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On Holland’s inequalities for the coefficients of the power series of
the harmonic mean

ALEXANDER KOVACEC

Abstract: Finbarr Holland showed in the case that p; = --- = pp = 1/k that expanding the har-
monic mean (p1(1 —x1t) "L+ pa(1 —z9t) "L+ -+ pp(1 — 2xt) 1) 7! into a power series in ¢, of the
form >~ a1, ..., x)t!, the coefficient polynomials ¢; = ¢;(p, z) are nonpositive on the nonnega-
tive orthant [R’;O. We show that even under the more general hypothesis that p = (p1, ..., pr) is an
arbitrary probability vector a stronger conclusion can be drawn: writing, say, z; = h; + - - - + hg,
and expanding ¢; in variables h; results in a polynomial h1, ..., hy with only negative coefficients.
The proof makes use of results in three earlier preprints.

0. Introduction: Statement of Main Result and Thread of Reasoning
Let us begin by citing the following theorem

Theorem 0. ( [Hol, Proposition 2.2]) If x1, ...,z are positive real numbers then the power series
expansion about t = 0 of
k
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has nonnegative coefficients.

Since the power series (1 — zt)~! = 1 + 2! + 2%2 + ... has coefficient of t equal to 1 it is easily
seen that every power series (p1(1— 1)1+ pa(1 —2ot) L+ -+ pp(1 — zxt) 1)~ with (p1, ..., pr)
nonnegative real numbers of sum 1 must be of form 1+ )" - gn(x1, ..., 24)t". Holland’ s theorem
is therefore contained in the following main result that will be proved in the present paper.

Theorem 1.(Main Result) Let (p1,...,pr) be an arbitrary probability vector and consider the ex-
pansion

(P (1 —a1t) - po(l —mot) 4 (L —apt) ™) =14+ 3oy @, oy )t

a. Given any permutation ™ € Sk, writing xz; = hi +hig1+---+ hg fori =1,...,k, and expanding
q; in terms of the variables h; the corresponding polynomial has only negative coefficients.
b. In particular the q; are polynomials nonpositive on IR’%O.

If a polynomial p € Rlzy,...,zx] has the property that after doing the replacement z; = h; +
hit1+---+hg for i = 1,..., k, and expanding there results a polynomial in the h; with only positive
coefficients we shall say it has the property pos for 7; if pos for 7 holds for —p we shall say that p
is —pos for 7. If p is pos for all w € Si then it is sure that it is nonnegative on [R’;O.

EXAMPLE. The polynomial z§ + z{23 + 2224 — 3232323 (a variant of the so called Motzkin polyno-

mial) can be seen via the arithmetic geometric mean inequality nonnegative for all real x1, x2, x3
but if we do the replacements x1 — hy + ho+ hs, o — ho + hs, and x3 — hg we get a polynomial in
h1, ha, hs which has some negative coefficients, namely  hS + 6h3hs + hih3 +4h3hoh3 + 3h2h3H3 —
2h1h3h2 + 13h3h3 4+ 4h3h3 + 6h3hoh3 — 6h1h3h3 + 12h3h3 + 4h2h3 — 4hyhohi +4h3h3.  This shows
that the polynomial is not pos for the identity permutation. So being pos for all permutations
(‘absolutely pos’ ) is strictly stronger than simply nonnegativity.

Because of the symmetries of the harmonic mean, it is not hard to see that it is enough to prove
part a of Theorem 1 for the case that m is the identity permutation. This will imply that the ¢; are
absolutely —pos.

ExXAMPLE. The reader may verify on his computer that the coefficients of t°, ¢!, ¢2,¢3 of
(%(1 —zt) 7+ %(1 —zot) 1 + %(1 —x3t)~H)7!

are as given in the table below: first in the original variables, then in the variables h defined by
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21 = h1 + ha + h3, x2 = ha + h3, 3 = ha.
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The proof of Theorem 1 rests on the results of the preprints [K1],[K2],[K3]. Keeping track of the
reasoning will be easier by presenting here briefly the history of these developments more details
of which are given in sections 1,2,3.

In [K1] we used a simple method to prove the positive semidefiniteness of individual multivariate
polynomials p(z) € R[z] = R[z1,...,x;] in subsets of R¥ of the form a7 > xo > --- > xp > 7,
by introducing new variables h; = x; — 41, ¢ = 1,..., k, xx+1 = 7, expressing the z; via the h;,
and to show that the polynomial p in the h; has only nonnegative coefficients. We showed how
such representations can be obtained systematically using partial derivatives and then be used for
families of polynomials. In particular we gave an alternative proof to a theorem by Thomas Laffey
[L] saying that for real nonnegative a,...,qp of sum < 1, the coefficients of the ¢!, I > 1, of
the geometric mean (1 — z1t)* (1 — x2t)*2 -+ - (1 — zt)**, when expanded into a power series, are
nonpositive for nonnegative x;. This had an impact on the so-called nonnegative inverse eigenvalue
problem in Linear Algebra; see also [LLS]. At that time we learned about Holland’s theorem for the
harmonic mean. But while the coefficients of the powers of ¢ in Laffey’s and the author’s proof for
the geometric mean are easily seen to be absolutely -pos, one cannot discern a similar property in
the beautiful proof of Holland of his theorem which is based on a 1928 theorem of Theodor Kaluza
[Kal]. So we began in the penultimate section of [K1] with some thoughts trying to strengthen it
in the form explained above. In that investigation the development

