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A COMPARISON BETWEEN WEAKLY PROTOMODULAR
AND PROTOMODULAR OBJECTS IN UNITAL CATEGORIES

XABIER GARCIA-MARTINEZ, ANDREA MONTOLI, DTANA RODELO,
AND TIM VAN DER LINDEN

ABsTrRACT. We compare the concepts of protomodular and weakly protomod-
ular objects within the context of unital categories. Our analysis demonstrates
that these two notions are generally distinct. To establish this, we introduce
left pseudocancellative unital magmas and characterise weakly protomodular
objects within the variety of algebras they constitute. Subsequently, we present
an example of a weakly protomodular object that is not protomodular in this
category.

1. INTRODUCTION

Many of the intrinsic properties of non-abelian algebraic structures, such as
groups, rings, Lie algebras and several others, have been successfully described in
categorical terms thanks to the notion of semi-abelian category [11]. Semi-abelian
categories play a central role in many recent developments of Categorical Algebra,
such as non-abelian homology and cohomology (see, for instance, [5, 7, 10, 13, 6]).

A fundamental ingredient in the definition of a semi-abelian category is proto-
modularity [2]. A pointed category is protomodular if and only if the Split Short
Five Lemma holds in it. There are other equivalent ways of defining protomod-
ularity. One of them makes use of the notion of jointly extremal-epimorphic pair
of morphisms: two morphisms f: A — C and g: B — C with the same codomain
are jointly extremal-epimorphic if, whenever they factor through a common mono-
morphism m: M — C, then m is an isomorphism. In concrete algebraic contexts,
this means that the object C is generated by the images of f and g. A point, namely
a pair (f,s) in which f is a split epimorphism and s is a chosen section of f, is said
to be strong if the section s and the kernel k of f are jointly extremal-epimorphic
(here we are supposing that the category is finitely complete and pointed, although
the definition of a strong point can be formulated in non-pointed categories as well).
The point (f, s) is called stably strong if every point obtained as a pullback, along
any morphism, of (f,s) is strong. A pointed finitely complete category is proto-
modular if and only if every point in it is strong or, equivalently, every point is
stably strong (see e.g. [1] for a proof of this fact).

In order to find a purely categorical characterisation of groups amongst mon-
oids, in [12] the authors considered a local version of protomodularity, introducing
the notion of protomodular object inside a (not necessarily protomodular) category.
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An object X in a pointed finitely complete category is such if every point over X,
i.e., every point (f,s) in which X is the codomain of the split epimorphism f, is
stably strong. Obviously, a category is protomodular if and only if every object in
it is protomodular. The class of protomodular objects in a category satisfies strong
algebraic properties, as shown in [12]. In the category of monoids, the protomod-
ular objects are precisely the groups; similarly, in the category of semirings, the
protomodular objects are the rings. Note that the protomodularity of an object
depends on the category where it is considered. For instance, any group is a proto-
modular object in the category Grp of groups and in the category Mon of monoids,
but it is not protomodular in the category of unital magmas unless it is trivial—see
Theorem 2.1 for an explicit proof of this fact.

Later, in [8], the author considered a weaker notion, the concept of weakly pro-
tomodular object: an object X is such when every point over X is strong. He
showed that in Mon the weakly protomodular objects are precisely the groups, so
protomodular and weakly protomodular objects coincide in Mon. Similarly, one can
show that the same happens for semirings: protomodular and weakly protomodular
objects are rings.

It is easy to see that every protomodular object is a weakly protomodular ob-
ject. The converse is false, since there are weakly protomodular objects that are
not protomodular. For example, in every pointed finitely complete category the
zero object is weakly protomodular, while the condition that the zero object is pro-
tomodular is equivalent to the category being unital in the sense of [3]. Recall that
a pointed finitely complete category is a unital category if, for every pair of objects
(X,Y) the canonical morphisms {(1x,0): X - X xY and (0,1y): Y - X x Y are
jointly extremal-epimorphic. As observed in [12, Proposition 7.12], this condition
is equivalent to the protomodularity of the zero object. So, for example, in the
category of pointed sets the singleton is a weakly protomodular object but not a
protomodular object, since this category is not unital.

