EFFECTIVE DESCENT MORPHISMS OF ORDERED FAMILIES

MARIA MANUEL CLEMENTINO AND RUI PREZADO

ABSTRACT. We present a characterization of effective descent morphisms in the lax comma category
Ord//X when X is a locally complete ordered set with a bottom element.

INTRODUCTION

The role of lax comma 2-categories in [7]|, where the authors study properties of the lax change-of-
base functor in the realm of Janelidze’s Galois theory |9, 1] led Lucatelli Nunes and the first named
author of this note to study the behaviour of the lax comma category Ord//X of ordered sets over
a fixed ordered set X, in [6]. Objects of Ord//X are ordered sets A equipped with a monotone map
a: A — X which assigns to each element of A an X-value, and a morphism f: (4,«a) — (B, f) is
a monotone map that does not increase X-values, so that a(a) < 8(f(a)) for every a € A.

In particular, a study of the effective descent morphisms in Ord//X was carried out in [6], when
X is a complete ordered set, locating them between two well-known classes of monotone maps, as
stated in Theorem 1.3. Subsequently, these results were refined in [5], extending them to the case
when X is locally complete (Theorem 1.4).

In this note, we obtain a complete characterization of the effective descent morphisms in Ord//X
when X is locally complete, that is, | = is complete for every x € X, and has a bottom element.
This is accomplished by reducing the problem to the study of effective descent morphisms in Ord —
which were characterized in [10] — and in Fam(X') — which were characterized by the second author
in [17].

We begin by recalling the necessary descent theoretical background, and by giving an overview of
previously obtained results on effective descent morphisms in Ord//X in the prequels [6, 5].

In particular, it is well-understood that Ord//X — Ord preserves effective descent morphisms
when X has a bottom element. Our main observation is that we can complete the characterization
via effective descent conditions on morphisms in the category Fam(X). Thus, we recount the relevant
details about such morphisms from [17], framed in our context. We also revisit the characterization
of stable regular epimorphisms in Ord//X from [6] from the perspective of the work carried out in
[17].

We conclude the paper by stating and proving our main result (Theorem 3.1), where we char-
acterize the effective descent morphisms in Ord//X when X has a bottom element and is locally
complete, that is, | x is complete for all x.
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1. STATE-OF-THE-ART

In a category A with pullbacks, any morphism p: A — B induces a functor p*: A/B — A/A,
by taking pullbacks along p. This functor has a left adjoint p;, and this induces a monad TP, so
we may consider the factorization of p* through the category of TP-algebras (the Eilenberg-Moore
factorization):

A/B v » AJA

(L) x /

TP-Alg

By the Bénabou-Roubaud theorem [2], the factorization (1.i) coincides with the descent factorization
[13, 16| of p — a result which allows the aptly called the monadic description of descent [12].
We say that

— pis a descent morphism if KP? is fully faithful,
— p is an effective descent morphism if K? is an equivalence.

In a category A with finite limits, the descent morphisms are exactly (pullback-)stable regular
epimorphisms, which coincide with the effective descent morphisms when A is Barr-exact or locally
cartesian closed (see [11] for details).

However, in an arbitrary category A with pullbacks, the identification of effective descent mor-
phisms may be quite challenging — a notorious example is the characterization of effective descent
morphisms in the category Top of topological spaces [19, 3|.

A fruitful strategy to understand effective descent morphisms in an arbitrary category A with
pullbacks is to find a category D with pullbacks for which the effective descent morphisms are well-
understood, and a suitable embedding F': A — D. Then, we may apply the following classical
result:

Theorem 1.1. Let A and D be categories with pullbacks, and F: A — D a fully faithful, pullback
preserving functor. If f: A — B is a morphism in A such that F(f) is effective for descent in D,
then the following conditions are equivalent:

(1) [ is an effective descent morphism in A;
(ii) for every pullback diagram of the form

F(C) —— E

| |

F(4) < F(B)

Q

we have E =~ F'D for some D in A.