Ql(ga g) = _Sl(ﬂag) + Z Sy (Ba £)512(872) - Z Si (Ba £)5l2 (Bag)slg(ga l) + o+ (_1)l81(£’ l)la
li+la=l li+la+13=l

via the pseudo-symmetric power sums s; = s;(p,z) = > ;_; p;z; occurs in a natural manner. The

l; are integers > 1. One of the subproblems we had was to find a ‘nice formula’ for the result R

to i1,8¢1,t0 12, 81‘2,-“ ,tO i, O,

of the computation s;, sy, - - - 51, % R, where the ‘to i, ;’ are certain linear
operators the details of which are explained in Section 2. The solution to this was a formula found
in [K2] in which the expressions 113 - - - I Zaesk Hle(lgl 41y —v)lei=l with Sj, the symmetric
group on {1, 2, ..., k} played an important role. R is a polynomial and the expression is the coefficient
of a certain monomial determined by the v;. At the other hand computational experiences led,

independently, to the (by us so called) reduced polynomials qlred7 through the same sequence of

to il,ail 7tO 12, 82‘2,--- ,tO is, O0; red

operations but applied to the ¢; (so ¢ —aoq;®q ). The sequence of the

qlri(i are inhomogeneous affine polynomials in [ — 1 variables a1, a9, ..., a;—1 of degree | — 1 of which

we established that if we could prove they are > 0 on the region a; < ag < --- < a;_1 < 1, then we
could infer Holland’ s inequality in the refined form of Theorem la above. Already in [K1] we found

hints and an easy method that apparently worked for each individual polynomial qlrﬁdl to establish

this. But to establish this for the totality of all polynomials qlri‘} we found it necessary first to

find an efficient way to describe the qlridl in the hope to be able to do this inductively. After much

pondering we established in [K3] a conjecture involving a recursion for the qlridl and showed that if

the conjectured recursion was correct then indeed the qlri‘% on the region a1 <ay < -+ - < a1 <1



were nonnegative. This left us to prove that indeed the reduction process of the ¢; always leads
to the q{e% as conjectured by the recursion. It is this step that is achieved in the present paper
permitting finally to conclude the investigations on the refinement of Holland’ s inequality.

As to the organization of the paper, we present the preliminaries more or less in the order they
were found so that Sections 1, 2, 3 correspond roughly to the preprints [K1, K2, K3], respectively
and Section 4 presents the last piece of the puzzle. We shall explicitly cite the theorems needed
almost in the forms they are found and proved in the preprints and illustrate them with examples.
References like ‘Lemma n.i’ refer to Section n, provided made outside of that section.

1. The origin of the expansion of the ¢ in terms of the s;.

Along this paper we use 1, ...,z; as well for indeterminates as for real numbers in such a way
that context will make clear the intended meaning. We sometimes write = (21, ..., xx), and for
1 <i < j <k we may write z;;; = (24,...,2). Also the notation Sz;; = z; + -+ + x; will
help to lighten notation. Similar observations go for letters other than x. We often will rewrite any
polynomial p € R[z1, ..., 2| as a polynomial in the quantities h; = z;—x;41,1 = 1,...,k—1, hy = zy.
To do so note  x; = h; + hit1 + -+ + hy and expand p. So, defining o(h) := o(h1,..., hg) =
(Shik, Shoy ..., Shi—1.k, hi), the  expansion (po 0)(h) = p(o(h)) is the sought presentation.

For nonnegative reals pi, ..., pj, of sum equal to 1, denote by s; = s;(p, z) = Zle pimé the p-weighted
[-th powersum of x1, xs, ..., rp. For the harmonic mean as introduced in Section 0 we may write

i=1 [>0

-1
(p1(1 —z1t) "+ po(1 — o) L+ -+ pp(1 — apt)~H) 71 (Z pi S (xit) )

= <1+Zk:pi2xlitl> (1+Z(sz Ot ) = <1+285(p,x)tl>

i=1  I>1 I>1 1>1

=1- Y silp,2)t' + (X si(p, 2)t")? = (X sulp, 2)t')® +--- .

1>1 >1 >1

From this follows that the coefficient of ¢/, I > 1 is
Ql(ga @) = _Sl(ﬂ,l) + Z Sy (Ba £)5l2(872) - Z Sl (Ba g)slg (Bag)slg(ga l) + o+ (_1)l81(£’ l)la
li+l2=l l1+la+13=1
with l; € Z>;. It is clear that ¢; is a homogeneous polynomial of degree [ in z1,...,x;. Our aim

will be accomplished as soon as we can show that ¢;(p,o(h)) is a polynomial in the h; with only
negative coefficients.

ExXAMPLE. For [ = 3 we have
g3(p, z) = —s3(p, z) + 2s1(p, )sa2(p, z) — s1(p, z)>.