In all previously studied examples of unital categories, protomodular and weakly
protomodular objects have been found to coincide. This includes cases such as
monoids and semirings, as mentioned above, but also cocommutative bialgebras
over an algebraically closed field, where (weakly) protomodular objects are precisely
the cocommutative Hopf algebras, as demonstrated in [9]. This consistency raises
the question of whether protomodular and weakly protomodular objects always
coincide in unital categories.

In this paper we give a negative answer to this question. To this aim, we intro-
duce the algebraic structure of left pseudocancellative unital magmas (briefly LPM).
Left pseudocancellative unital magmas and morphisms between them form a unital
category, denoted by LPM. We characterise the weakly protomodular objects in
LPM (Theorem 2.5) and we show that all the subobjects of a protomodular object
must be weakly protomodular (Theorem 2.8). Then we exhibit a weakly protomod-
ular object in LPM with a subobject which is not weakly protomodular, showing
that it is not a protomodular object. In conclusion, the notions of protomodular
and weakly protomodular objects do not coincide in all unital categories.

2. THE CASE OF LEFT PSEUDOCANCELLATIVE UNITAL MAGMAS

We start by proving a claim made in the Introduction:

Theorem 2.1. The variety of unital magmas does not admit non-trivial (weakly)
protomodular objects.

Proof. Let M be a unital magma with unit denoted by e. Suppose m € M. Let F
be the free unital magma on one element z, and m: F' — M the morphism sending
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x to m. Consider the split epimorphism (72 157): F + M — M and the induced
point determined by the coproduct inclusion tp;: M — F + M. If this point is
strong, then = in F'+ M can be written as a product of elements in the kernel K of
(m 1p) with elements in M. Yet, the only ways to write x as a product in F' + M
are 1z, 1, 1(z1), 1(1z), (1)1, etc., where 1 denotes the unit of '+ M. Necessarily
then, € K, which implies that m = (m 1/)(z) = e. Hence M is trivial. O

We recall that a left quasigroup is a set @) equipped with a binary operation
x: QQ x Q — @, such that for all y € Q, the left multiplication map

My:Q-Q:x—y=*zx

is bijective. Left quasigroups form a variety of universal algebras. In fact, a left
quasigroup can be equivalently defined as a set ) with two binary operations: a
multiplication denoted by * and a left division denoted by \ , satisfying the following
identities:

y =z (x\y) (1)
y =a\(z *y) (2)

A left quasigroup with an identity element, i.e., an element e € ) such that
r=exT =2x+%e, (3)

for all x € Q, it is called a left loop.
If Q is a left loop, then for each x € ), we have that

x\x = 2\(z xe) @ (4)
It is known that the category of left loops is semi-abelian [4], thus it is a protomo-
dular category. Consequently, all of its objects are (weakly) protomodular.

In this work we consider a weakening of the concept of left loop. We will say
that a set X with two binary operations # and \ and a nullary operation e is a
left pseudocancellative unital magma (LPM for short) if it satisfies identities (1)
and (3). We have not found any reference of this structure in the literature; the
name is inspired by left cancellative magmas, which are sets with two operations
and \ satisfying identity (2). Note that, in general, the identity z\z = e need not
hold in an LPM: see Proposition 2.9.

Proposition 2.2. Let X be an LPM. Then:

i) all maps : X » X: x> y*x are surjective;

i) all My,: X - X jecti

(ii) all maps Dy: X — X: x — y\z are injective, and D, = 1x;
(i) if z\y = e, then x = y.

Proof. (i) Given any z € X, we have M,(y\z) =y * (y\z) Q..

(ii) Let us assume that y\z = y\z'; then

Yy () =y () Yo,

Moreover, D.(x) = e\x ® e (e\z) L .
(iii) If \y = e, then
x(i)m*e=x*(x\y)(2y. O
Corollary 2.3. Any finite LPM is a left loop.

