hp(p1,pa2)(vi,v2) =
T (©1cos01B1+sin O1(607—03—032)

- sin® © Do p()
sin ©3(602-02-02)—03cos © +
+ — . sind?’)@g . 2 BQ)p2p2 B ZSH?é)l Sll'(?ég (p0p2 + p2pg))vl
O3 cos © sin ©2(602—-02—-032
vy (SO 2000 popg
sin ©3(602—-02-02)—03cos O +
I 3(603-67 sln23)63 3 3(B1 Bz)p pir — 2811(?(292 Sm@3 (pop1 + p1py ))
2_02)sin cos
+20] ((6@ -02-032) 511?33@3@3 @3(/@1+,32) (61 + 62)5111@3
o o ..
- smé)l Sm@2p0p0 - sm%s (sm91p0p1 + sin®2p2p0 ))’Ug + sin®1 61<p0’/71(0)>
+ sin92ﬁ2<poa’¥2(0)> - sm®3 (B1 + B2)({p2,71(0)) + (p1,52(0)))
(86)
So, if we denote by
Y ©1 cos @1ﬁ1+21123@é(16@2 @2 @%)p po
602-02-032)sin03-0 €] +
+ = 3 2 sin3393 2o Eatih 52)p2p; - 2511(?(51 sm93 (pOpQ +p2poT)
_ (602-62-062)sin©3— O3 cos O3(B1+82) T _ O3
Z - blnt O3 p p (/81 + 52)5111@3] (87)

@1 @3 (

_ _© . T
sin ©1 Sm@2p0p0 2sm®3 51n@1p0p1 + sin®2p2p0 )

W = O3 cos O282+sin ©2(603—62-632)

sin® ©9 Po p(]
sin ©3(602—-02-03)—0 O3(B1+5 T )
L8 3(603 sin23)@3 3 cos ©3(B1 2);01]91 _ 25111 292 -~ @3 (popl + P1pg )

the Hessian of F' at (p1,p2) can be written as

Hp(pyp2)(vi,v2) = [ 0] 05 ] [ }Z/T gf } { Z; ]

+ 5255100 71(0) + 522-Bopg 52(0) — 525-(B1 + B2) (03 71(0) + py %2(0))
Y ~Z

R

.

2

+ [ sm@llglp() - s1n®3 (ﬁl +/62)

22 Bopy — 285 (B + B)pT | mgi ] |

(83)
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Now, using equation (78) and taking into account the expression for the
Euclidean gradient of F' given in (71), we can write the Hessian in terms of

the coordinates of the embedding space

Y Z v
Hp(py, pa)(v,v2) = [ 0] vg ] [ZT W} {v;
R X1 Xg * XI(O) X2(0)

- VF(Pth)T pi 0 vl 0

0 pJ 0 vy

|

U1
(%] ’

(89)

which, according to the expressions for X;(0) given by (79), is clearly a
quadratic form in v; and vs, although not in the canonical form.

Algorithm 5: Quasi-Newton method

(0)

Input : Initial point p© = (py s pgo)), A > 0 and tolerance tol

Output: Stationary point p* = (p7, p})
for k=0,1,... do

Set B® = Hp(p®™) + A, ;

Solve d*) from B®d*) = -V F(p*);

W N =

with velocity d®;
Stop if F(p) < tol or |[VE(p®)|| < tol
6 end

9]

Update p*+1 = ~(1), where ~ is a geodesic in M starting in p*)

33



V3 f L1 5 (b) Iteration k versus Euclidean distance
(a) p1 = (0, -% -3 p2=(-3,5, %)

1 V3 (d) Iteration k versus Euclidean distance
(€) p1 = (0,1,0), p2 = (=, %, 0)

(e) p1 = (% sin %, % sin Tz,cos Tz), P2 = (f) Iteration k versus Euclidean distance
1 VZ 1 gy 3V2 3v2
(fsm T /5 sin Ty, cos = )

Figure 5: Plots obtained using Algorithm 5
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We are now in conditions to classify the critical points of F' given in
Theorem 4.