Assuming x = (r1,22,...,76) and p = l]1 = l(1, 1,1,1,1,1) results in the more explicit form

(éﬂ T1:6) 2521‘ —l-QZZ‘ x; —6 Z xizjry)/216.

i#£j 1<j<k

and finally

g3(31,0(h)) = 1/216(—25h3 — 66hThy — 48h1h3 — 32h3 — 5Th3hg — 84hyhohs — 84h3hs — 2Thyhi —
M@% 27h3 — 48h3hy — T2h1hohy — T2h3hy — 48h1hshy — 96hahshy — T2h3hy — 12k h3 — 24hoh3 —
36h3h§—16h§—39h%h5—60h1h2h5—60h§h5—42h1h3h5—84h2h3h5—63h§h5—24h1h4h5—48h2h4h5—
72h3hyhs —48h3hs —3h1h2 —6hoh? —9hsh2 —12hgh2 —5h3 —30h3 he —48hy hohg —48h3he —36h1hahe —
72hohshe — 54h3he —24hy hahg — 48hohahg — T2hshahe — 48h3he — 12h1 hshg — 24hahshe — 36hshshe —
48hyhshe — 30h2he).

The following proposition is essentially [K1, Theorem 2.1,Corollary 2.2] (by means of which we
there reproved Laffey’s result) but was recast in a different language in [K2]. There we introduced



the arrows —— and —— . These serve to indicate certain operations on polynomials. Write

‘ M’ for saying that the currently existing variables of index < ¢ should be mapped to z;. For

example —3x1 + Jrlx% + x5 t0—2> —3x9 + :L'% + x3. Similarly write L to indicate a partial

derivative w.r.t. variable x;. We can concatenate such arrows in the obvious way and have proved
the following.

Proposition 1. ([K2, Corollary 1.1]) a. Let p be homogeneous of degree | in R[xy.x] and assume
l1+ -+ 1 = 1. Then the coefficient of hlf e hﬁf in the development of (po o)(h) is obtained by

applying 11 operators t%, followed by lo operators tﬂ, ... followed by l, operators t%, and
dividing the result by I!---1;!.

b. In particular, if all such operations yield a nonnegative real number then the polynomial p is
nonnegative on the region x1 > x9 > -+ > x > 0; and if p is symmetric then p is nonnegative on
the nonnegative orthant RZ,,.

ExAaMPLE. Consider the (symmetric) polynomial p(x1, x2,23) = 23 + 23 + 23 — 3z12223. Then
p(x1, x2,x3) tﬂ% Sx% — 3xox3 to 1., 6x1 to 3’8? 6.
The coefficient of hhs in (pe o)(h) therefore is 6/(2!0!1!) = 3. Indeed one easily computes that

And this turns nonnegativity of p\[R%O evident in a most satisfactory way.

2. Reducing products of pseudo-symmetric power sums

Given that the polynomials ¢;(p, z) born from the harmonic mean are linear combinations of prod-
ucts of polynomials s;(p,z), we tried in [K2] also to find the result of applying a sequence of
operators of the form mentioned to such products. This somewhat subtle investigation resulted in
the following theorem. In it we use with [GKP] the notation m% = m(m —1)---(m — k + 1) for
falling factorials, where m € Z,k € Z>.

Theorem 1. ([K2, Theorem 3.2 and Corollary 3.4]) Let l =1 + 1o+ -+ -+ i (so it is the degree of
the product of the powersums below) and assume 1 < iy < iy < --- < iy < #of variables. Then the

result R of the computation
10 i1,8:;,10 iz, 8iy .-, 10 iy, By
k

Sllslz s8]

is a homogeneous polynomial of degree k in the variables Spi.,, ..., SP14,- Each monomial is of form
Spl;ilSpl;iVQ ---Spl;iuk with 1l =1 <wvy < -+ <y < 1. The coefficient of this particular monomial
equals the positive integer

k

hiz---ly 3 TTUor 4+ Loy — vi)e=t.
€Sk i=1

It will be useful to note that the coefficient does not depend on 41,49, ...,7;. So all the information
that can be gotten from the theorem can be gotten by selecting i1 = 1,40 = 2,...,4; = [.

to il,ail,to i2, Oiy ,£0 i3,

EXAMPLE. s159 is a degree 3 polynomial. Let us compute in above sense s1s9 % R
s1(p, z)s2(p, x) tos, (Sp1:iy iy + $1(Pi 1k Tiy +1:8)) (SPLeiy @7, + 52(Piy 41> Ty 41:8))

O, Sp1eiy (Spriy 23, + 82(Piy 110k Tiy 4 1:%)) + (SP1:iy Tiy + 81 (Piy 16k Tiy 11:8) )25 Py Ty

ok Spriiy (SP1iyx?, 4+ 52(Pig41:k Tigt1:k)) + (SP1:iaTiy + 51 (Din+1:ks Tigt1:k)) 25D 124, Ty