Proof. A surjection from a finite set to itself is automatically injective. O
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Proposition 2.4. Any set X with a chosen element e and a binary operation \
such that conditions (ii) and (iii) of Proposition 2.2 hold, admits an LPM structure
by defining the = operation via

—1 .
e = D, (z) ifzelmD,
if ¢ Tm D,,.

Proof. Note that the operation * is well defined by the injectivity of each map D,,.
To prove (1): given any z, y € X, y\z € Im D, with D '(y\z) = 2. Thus,
y*(y\z) = z.
To prove (3): exx = e* D.(x) = e (e\x) W 2. On the other hand, if
e € Im D,, then e = z\a, for some a € X. By the assumption that condition (iii)

of Proposition 2.2 holds, z = a. Then, x % e = z * (z\z) w z. If e ¢ Im D,, then

x * e = x by definition. O

Let us denote the category of all LPM, and morphisms between them, by LPM.
Since LPM form a variety of universal algebras, LPM is a complete and cocomplete
category. Moreover, since LPM have a unique constant in their signature, LPM is
a pointed category. In fact, it is a unital category since it is a variety containing,
among its operations, those of unital magmas. It was shown in [1] that this is enough
to prove that LPM is a unital category. LPM is not a protomodular category, as
we will see below by proving that not every object in it is protomodular. Let us
characterise weakly protomodular objects in LPM.

Theorem 2.5. Let X be an LPM. The following statements are equivalent:

(i) X is a weakly protomodular object in LPM;
(ii) for any x € X, there exist x1, ..., x, € X such that

ai\(@2\(- - \(zn\2) --+)) = e. (5)

Proof. (ii) = (i) We consider any split extension
f
0—>KbtsY ==X —>0

and we take any y € Y. Let x = f(y) and let z; be the elements whose existence is
guaranteed by (ii). Then by identity (1),

y = s(@n)# (+x (s(x1) # (s(@)\(s(@2)\( - \(s(zn)\y) ) -+,
where clearly s(x1)\(s(z2)\(---\(s(zn)\y) - - - )) belongs to the kernel K of f, thanks
to (5). This proves that any element y € Y can be written as a product of elements
in K and elements of the image of s. Hence the point (f,s) is strong and, con-
sequently, X is a weakly protomodular object.

(i) = (ii) We choose any = € X and we consider the split extension

. @ 1x)
0——>Kp—>F()+ X —=X ——>0,
Lx
where F(z) denotes the free LPM on one generator z, Z: F(z) — X denotes the
universal map taking z to z, tx: X — F(z) + X is the coproduct inclusion, and
(z 1x) is induced by the universal property of the coproduct.

Since X is weakly protomodular, z € F(z) + X can be written as a word w
consisting of elements of X and elements of the kernel K. In this combination of
elements, the rightmost element has to be a z, since it is impossible to cancel it
in the coproduct. Since z ¢ X, some part on the right of the word w must belong
to K. Therefore, we have a word w’ ending in z that belongs to K, and coincides
with the end of the word w. (w’ is a “rightmost part” of the word w.) Now if we
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substitute all but the rightmost z that appear in the word w’ with z and make all
possible cancellations, we obtain a word in K of the form

Ty *) ($2 w90k (Ty *nZ)) (6)

where z; € X and #; € {*,\}. The word (6) is a rightmost part of a word in the
coproduct F(z)+ X which is equal to z. Since the only possible cancellations in the
free product F(z) + X come from axiom (1), we conclude that all the operations #;
must be \. Applying (Z 1x) to such an element gives (5). O

Corollary 2.6. Any left loop is a weakly protomodular object in LPM.
Proof. By identity (4) and Theorem 2.5. d

Ezample 2.7. Let N be the set of natural numbers with the operations

ify=0
2\ ifz=0 v ?fy 0
= €T * = 1 x =
V= y+1 ifz>0 Y=Y :
y—1 if x>0 andy>0.

It is easy to see that (N, #,\,0) forms an LPM which is not weakly protomodular,
since any « > 0 does not satisfy condition (i) in Theorem 2.5. Therefore, the
category LPM is not protomodular.