Theorem 6. The critical points of the function F' on M are classified in the
following way:

1. when p; = py # po, the critical point (p1,p1) is a saddle point;
2. when pg, p1, p2 form the vertices of a spherical triangle, the critical point
(p1,p2) is a global minimum.

Proof. For p; = py # po, we have ©1 = O, # 0, O3 =0, ) = B = —O2. So,
taking into consideration that

: sin©@3—B3cos03 __ 1
@1;11)10 sin® O3 - 3

and lim -9 =1,
©3—0 513

the expressions appearing in (87) reduce to

502 sin ©1—03 cos ©
Y = L popg + (6 — 507 pupt — - (pop! + papg ),

@2
Z=(6—20%)pip| — 2505 popg — k- (pop{ + 1y ) + 203 1, (90)
W=Y.

To simplify notations, for the rest of the proof of statement 1., we will use ©
and « instead of ©; and g, respectively. Although for this case a = % in
the calculations below we may use either © or o depending on which makes
the expressions look simpler.

To show that (p1, p1) is a saddle point, it is enough to choose two different

directions (vi, —v1) in Ty, p,)M for which the quadratic form

Hp(pi,p) (o1, —v1) = [ v =] | [52/ }{] [ vl}

_rUl
R Xy Xp 7 [ X100 X,(0) )
_VF(plap1>T P1T 0 ’U1T 0 [_Ul]
0 pf 0 —vf ' (91)

=2 (Y - Z)u,

X, X017 o
3 3

—[20%] —er 20%0 —epg || o O vl v

0 p1T U1TU1
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has opposite signs.
According to the expressions for Y and Z, we conclude after simplifica-
tions that
Y -7 = (792 sinQ—G)?’ cos@) pOp—()r . 2@2In+1~ (92)

sin® ©
In order to evaluate the second expression in (91), let us introduce the
matrix
Wi =2X X1+ pupy - (93)

According to the definition of X; given in (56), W can be written as

W1 _ 2a I—I— 2a(acos? sin «v) (p qT _'_qpir) + 2sin? a 202 qq +p1p1

bln [0 S o« bll’l [0 (94)
2 1. 1 1
= e (I + 2287 (" + apl) + i ad” + 5pn]).
By defining the following rank-two matrix
K ;= cemassino (o7 4 gpll) 4 nfeogq Ty sitbay, pl
sin? o acos a—sin a (95)
202 asin? o pir
=[p 4 L
a.cos a—sin sin? a—a? q
asin? a o?sin? o
we get
Wy, = e a([ + K). (96)

It turns out that W; is nonsingular and its inverse can be computed in
closed form using Sherman-Morrison’s formula recursively, as explained in
[22]. Eventually, we obtain

Wit = (] — L (dK - KY), (97)

202 d+e

with d = 1+ trK and e = ((trK)? — tr(K?)) /2.
Further computations lead to
d=1+ 35 (sin® a4+ dacot a(acota — 1)),
d+ e = sin4a'

204

(98)

By using the well known properties of the Moore-Penrose inverse, it can
be shown that

+
-;(Tl )(()1 L, QWX Wilpi4+p Wilpi—p (99)
T _1 g 3 - :
0 p1T 2 2W1 1X1T W1 1]?1 — D1 W1 1]91 + p1
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We proceed by choosing

vy = %(po - DN COS@);
i.e., vy is the initial velocity vector of the geodesic in S™ joining p; (at t = 0)
to po (at t = 1). Replacing this in (92), the Hessian given in (91) becomes
Hp(p1,p1)(v1, —v1) =
=20"(5 — 25 cos0) — 20" (2p] — Z5p0 ) Wi 'p (100)
=20"(5—

sir(?@COS@_Qpirwl p1+s1n@p0WI pl)

Using the expression for W, given by (97) and some standard trigono-
metric identities, it follows that

Ty —1
W. =1,
ho (101)
po Wi P =
Plugging this expression into (100) and simplifying, one gets
Hp(p1,p1)(v1, —v1) = %(4042 + (1 — 2a cot oz)2 + 3), (102)

which is greater than zero.
On the other hand, choosing v; € T}, S™ to be orthogonal to both p; and
Po, the quadratic form (91) simplifies to