Oa, 25p1:i, SP1:iy Tiy + SP1iiy - 25D1:0,Tiy + (SP1iTiy + 81(Pig+1:k5 Tig+1:£))25D1:4,

to s 25P1:4, SP1:inTis + SP1uiy - 25P1:4, iy + (SP1:03 iy + 51(Dig1:ks Tig+1:k)) 25D,

N 45p1:i, Spriis + 25P1:4, SP1:is-



to ilail,to i28i2,t0 130; .
So we showed 5159 ¢ 4Sp1:i, SP1:is +25p1:4, SP1:i5. In the notation of the theorem

li=1,lp =2,k = 2,11 = 1 and the coefficient of Sp1.,, Sp1.i,, is Lia((lh—v)a= (1l —w)l2=1
(lo—v1) 2=l + 1 —)a=l) = 1-2((1 - 1D2B - )L+ (2 - 1)L(3 - 1)) = 2((3 —12)L +1). From
this formula one obtains according to the cases 19 = 2 and v, = 3 indeed the values 4 and 2 for the
coefficients as our detailed calculation above shows.

A direct consequence of the Theorem 1 and the definition of the polynomials ¢;(p, z) is the following:

to 1,0, to 19, 67;2,--- ,tO iy, O;

i1

Corollary 2. If we subject q; to the operation we get an inhomogeneous
polynomial of degree | in the variables Sp1.i,, ..., Sp14,. The homogeneous component of degree k has
the sign (—1)* ; and each degree k = 1,2, ...,1 is present.

EXAMPLE (continued). Applying the same arrow as before we get s3 ——— 6Spy.;, and 83 ——
6.5p1:4, SP1:iy SP1:ig- Consequently g3 ————— —65p1.i, +85P1:i, SP1:ip +45P1:4 SP1:is —6.5P1:i, SP1:io SP1:ds -

3. The sequence of reductions of polynomials ¢; and the property pos.

To get rid of heavy notation and trivial transformations we define the reduction of ¢;(p,z) as the
result of the following operations:
to 11,05

1,80 d2, 8iy - 80 4y, By

- Determine R from ¢;(p, x)
- Cancel herein Sp;.;, and change the sign.
- Replace Sp1.;, by the letter a,_;.

This is an inhomogeneous polynomial of degree [ — 1 in [ — 1 variables a1, as, ..., a;_1. Call it qlrﬁdl.

With this definition we have
to i1,0;,,80 iz, 8y, 80 4y, O
a(p, z) - = b —apgf®d.
With the two intentions to confirm at the one hand our conjecture that in general ¢;(p,o(h)) has
only negative coefficient coefficients and at the other hand to find a pattern according to which the
q{ed develops with I, we computed via MATHEMATICA® a number of further reductions. The first
few are the following ones.

qaed = 1

@ = 2-2a

qéed = 6-— 8a1 — 4a2 + 6a1a2

qged = 24 —40aq1 — 20a9 + 36aiao — 12a3 + 24aq1a3 + 12a0a3 — 24a1asa3

qffd = 120 — 240a1 — 120as + 252a1a9 — 72a3 + 168aias + 84asas — 192a1a0a3 — 48a4 + 120a1a4

+60asa4 — 144a1a9a4 + 36asas — 96a1a3a4 — 48asaszays + 120a1asa3a4.

Since p = (p1,...,pr) is a probability vector we know furthermore 0 < Spy.;;, < Spiy, < -+ <
Spi:4, < 1; in other words we wish to prove that the polynomial q{ed isforag <ag < ---<q <1
nonnegative; it turns out this is even true if some a; are negative. Indeed to show this for some
individual of these polynomials we employed once more the technique above. For example to show
qged|A3 > 0, where A; = {(a1,a2,...,a;) : a1 < ag < ...q; < 1}, we write a3 = 1 — hy,a9 =
1 —hy —hg,ay =1 — hy — ho — h3, assuming the h; > 0 and substitute these expressions in the
hs for the a; in ¢5°¢ and expand. The result is 24h$ + 12h1ha + 48h2hy + 12h% + 24h1h3 + 4hs +
12h1hs + 24h2h3 + 12hohs + 24hyhahs proving the pretended inequality. This method worked for
every individual qlred that we tried. However, how to show for all [ that qlred|Al > 0?7 We thought
the best path forward would be some type of inductive proof; and for this, after a prolonged
search, we conjectured in [K3] the recursion RC below and showed there that the conjectured q{ed
are indeed nonnegative on A;. Given any polynomial ¢ in various variables written in standard
form as a linear combination of monomials, define T'(q) = {terms of polynomial ¢}. For example
T(g5d) = {6, —8ay, —4as, 6ajas}. For t € T(q), let degt := degree of ¢; for example deg(6ajaz) = 2.



RC. The qlrEd can be computed by the following recursion.

@t = 1.

¢l = ) (2+ntdegt)-t— Y (2+degt)-toani= > ((1—an1)(2+degt) +n)t
teT(gre?) teT (q5e9) teT (q5e)
The reader is invited to check the recursion RC against the polynomials above. We shall prove in
Section 4 that the reduction process delivers in fact the inductively defined sequence of polynomials.