Theorem 2.8. In the category LPM, the subalgebras of a protomodular object are
weakly protomodular.

Proof. Let Y be a protomodular object in LPM and X a subalgebra of Y. Given an
element x € X, we show that condition (ii) in Theorem 2.5 holds. Let us consider

the pullback diagram
II( II(
P>———F(2)+Y

<1x,Lyol>I\ﬁ I\L T ly)

X>—""—Y,

TE(2)+Y

where ¢ is the inclusion, F(z) is the free LPM on one generator z, T denotes the
universal map sending z to z, ty is the coproduct inclusion, (T 1y) is induced by
the universal property of the coproduct, and K is the kernel of the vertical split
epimorphisms. Note that the pullback P consists of those words of F(z) +Y such
that, when z is replaced by x and the operations are computed, the resulting word
belongs to X. Since we are assuming that Y is a protomodular object, the left
vertical point is strong. Therefore z € P can be written as a word w which is a
combination of elements from X and from K. Using the same argument as in the
proof of Theorem 2.5, we end up with a word of the form

which belongs to the kernel K of (Z 1y). Hence, replacing z with x, we see that x
satisfies condition (ii) in Theorem 2.5. O

Proposition 2.9. Let X be an LPM such that 2\x = e for all x € X. Then X is
a protomodular object in LPM.
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Proof. Note that X is obviously a weakly protomodular object, by Theorem 2.5.

Let us prove that X is, moreover, a protomodular object by showing that any point

(f,s) over X is stably strong. Consider the following pullback of (f,s) along an
Tz

arbitrary morphism g:
K
—7

T

—F X

{ly,sogy

N <X

Here K is the kernel of the vertical split epimorphisms. A pair (y,z) € Y x Z
belongs to P if an only if g(y) = f(z). Then, thanks to our assumption, which
implies that

flsgW)\2) = g\ f(z) = e = g(e),
we can decompose (y, z) in P as
(4, 2) = (y,59(y)) = (e, 59(y)\2),

where the first pair belongs to the image of {1y, s o g) and the second one belongs
to the kernel K of my. This proves that the point (7y,{ly,s o g)) is strong; thus
(f,s) is a stably strong point. O

Corollary 2.10. Any left loop is a protomodular object in LPM.

Proof. By (4) and Proposition 2.9. O

Now we can show that there exists a weakly protomodular object in LPM which
is not protomodular. To do that, we consider the following example.

Ezample 2.11. Let Z be the set of integers with the operations

y ifx=0 ( ify=0

T
y+1 ifr>0andy=>0 Y ifz=0
y fe>0>y y—1 ifz,y>0
x\y = 1 i TEy =3 )
—2y—1 ife<0<y Y fx>0>y
2y ifz,y<Oand z #y 7'“271 ifx <0,y odd
0 ifr=y<0 ¢ if £ <0 # y even.

It can be routinely checked that (Z, #,\,0) forms an LPM. Moreover, it is weakly
protomodular, since it satisfies condition (ii) in Theorem 2.5:

(=22 —D\(-1\z) ifz>0.

However, the non—weakly protomodular LPM of Example 2.7 is a subalgebra of
this LPM. Therefore, by Theorem 2.8 we have found an LPM which is weakly
protomodular but not protomodular.

The next example shows that there exists an LPM X satisfying the identity
z\x = e—thus, by Proposition 2.9, a protomodular object in LPM—that is not a
left loop.
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Ezample 2.12. Let N be the set of natural numbers with the operations

y if x =0 x ify=20
z\y =<0 ifex=y TrYy =<y ifx=0
y+1 ifz>0and x #y y—1 if z,y >0.

It is easy to check that (N, #,\,0) is an LPM. Thanks to Proposition 2.9, it is
a protomodular object in LPM: for any element x € N, we have that z\z = 0.
Nevertheless, it is not a left loop, since

1\(152) =1\1 =02

This, together with Example 2.11, proves that the classes of left loops, weakly
protomodular objects in LPM and protomodular objects in LPM are strictly in-
cluded in each other:

{left loops} & {protomodular objects} & {weakly protomodular objects}.
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