This technique was used in [10] by G. Janelidze and M. Sobral to obtain the characterization of
effective descent morphisms in the category Ord of ordered sets (that is, sets with a reflexive and
transitive relation) and monotone maps:

Theorem 1.2 ([10]). Given a morphism f: A — B in Ord:
(1) f is a descent morphism, or, equivalently, a stable reqular epimorphism, if:

Vbp < by in B, Jag<ay in A : f(ag) =bo, f(a1) = by;
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(2) f is an effective descent morphism if:
Vbo < by < bz in B, Jag <ar<azinA : f(ao)="bo, f(a1) = b1, f(az) = ba.

Moreover, Theorem 1.1 is also used in [6] and [5] to study the effective descent morphisms in
Ord//X. This result is also featured in the present note.

We note that, while the characterizations of Theorem 1.1 extend naturally to the comma categories
Ord/X via the equivalence

(Ord/X)/(B, 3) ~ Ord/B,

this is not the case of the lax comma category Ord//X, of which Ord/X is a wide subcategory (i.e.
with the same objects but fewer morphisms).

In [6], the authors make use of Theorem 1.1 and of the fact that every monotone map a: A — X
induces naturally a functor II(a): X°P — Ord, so that a morphism f: (4,«a) — (B, ) induces a
natural transformation II(a)) — II(/3). Indeed:

— for a complete ordered set X, one defines an embedding

Ord//X d
with II(A,a)(x) = {a € A;z < a(a)} and II(f) given by the (co)restriction of f to
II(A, a)(z) — II(B, ) (z): from o < Bf it follows that if z < a(a) then x < B(f(a));

— in [X°P,Ord] a natural transformation n: F' — G is effective for descent if and only if it is
pointwise effective for descent, that is: for every x € X, the monotone map
ne: F(x) — G(x) is effective for descent in Ord.

[X°P. Ord]

Theorem 1.3 ([6]). Let X be a complete ordered set. Given a morphism f: (A, a) — (B,[) in
Ord//X, consider the following conditions:

(1) f: A— B and all f,: Ay — By are effective descent morphisms in Ord;

(2) f: (A ) — (B, ) is effective for descent in Ord//X;

(3) f: A — B is effective for descent in Ord.
Then (1) = (2) = (3).

Subsequently, in [5] the authors use the fact that every monotone map a: A — X naturally defines
a family (Ay)zex of subsets of A such that A, € A, whenever 2’ < z, and that every monotone
map f: (A, a) — (B, ) satisfies f(A;) € B, for each x € X. Considering the category C having
— as objects, pairs (A, (A;)zex ), where A is an ordered set and (Ay)zex is a family of subsets
of A such that A, € A, whenever 2’ < x,
— and as morphisms f: (A, (Az)) — (B, (B;)), monotone maps f: A — B such that f(4,) <
B, for each x € X,

one can apply Theorem 1.1 based on the following facts:

— the functor
F

Ord//X C,
defined by F(A,«a) = (4,(4z = {a€ A, z < a(a)}),) and F(f) = f, is fully faithful and

preserves pullbacks;
— a morphism f: (A4, (Az)z) — (B, (By)s) is effective for descent in C if and only if f: A — B
and f.: A, — B, for all x € X are surjective.

Theorem 1.4 ([5]). Let X be a locally complete ordered set. For a morphism f: (A,a) — (B, )
in Ord// X, consider the following conditions:
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(1) In Ord, f: A — B is effective for descent, and f,: Ay — By is a descent morphism for all
reX;
(2) f: (A o) — (B, ) is effective for descent in Ord//X.
Then (1) = (2). If, in addition, for each x € X every subset of |z has a largest element, then (1)
< (2).

Theorem 1.4 gives us, for a locally complete ordered set X, a sufficient condition for f to be
effective for descent in Ord//X which is not necessary in general, as we show in the sequel. Indeed,
in order to apply Theorem 1.1, we must start with a morphism whose F-image is an effective descent
morphism in C, hence f and all f, are a priori surjective, and this condition is not fulfilled by all
effective descent morphisms in Ord// X, as we show in Example 3.4.