If ¢ = q(a1,as,...,a,) is any real polynomial in n variables ay,...,a, which we wish to prove is
nonnegative on A, then as exemplified above, there is a good chance to show this by expressing

it in certain other variables; namely we introduce hy = 1 — ay,he = ap — ap—1, - ,hy, = as — a
from which it follows that a;j =1 —hy — hg —--- — hy—j11. Then any monomial (i.e. any product
of variables) of ¢ is a certain product of some of the factors in [[" (1 —hy — hy —--- — h;). By

substituting such products for the monomials and expanding we get ¢ as a polynomial in the h;.
We shall call this polynomial the h-form of ¢ while the original form in which ¢ is written is its
a-form. Tt is evident that the coefficient of a monomial hi = pU1:in) .= h]f hJ; -+ hI" in the h-form
of ¢ is a linear combination of the coefficients of ¢ in the a-form. Evidently (a1, a2, ...,a,) € A,
if and only if hq, ho, ..., h, are all nonnegative. It follows that the nonnegativity of the referred
linear combinations of the coefficients of ¢ that occur writing ¢ in h-form is a sufficient condition
for having q|A,, > 0.

Note that the polynomials ¢=°d

of the conjecture are all multilinear (or affine). Progress only came
when instead of looking for positivity of our particular polynomials ¢*®d we introduced generic

n
coefficients ¢; and looked at how these relate in the h-forms of ¢'*d and ¢=°,.

The following lemma and theorem expresses the relation between such coefficients slightly more
generally than we shall need. Let n € Z>p and a,b € R, and consider the affine polynomials in

a-forms
q:ZCIHai and ¢ = Z EIHai

ICn] i€l IC[n+1] i€l
with ¢ defined via ¢ by
q= Z (a+degt) -t — Z (b+degt) -t apt1 = Z (1 — ant1)(b+degt) +a —b)t.
teT'(q) teT'(q) teT(q)

Lemma 1. [K3, Lemma 4.1] The coefficients ¢r can be computed from the c; according to the rule

EI:{ (a+ ])er ifn+1dl

—(b—l+|[|)cl\{n+1} ifn+1lel.

This was one of the pieces - we will use it later again - which allowed us to prove

Theorem 2. [K3, Theorem 1.1] Provided a —b—n > 0 and b > 0, then the coefficients of the
h-form of ¢ are nonnegative linear combinations of at most two of the coefficients of the h-form of
q. Consequently, if the h-form of q has only nonnegative coefficients, then the h-form of § has only
nonnegative coefficients, and hence q|a, ., > 0.

EXAMPLE. Assume a = 4,b = 2. If n = 2 then the a-form and the h-form of ¢ are
q = ¢y + cra1 + caa2 + ci2a102
= (cp+ 1+ c2 + c12) + (—c1 — 2 — 2c12)hy + c12hd + (—c1 — c12)ha + c1ahiha.

(Here and in other examples we often write strings of numbers instead of sets; e.g. ¢j2 instead of
¢{1,2y-) The a-form and the h-form of g are

q = 4cp+ 5cia1 + dcaag + 6eraaian — 2cpaz — 3c1aias — 3caazas — 4eizaia2a3

= (20@ +2¢1 + 2¢12 + 2¢2) + (2¢g + ¢1 + c2)hy + (=3¢ — 6e12 — 362)h% + 4612]1?
—l—(—201 — 4012 — 202)h2 + (—361 - 4012 — 362)h1h2 + (8612)h%h2 + (2012)h% + (4612)h1h%
+(—2Cl - 2012)h3 + (—301 - chg)hlhg + 4612h%h3 + 2612h2h3 + 4012h1h2h3.

(1,1,0)

As an example the coefficient of h = hihg of ¢ in h-form is indeed a nonnegative linear



combinations of two of the coefficients of the h-form of ¢:
(coefficient of hihy in §) = —3c1 — 3¢ — 4c12 = 3+(coefficient of hy in q) + 2-(coefficient of h? in q)

To see that the theorem above indeed implies for the above conjectured sequence ¢:°? that ¢"°|A,, >

0, choose b = 2 and make a dependent on n, putting a = 2+n. Then beginning with ¢ = qged =1=

¢y, the theorem applied with n = 0 yields as ¢ the polynomial q{ed; now applying it with ¢ = qll”ed

and n =1, we get ¢ = qged, etc. The claim follows as q(ﬁed > 0.

4. The polynomial sequence q{ed, 1=0,1,2,... satisfies the recursion RC

We finally make the last step in the proof of the main result. We establish that the polynomial
sequence qlrﬁdl obtained by the reduction process applied to each element of the sequence ¢, | =

1,2, ... indeed satisfies the recursion RC defined in the section before.

Again we need some preparation. For two sets I,J of integers let us agree to write I < J if
ViVj (i € I&j € J) = i< j. It follows in particular that ) < J as well as J < (.  Also
for I C Z and a € Z we define a+ I = {a+i : ¢ € I}. In particular then a + 0 = (. Let now
[a,b] = {a,a+1,...,b} be an interval of integers and let I C [a,b]. A chain of I in [a,b] is a family
of subsets E;, I; of [a,b] such that Ey < I} < Fy < ... < Ij; < E}, the Is are nonempty sets whose
union is /, and the union of the Es is the complement I¢ of I in [a,b]. Clearly the Is and Es
are intervals and some E's may be empty; if nonempty Fji, ..., Ex_1 are required then the chain is
unique.