Hp(py,p1) (v, —v1) = —||v1|* (407 + 20 Wi 'p1 — Z5pi Wi 'ph)
_ _||,U1H2@2 (6 o '3a Cos(3a)—cos.oz2+2asin(3a))’ (103)

sin 3a) 2sin” o
= —33a2||v1||2(2

sin? a gsm Sa) cos a)

(0,7).
This proves that (p,p1) is indeed a saddle point. ’

We now proceed to the second case, when ©; = ©2 = 03, and so 5, =
Po = 0. In this case, VF(p1,ps) = 0 and the Hessian given by (89) reduces
to the first term. In this case, formulas (87) simplify to

Y= sm2 @ (2p0po + 2pap; — PoPs — P2by )
7= 576, sin? @1 (2p2p1 popO - p()pir - pQP(—)r), (104)
W= sm2 @ (2p0p0 + 2p1p1 p0p1T - plp(—)r)
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Let (vi,v2) € T(p, poyM. Then, after computations and simplifications,
we can write

Helpp) o) = (o o ]| 50 2] %)

202 9 (105)

= aZo; ((v) po — 0] p2)* + (Vg po — vy 1) + (v] po — v3 1)

+ (v p2 — vy po)” + 4(v{ p2)(vg p1) — 2(v] po) (v, po))-

To show that the expression inside the big brackets is non-negative, it is
convenient to define the following four scalars

a:= UlTpo, b= UlTpQ, c:= v;po, d:= U;pl,
and rewrite that expression as:
(a—b)2+ (c—d)?+ (a—d)?+ (b—c)* — 2ac + 4bd. (106)
First assume that a = b = 0. In this situation, (106) reduces to
(c—d)?+d*+ (107)

which is evidently nonnegative. Now, assume that a # 0 or b # 0. After doing
some extensive yet straightforward computations, (106) can be rewritten as

3(bcta(d—c))?+(ad+bc—2bd+ca—2(a?+b%—ab))?
2(a?+b%—ab) ’

which is nonnegative, since a® + b* — ab = ((a — b)* +a? + b%)/2 .
In conclusion, the Riemannian Hessian is positive semidefinite and there-

fore the critical point in the second case is indeed a point of local minimum.
O

Figure 6 shows the convergence behavior of points (p1, ps) in a neighbor-
hood of a saddle point. If p; and py belong to the geodesic that contains
Do, then they converge to the saddle point. Otherwise, they converge to the
minimum of the cost function (the vertices of a spherical equilateral triangle).
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(a) p1 = (0.9854,0,0.017), p> = (0.9996, 0, —0.0292) (b) p1 = (0.9975,0.01,0.0707), pp = (0.9975, —0.01, 0.0707)

Figure 6: Behavior of a neighborhood of a saddle point.

Acknowledgements

L. Machado and F. Silva Leite are grateful to Fundagao para a Ciéncia e
Tecnologia (FCT) for the financial support to the project UIDB/00048/2020
(https://doi.org/10.54499/UIDB/00048/2020). K. Hiiper has been supported
by the German Federal Ministry of Education and Research (BMBF-Projekt
05M20WWA: Verbundprojekt 05M2020 - DyCA). K. Krakowski and F. Silva
Leite thank the Cardinal Stefan Wyszyriski University in Warsaw for finan-
cial support.

References

[1] Absil, P.A., Mahony, R., Sepulchre, R., 2008. Optimization algorithms
on matrix manifolds. Princeton University Press.

[2] Absil, P.A.,; Mahony, R., Trumpf, J., 2013. An extrinsic look at the
riemannian hessian, in: Nielsen, F., Barbaresco, F. (Eds.), Geometric
Science of Information, Springer Berlin Heidelberg, Berlin, Heidelberg.
pp. 361-368.

[3] Afsari, B., 2011. Riemannian LP center of mass: existence,
uniqueness, and convexity.  Proc. Amer. Math. Soc. 139, 655—
673. URL: http://dx.doi.org/10.1090/S0002-9939-2010-10541-5,
doi:10.1090/S0002-9939-2010-10541-5.