2. FAMILIAL DESCENT

One of the main insights behind our main result, Theorem 3.1, is that we can reduce the study of
effective descent morphisms (respectively, stable regular epimorphisms) in Ord//X to the study of
effective descent morphisms (respectively, stable regular epimorphisms) in Fam(X) and Ord. This
latter problem in Fam(X) has been considered before in [17, Lemma 4.4| (see also |18, Lemma 3.17]),
from which we proceed to recall the relevant details.

For a fixed ordered set X, we denote by Fam(X) the category of set-indexed families of elements
in X. It consists of:

— Objects: families (o) es of elements o; € X indexed by a set J,
— Morphisms (a;)jes — (Bk)ker: a function f: J — K such that a; < fy(;) for all j € J.

We will assume that locally X has binary meets, that is, | x has binary meets for all x. When
X is seen as a thin category, this condition is equivalent to saying that X has pullbacks. Thus, it
follows that Fam(X) is a category with pullbacks (see [1, Sections 6.2, 6.3]).

While the results of [17, 18] study (effective) descent morphisms in Fam(X) when X has a top
element, this was due to the pertinence of the work carried out within, and the results plainly extend
to the setting where X does not admit a top element.

Lemma 2.1 ([17, Lemma 4.4, [18, Lemma 3.17]). Let f: (oj)jes — (Br)kex be a morphism in
Fam(X).
(1) f is a descent morphism if and only if, for all k € K and all z < By, we have

(2.1) P \/ Z A oy
)=k
(2) If X is locally complete, then f is an effective descent morphism if and only if f is a descent
morphism.

Proof. We verify that having a top element is redundant.
By [11, Theorem 3.4(a)], we note that f is a descent morphism in Fam(X) if and only if it is a
stable regular epimorphism in

Fam(X)/(Bi)ker =~ | | Fam(X)/Bi ~ [ | Fam(X/Bx),
keK keK
which is the case if and only if (2.1) holds. O

Lemma 2.1 on its own already allows us to smoothly extend the characterization of stable regular
epimorphisms obtained in [6, Lemma 3.1, Proposition 3.2| for X complete and cartesian closed to
our context.
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Lemma 2.2. Let X be locally complete ordered set with a bottom element, and let f: (A, ) — (B, )
be a morphism in Ord//X.

(1) f is a regular epimorphism in Ord//X if and only if it is a reqular epimorphism in Ord and
Woe B B(b) = \/ B(b) A ala).

12

fla)<d
(2) f is a stable reqular epimorphism in Ord//X if and only if it is a stable regular epimorphism
in Ord and
(2.ii) Whe B Vo < B(b) z= \/ zAala)
fla)=b

Proof. Statement (1) is precisely [6, Lemma 3.1], so we focus on (2).
If f is a stable regular epimorphism in Ord//X, then, for each b € B and x < 3(b), we consider
the pullback diagram

(f_l(b), (az A a(a))) —— (b,x)
| |
(A0) ——— (B.9)

so that w is a regular epimorphism in Ord//X, which entails (2.ii), as desired.
Conversely, if (2.ii) holds for all b€ B and all z < 8(b), then for any pullback diagram

<A xg C, ((a, c) — y(c) A a(a))) 5 (C,7)

i I

(A.) ——— (B.5)

we claim that 79 is a (stable) regular epimorphism. Indeed, for each ¢ € C' we have v(c) < S(g(c)),

so from (2.ii) we deduce that

)=\ ) nale)= \/ () rald)
f(a)=g(e) fla)=g(e)

d<c

which indeed confirms that s is a regular epimorphism. O

Remark 2.3. We point out that condition (2.ii) can be interpreted in the category Fam(X) by
considering the (faithful) forgetful functor

Ord//X

Fam(X)

which maps (A, ) to the family (a(a))qea. Thus, by Lemma 2.1, condition (2) can be restated as
follows: f: (A,a) — (B, ) is a stable regular epimorphism in Ord//X if and only if the underlying
morphisms in Ord and Fam(X) are stable regular epimorphisms.