As mentioned at the end of Section 3, the specialization a = 2 + n, b = 2 in Lemma 3.1 gives us
the particular polynomial qfﬁfl =) IC[n+1] ¢r]l;er @i from ¢4, We obtain

s @tn+lhe  ifn+1gl
P71 (L + I)epgneny ifn+1el

This gives a recursive possibility to compute coefficient ¢y of ¢=°9.
Lemma 1. Assume I C [n] has in [n] the chain Ey < Iy < Ey < --- Ej_1 < I, < Ei. Define the

sets
k+1

-1
A= (1 + Z ‘II/‘ + El—l) and B = {_27 _37 XX} _(1 + ‘ID}
l

=1 v=1

red
n

Then the set A does not depend on the chain selected for I and the coefficient cr of q
product of the elements in AU B; so
cr = (=DM + D! T a
acA
Proof. We first show that the pseudocode below at the left produces the sets A and B.

We have the partition [n]| = EgW 1 W .- W E,_1 W I, W Ey. I will
be in the analysis below a dynamic variable. So we write I° to
refer to the original set I. As we enter the code, j will first run
decreasingly and beginning in n, through the elements of Ej and
since j ¢ I concomitantly produce the elements 1 + |I]| + e for
e € Ej, and put them into A. We may write this as 1 + |I| + Ej.
Next j enters I while the set I is still unaltered.

equals the

A=0,B=10

for j =n step —1 to 1 do

if j ¢ 1 put 1+ j+|I|into A.

if j € I put —(1+ |I|) into B
and redefine I = I\ {j}

end

j will now assume the values of the elements in Ij and the |I}| numbers —(1 + |I°|), —(1 + |I°| —
1), .., — (14 I°| = (|Ix| — 1)) = —(2+ |I°| — |Ix]) are put into B. Next j leaves I} and enters Fj_1.
At that point I has cardinality |I°| — |Ix|. The set 14 |I°| — |Ix| + Ex—1 is produced and put into
A while I is not altered. j next enters I with the current cardinality of I being |I°| — |I;| and
hence the |I_1| numbers —(1+[1°| — |Ix|), —(1 4+ [1°| = |Ix| = 1), ..., =(L+|L°| — | 1| = (|Ik—1]| — 1)) =
—(2 + |I°| — |Ig] — |Ig—1]) are put into B. The scheme that leads to the lemma should now be
clear in its essentials. We still have to analyse the final steps of the algorithm. Towards the
end j ranges still through the sets I; C I and then Ey. As j enters I7 the set I has cardinality



|I°| — |I| — ... — |I2] and so —(1 + |I°| — |I| — ... — |I2]) as well as the negatives of the numbers
produced from the next |I;| — 1 numbers smaller than |I°| — || — ... — |I2] are put into B. So
the smallest number in (...) is 1 + |I°| — |Ix| — ... — |I2| — (|[I1] — 1) = 2, because the cardinality
of the original I, i.e. I° is precisely |I1| + --- + |I|. This gives the claim concerning B. Finally
the last time j enters the complement of I is when it enters Ey. We see that then the number set
(L+|I°| — |Ix| = -+ - — |I1| + Ep) = (1 + Ey) is produced and put into A. This last set is the one
referred in the claim of the lemma as pertaining to I = 1 in the union given for A. Summarizing we

see that B is as claimed and A = U (14 |1°| = |Ig| = - - — |I;] + Ej—1). This can evidently be written

as indicated above. The 1ndependence of A from the chain chosen follows by noting that empty
sets E contribute with empty sets in the union written for A. Finally, after writing the formula
before the lemma for ¢'*? in place of q{f’fl, the remainder of the proof follows by recalling that cy
in qred is 1, seeing that A and B are obviously disjoint, and noting that the numbers occurring in
A U B are precisely the numbers used to recursively produce the ¢y by successive multiplications.

([
EXAMPLE. a. We take n = 3 and I = {1, 2} Then n] = [3] = Ey U1 UE; with By = 0,1 =
{1,2}, E1 = {3}. Therefore k =1 and A = U(1+Z|I\+El )=0+0+0) U+ |L|+E) =

DU(1+2+{3}) = {6}, while B ={-2, —3} consequently AUB = {6,—2,—3} and the product of
these elements is 36 as it should be; see the coefficient of aiao of qmd.
b. Now assume we split {1, 2} and consider the chain Ey < {1} < Ey < {2} < Ey with Ey = E; = 0.

3 1-1
In this case k = 2 and the associated A= |J(1+ > |L|+E—1)=1+0+0)U(1+ ||+ E)U
=1 v=1
(1+ ||+ |[I2] + E2) =0U DU (3+ {3}) = {6}, as before.
We need still a supplement to the lemma before.