39



[4]

Ando, T., Li, C.K., Mathias, R., 2004. Geometric means. Linear
Algebra and its Applications 385, 305-334. URL: https://www.
sciencedirect.com/science/article/pii/S0024379503008693,
doithttps://doi.org/10.1016/j.1aa.2003.11.019. special Issue in
honor of Peter Lancaster.

Bacak, M., 2014. Computing medians and means in Hadamard spaces.
SIAM J. Optim. 24, 1542-1566. URL: https://doi.org/10.1137/
140953393, doi:10.1137/140953393.

Bhatia, R., Holbrook, J., 2006. Riemannian geometry and matrix geo-
metric means. Linear Algebra and its Applications 413, 594-618.

Buss, S.R., Fillmore, J.P., 2001. Spherical averages and applications
to spherical splines and interpolation. ACM Trans. Graph. 20, 95-126.
doi:http://doi.acm.org/10.1145/502122.502124.

Conway, J.H., Hardin, R.H., Sloane, N.J.A., 1996. Packing lines, planes,
etc.: packings in Grassmannian spaces. Experiment. Math. 5, 139-159.

Gallier, J., Quaintance, J., 2020. Differential Geometry and Lie
Groups: A Computational Perspective.  Springer. doi:10.1007/
978-3-030-46040-2.

Hairer, E., Lubich, C., Wanner, G., 2006. Geometric numerical inte-
gration. Structure-preserving algorithms for ordinary differential equa-
tions. 2nd ed. Springer Series in Computational Mathematics 31. Berlin:
Springer.

Horn, R.A., Johnson, C.R., 2013. Matrix analysis. Second ed., Cam-
bridge University Press, Cambridge.

Hiiper, K., Silva Leite, F., 2023. Endpoint Geodesic Formulas on Gra8-
mannians Applied to Interpolation Problems. Mathematics 11, (16)
3545; https://doi.org/10.3390/math11163545.

Karcher, H., 1977. Riemannian center of mass and mollifier smoothing.
Communications on Pure and Appl. Math. XXX, 509-541.

Karcher, H., 2014. Riemannian center of mass and so called
karcher mean URL: https://arxiv.org/abs/1407.2087, doi:10.
48550/ARXIV.1407.2087.

40



[15]

[21]

[22]

[23]

[24]

Kendall, W.S., 1990. Probability, convexity, and harmonic maps with
small image. I: Uniqueness and fine existence. Proc. Lond. Math. Soc.,
III. Ser. 61, 371-406. doi:10.1112/plms/s3-61.2.371.

Krakowski, K., 2002. Geometrical Methods for Inference. Ph.D. thesis.
Department of Mathematics and Statistics. The University of Western
Australia.

Lang, S., 1998. Fundamentals of Riemannian Geometry. Springer-
Verlag, New York, NY.

Lawson, J., Lim, Y., 2014. Karcher means and Karcher equations
of positive definite operators. Trans. Amer. Math. Soc. Ser. B 1,
1-22. URL: https://doi.org/10.1090/52330-0000-2014-00003-4,
doi:10.1090/52330-0000-2014-00003-4.

Lee, J.M., 2018. Introduction to Riemannian manifolds. 2" ed.,
Springer, Cham, Switzerland.

Machado, L., 2006. Least squares problems on Riemannian manifolds.
Ph.D. thesis. Department of Mathematics. University of Coimbra, Por-
tugal.

Meyer, C.D., 2000. Matrix analysis and applied linear algebra (incl.
CD-ROM and solutions manual). Philadelphia, PA: STAM, Society for
Industrial and Applied Mathematics.

Miller, K.S., 1981. On the inverse of the sum of matrices. Mathematics
Magazine 54, 67-72.

Moakher, M., 2005. A differential geometric approach to the geometric
mean of symmetric positive-definite matrices. SIAM Journal on Matrix
Analysis and Applications 26, 735-747.

Pennec, X., 2006. Intrinsic Statistics on Riemannian Manifolds: Basic
Tools for Geometric Measurements. Journal of Mathematical Imag-
ing and Vision 25, 127-154. URL: http://dx.doi.org/10.1007/
$10851-006-6228-4, doi:10.1007/s10851-006-6228-4.

41