In fact, we can say more: since X is assumed to be locally complete, U: Ord//X — Fam(X) maps
stable regular epimorphisms to effective descent morphisms. Therefore, when X is locally complete
and has a bottom element, we conclude that both forgetful functors

Ord//X

(2.i1) / \

Ord Fam(X)
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preserve effective descent morphisms.

3. THE CHARACTERIZATION

Having reviewed the necessary details, we may proceed to prove our main result:

Theorem 3.1. Let X be a locally complete ordered set. A morphism f: (A,a) — (B, ) is effective
for descent in Ord//X if and only if

(a) f: A — B is effective for descent in Ord; that is
Vbo < by <bg in B Jag <ay <aginA:  f(ag) =bo, f(a1) = b1, f(az) = ba.
(b) for all by < by in B, and all w < B(by) in X, we have

w = \/ w A alap),

a0€Sh by
where Sp, b, = {ao € f~1(bo) | Ja1 € F71(b1) with ap < a1}.

To prove this result, it is natural to consider the (pseudo)pullback diagram below (see [14], noting
that Fam(X) — Set is an (iso)fibration):

Ord xge Fam(X) —2— Fam(X)
| |
Ord ——— Set

as well as the uniquely induced functor Ord//X — Ord xse Fam(X) induced by the forgetful func-
tors (2.iii).
Using either [5, Corollary 2.6] or [15, Corollary 9.6], we obtain:

Lemma 3.2. Let X be a locally complete ordered set with a bottom element. A morphism f is
effective for descent in Ord xset Fam(X) if and only if:

(1) p1(f) is effective for descent in Ord.
(2) p2(f) is effective for descent in Fam(X).

Now, the fully faithful and pullback preserving functor

Ord//X

Ord xget Fam(X)

and Theorem 1.1 give us the tools to characterize effective descent morphisms in Ord//X. Before
proceeding to the proof, we recall that the objects Ord xger Fam(X) consist of pairs (C, (X¢)cec)
where C'is an ordered set and (x.)cec is a family of elements of X, that is, a map x: C' — X. Such
a pair is in the (essential) image of U if and only if x is monotone.

Proof of Theorem 3.1. Let f: (A,a) — (B, ) be a morphism in Ord//X.
If (b) holds, we note that for all by < by in B and all w < (bp) in X, we have

w \/ w A alag) < \/ w A alag) < w,
a0€Sh by ao€f~1(bo)

hence p2(U(f)) is an effective descent morphism in Fam(X) by Lemma 2.1. Thus, if (a) also holds,
p1(U(f)) is an effective descent morphism in Ord, so U(f) is an effective descent morphism in

Ord xget Fam(X).



EFFECTIVE DESCENT MORPHISMS OF ORDERED FAMILIES 7

Now, we apply Theorem 1.1: if we have a pullback diagram
U(D,6) —= (C, (Xe)ee)

| &

U(A,a)WU(B,B)

g(ci), 1 = 0,1, and let

we want to show that x: C' — X is monotone. Let ¢y < ¢; € C, b; =
X(co) < B(bo) and therefore, by

Sbo,bl = {a() IS f_l(bo) ’ da; € f_l(bl) with ag < al} Then
condition (b),
X(co) = \/ xl(co) nafao) = \/ d(ao,co) < \/ (@, c1) < x(en),
aOESbO,bl aOESbO,bl bl)
as desired.

Conversely, if f is an effective descent morphism, then by Remark 2.3, it follows that both
p1(U(f)) and pa(U(f)) are effective descent morphisms in Ord and Fam(X), respectively, from
which we conclude that U(f) is an effective descent morphism (by Lemma 3.2), and that (a) holds.