Supplement (to Lemma 1). Assume sets I C [n] and A as in Lemma 1, but now A given by
its individual elements, I = {i1,i2,...,91}. Define additionally io = 0,417 = n + 1. Then we
shall have The set 1,n+1 € =1+ A C [1,n + |I|] and its complement in [1,n + |I|], that is
(—1+A)=[1,n+|I]]\ (=14 A) can be written, respectively,

1+|1| 1|
1+ A= (0 =14ir,al); and  (=1+A)°= U {iv+v—1,i, +v}
=1 v=1

Proof. The containment claims are clear because 1 € 1 — 1+]ip,i1[ and n + |I| € (1 + |I| —
L4+-]d) ), G147 [-

The set I gives rise to the ‘atomic’ chain  Fo{i1} E1{i2}Ea{is}E3...{i|} Ej;; from where we see
in earlier notation I, = {i,,} and E; =lij,i;41[, l = 1,...,1+|I|; and Zf;ll [{i,}| = 1 — 1. This yields
the formula for —1 + A directly from the lemma. What concerns the complement of —1 + A, we
write —1 + A = 1Dm(l — 1+ E;_q). Take two integers [ < k such that Ej, E are nonempty but

=1
Eriq, ..., Ex_1 are empty. Then [ + E; and k + Ej are nonempty subsets of —1 + A and we have

a situation {i;} < E; < {ij31,...,ix} < Ek, where {ij11,...,ix} is actually an interval consisting of
k — 1 consecutive numbers. It can be written {i;41,%4+1 + 1,441 + 2,...,9141 + k — [ — 1}. So for
l+1<v<kwehave i, =941 + v — 1 — 1. The interval [max(l + E;) + 1, min(k + Ej) — 1] =
[+ (G141 — 1)+ 1, k4 (i +1) — 1] = [ig41 +1, k+1ix] comprises the gap between |+ E; and k+ Ej, and
is subset of (—1 + A)¢. Using the relation between the i, and i;41 we see this gap can be written
{igpr + L + 1+ 10+ 1+ 1,040+ 1+ 2, .. i, + k — 1,49 + k}. Using this type of analysis for
any two successive nonempty sets Ej, Ey, the claim follows. O

EXAMPLE. View I = {6,10,11} as a subset of [1,13]. So |I| = 3 and the following is an atomic



chain of I.

{1,2,3,4,5} < {6} < {7,8,9} < {10} < {} < {11} <{12,13}.
N —’ ~—~— N—— N——— ~— N——— N——
Eo I Eq I FEo I3 Es3

We have 1+ A=}, (I -1+ E_1) = (0+ E))U(1+ E)) U (2+ E2) U (3+ E3) = {1,2,3,4,5} U
{8,9,10} U U {15,16} = {1,2,3,4,5,8,9,10,15,16} C [1,13 + |I|] = [1,16]. Hence (-1 + A)¢ =
{6,7,11,12,13,14} = {6,6 + 1,10+ 1,10 + 2,11 + 2,11 + 3}. O

From the reduction arrow ¢ ——— —aoqlrﬁdl mentioned at the beginning of Section 3 we

get that our Theorem 0.1 will be established provided we can prove that for any positive integers
[ and k <, there holds

Z 81,51, 7 Sl

t0 01,8, ,80 iz, Biy .- 80 i, 8y unsigned homogeneous
red
li+la+-+1=l

component of degree & of —aoq;°].

This is a direct consequence of part a of the Theorem in Section 2 and the linearity of the reduction
operations occurring in ¢ —— ’ . By qfﬁ”} is meant the respective polynomial obtained by the

recursion of Section 3.
We next reduce our conjecture to the proof of a combinatorial identity.
By Theorem 2.1 we know, given 1 = 1y < vy < ... < v < d, that

(Coefficient of SPiiy, SPliiy, * Spuyk of reduction R of l Zl lsllle e S1)
1+ Hp=

k
= X bl Y e+ Aloi—vi)ei=t,

l1+“~+lk:l O'GSk =1

At the other hand by the conjecture for the qlr‘Ed in Section 3 this coefficient is the coefficient

of apay,—1ay,—1 - ay,—1 in aoqfﬁdl and therefore the coefficient of a,,_1a,,-1---a,, -1 of q{ﬁ‘i =

q{f‘} (a1, ...,a;—1). (Recall, see Section 3, that we introduced the letters ag = Spi.i,, a1 = SP1iiyy -, A1 =
Spi,.)  To get the mentioned coefficient explicitly we consider the atomic chain given by  Ep <
{Vg—l} < Fi < {1/3—1} <BEy<- - < {l/k—l} <FE., 1= [Vk,l—l] so that Ejy :]Vl—l,l/z—l[:
1,vo — 1], By =lyi41 — Ly — 1, for 1 = 1,2, ...,k — 2, By =y — 1,1 — 1]. Clearly |I| = k — 1.
Define vj1 := [. By Lemma 1 the coefficient of a,,_1a,,-1---a,,—1 in q{i‘% as conjectured in the
recursion equals

1+|1]

(*0) (1 + |I|)!xthe product of the elements of the set |J (1+ (I — 1)+]v; — L, y1 — 1))
=1

k
= (1 +|I])! xthe product of the elements of the set 1+ |J ((I — 1)+]y; — 1,41 — 1]).

=1
The union Ule() here is subset of [1,/ — 1 + |I|], where it has complement {vo — 1,19 — 1 +
Lyvpg =14 (k—1) =1, — 14k —1}. The set 1+ (I — 1)4+]» — 1,141 — 1[) thus has in
(2,0 + |I|] the complement {vo,vs + 1,...,v — 14+ (k — 1), — 1 + k}. It follows that the product
(%) has the value of the right hand side of the following theorem which we will prove briefly and
which in view of the the above discussion establishes in particular our main result, Theorem 0.1.

Theorem 2.Let | > 2 be an integer. Then for any k integers 1 = v1 < vo < ... < v < I, there
holds the identity

k
N R+ k- 1)!
Iy -1 T S i ‘
l1+§k=l 1 kogkilglz( 1 ' vova + D)(vs+ 1) (w3 +2) -+ (v + k= 2) (v + k — 1)

Proof. Given a function f defined on Zgl, for any o € Sy the multiset of k-uples {f(ls1,...,lsk) :
l1+---+1x = 1} is the same simply because the multiset of underlying k-uples (l51, ..., ly%) remains
the same. Now we can write the expression on the left hand side of the theorem as

k
Z Z f(lgl,...,lgk) where f(ll,...,lk) =l1~--lk H(ll—i--'-—i-li—yi)li*l.
c€SE l1++lp=l =1




As the inner sum remains invariant under each o and since |Si| = k! the theorem will follow from
the identity

(I+k—1)

o i1 b+ 41 —y)ict = .
2 e valve T (s + V(o1 2) - (v + £~ 2o+ k1)

To prove this we first show two claims:

CrAM 1. For any nonnegative integer v there holds the following polynomial identity in R[X]
v+1

s Y =X — e = (X 1)
i=0
£ We prove the claim by induction on v. In the case v = 0, the left hand side collapses to the
expression 02(X — 1)2 which is 1 by conventions. This is also the value of the empty product at
the right. Recall that the forward difference operator A defined as Af(X) = f(X +1) — f(X) has
the property that AX™ = mX™=! and is linear. Let now v > 1 and assume that above equation
holds for v — 1 in place of v. Applying A at the left hand side we get

v+1 ) ) v+1 . .
A(lhs(x¥)) = ;)iuﬂA((X—i)Ll—l) = ;z’yﬂ(wl—z’)(x-i)ﬂ
S L e O N =
= @v+) L — A(X +1)% = A(rhs(+)).

The fact A(lhs(x) — rhs(x)) = 0 implies that lhs — rhs is a constant. Now, except in the case
v+ 1 =1, in the polynomial (X — i)“*1=% occurs the factor (X —i) — (v+1—1i)+ 1= X — v. Thus
Ihs(%)|x=p = (v + L)X = (v + 1)! = (v + 1)¥ = rhs(x)|x=,. So the mentioned constant is 0 and we
have proved the claimed equality. 9

CrLAM 2. For integers 1 < v <[ there holds

Y B+l ) = 3 (- vl — ) = L
l1+l2=l lo=1

k. We have

v-(v+1)-lhs(x)=v-(r+1) le (1—1)(1 —v)=h=t Ly Z Ll =) (1 — v)=h=l,

lll lllll

To show that the right hand side equals (I + 1)! for any v with 1 < v <[ is equivalent to showing
that after replacing v by | — v that right hand side is equal to (I 4+ 1)! provided 0 < v <[ —1. Now
for the replacement we have

-1
(=)l=v+1) D hi-h)ht =
1=l—v—1

ly=l—v—

-1
=)l —v+D)l-—v-1) Y (L)L
lhi=l-v-—1
v+1
210> i -t 2 4)
=0

In ‘2’ we introduced the summation index i = I — l1, while 2 follows from the lemma by noting
I+ D/(1+1=v)! = (+1)% and replacing X by .9

Proof of the identity (*2).
Case k = 1 : This case reduces to the simple statement /(I — 1)/=1 = [! which is obviously true.

10



Step k — 1 — k assuming k& > 2. By the induction hypothesis we have

! k=1
lhs(x2) = Z I (I — yk)lk;l Z Iyl q H(Zlh _ Vi)li—l)

lkzl l1++lk,1:l—lk i=1 h=1
l
[—1 k—2)!
= > (- wm)t Und b )
Pt va(vg+ 1)+ (Vg1 +k—3)(vg—1 + k —2)

This is indeed equal to rhs(x2) because
l

> k(=) = I+ k- 2)! =

I=1

(I+k—1)
(Vk+k—2)(vk+k—l)’

as follows from Claim 2 above by replacing Iy by lx, I by | + k — 2, and v by v + k — 2. We find
precisely the claim we wish to prove; except that the upper limit for I now reads [ + k& — 2. But
note that if [, > [, then [y —1 > [ — v and then (I — l/)lk;l = 0. It follows we are allowed to restrict
the upper limit for [ to [ without changing the end result. U

This now together with DMUC preprints [K1-3] finishes our work on strengthening Holland’s in-
equalities for the harmonic mean.
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