Again, we apply Theorem 1.1: we let by < by and w < fS(by), and we consider the pair

({bo’ b}, (Xboa Xby )), where

Xbo = w, Xbl = \/ w A a(a0)7

aOESbO,bl
with Sy, = {ao € f71(bo) | Jaz € f~1(b1) with ag < a3}. We also let

g: ({b07 bl}? (Xbm Xb1)) - (B7 /8)
be the inclusion. Taking the pullback of U(f) along g, we obtain

(D, (€a)aen) —— ({bo. b1}, (Xbo»> Xb1))

| Js

U(A,Oé) W) U(Ba B)a

where D = {(a;,b;) | f(a;) = b;, i = 0,1}, and & is given by

= &lao,bo) = lao) A w for each ag € A such that f(ag) = bp, and

= &ar,b1) = ala1) A xp, for each a; € A such that f(a1) = b1.
Hence, if (ag,bo) < (a1,b1), then ag < a1 and f(a1) = b1, so that ag € Sy, p,. It follows that

alap) A w < Xp, and alap) A w < afar),
and therefore &,, 4, < &4, 5,, confirming that £ is monotone. Thus, x must be monotone as well, so
that xp, = Xp,, confirming that (b) holds. O
We recall that an ordered set X with finite meets is said to be cartesian closed if there is an
assignment (y, z) — z¥, which satisfies
rAyYy<z = x<2Y

for every x € X. When X is complete and the underlying order is antisymmetric, this is equivalent

to X being a frame.

Corollary 3.3. Let X be a cartesian closed, complete ordered set. A morphism f: (A, a) — (B, f)
in Ord//X is an effective descent morphism if and only if
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(a) f: A — B is effective for descent in Ord; that is
Vbog < by <byin B Jag <aj; <agin A: f(ao) = by, f(al) = by, f(ag) = bo.

(b) for all by < by, we have
Bt = \/ afao)

aoESbo’bl

where Sp, b, = {ao € f71(bo) | Ja1 € F71(b1) with ap < a1}.
Proof. Since X is cartesian closed, meets distributive over joins, hence we have

w=wA B(by) =w A \/ alag) = \/ w A a(aop),

a0€Shy,b; a0€Spg,by

and we may apply Theorem 3.1. g

Examples 3.4. Let X be the interval [0, 1] with the usual order — we observe that X is a cartesian
closed, complete ordered set.
Let A= {(z,y)e X%;y <z ory=x=0}, and write a« = mo, f = 7 for the projections.

(1) If we equip A with the product order, then both « and f are monotone, so that we have a
morphism

A%X
(3.) \ </
X

in Ord//X — indeed, we note that a(x,y) = y < f(z,y) = z. Moreover,
— f is effective for descent in Ord:

(3.i1) Vog < o1 < g in [0,1] 3(z0,0) < (21,0) < (22,0) in A : f(x;,0) = a;.

— If 0 = zp < 21 then (0,0) < (21,0) in A and 0 = «(0,0); if 0 < zp < x1, then, for all
0<y<uz (x0,y) < (21,y) in A and clearly o = \/{a(x0,y) |0 <y < x0},
and these respectively correspond to conditions (a) and (b) of Corollary 3.3. We conclude
that f is an effective descent morphism in Ord//X.
(2) If we consider on A the order defined by

(xvy) < (xlvy/) A (xay) = (xlvy/) or T < ZL'/ and Yy = y/ = 07

then, once again, both a and f are monotone, and f defines a morphism (3.i) in Ord//X.

Moreover, we note that f is an effective descent morphism in Ord, since (3.ii) still holds,
and that f is a stable regular epimorphism in Ord//X, because we have f~1(z) = {(x,y) €
A|0<y<x}, hence

Ve e X x;\/y.

y<x

While, if 0 < z < 1, then (xg,y0) < (1,y1) in A only if yo = y1 = 0, hence
Sxo,l = {(x()?y()) € A | Yo < Zg and Elyl < 1 such that (xO)yO) < (1791)} = {(IO)O)}a

and so f does not satisfy (b) of Corollary 3.3.
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