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Abstract

We examine boundary regularity for a fully nonlinear free transmission
problem. We argue using approximation methods, comparing the oper-
ators driving the problem with a limiting profile. Working natural con-
ditions on the data of the problem, we produce regularity estimates in
Sobolev and ChLos~LiP_gpaces. Our findings extend recent developments
in the literature to the free boundary setting.
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1 Introduction
We examine a fully nonlinear free transmission problem of the form

Fi(D*u,Du,z) = f in  Qn{u>0}

1
Fy(D*u, Du,x) = f in  QnN{u<0}, ®

equipped with the Dirichlet boundary condition v = g on 02. We suppose
F;: S(d) x R4 x Q — R satisfies a usual structure condition, for i = 1, 2. Also,
f € LP(Q) for some pg < p, where d/2 < pyg is the integrability exponent above
which the Aleksandrov-Bakelman-Pucci estimate is available for the solutions

to F'= f € LP(2). The boundary datum g belongs to suitable functional spaces
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to be set further. We denote with I'(u) the free boundary given by
T(u) :=90{u>0}Ud{u<0}.

Our findings comprise boundary regularity in spaces C*°¢~LP and bound-
ary W?2P-estimates. We emphasise these two classes of results are different.
The first one concerns estimates for points x¢g € 0€). The latter ensures the
existence of a universal neighbourhood Qs of 9 such that u € W2P(Qs). We
stress that our findings do not rely on convexity or convexity-like assumptions
on the operators Fj.

Transmission problems were introduced in the seminal work of Mauro Picone
[20], motivated by a model in the theory of elasticity. Consequential, Picone’s
work attracted relevant attention, as several authors covered important aspects
of the problem and expanded its scope; we refer the reader to [29, 19, 5, 6, 7, 26].
The contributions mentioned above focus on the existence and uniqueness of
solutions as well as on a priori estimates. The regularity theory associated with
transmission problems started to be examined circa 2000. See [17, 16]; see also
[1, 2]. In those papers, the authors consider models driven by equations in
the divergence form, in the scalar and vectorial settings. Their findings cover
gradient estimates with applications to the study of insulation, conductivity and
composite materials.

The issue of regularity theory for transmission problems has attracted re-
newed interest. Mostly motivated by the questions and methods put forward
in [4]. In that paper, the authors examine a transmission problem governed
by the Laplace operator in the presence of a C'*“-regular interface. Arguing
through mean-value formulas for harmonic functions and new stability results
for close-to-flat interfaces, the authors prove that solutions are of class C® up
to the interface.

The program launched in [4] is pursued in the fully nonlinear context in [28].
Here, the authors prove a new Aleksandrov-Bakelman-Pucci maximum princi-
ple. They establish estimates for the solutions to fully nonlinear transmission
problems up to the interface. The solutions’ regularity matches the interface’s
regularity in C*®-spaces, for k = 0, 1, 2.

In the aforementioned developments, the transmission interface is given and
fixed a priori. Conversely, one could consider a model with solution-dependent,
or free, interfaces. For instance, in the region where solutions are positive, the

diffusion process is governed by an operator F}. However, an operator Fy drives



the model in the region where the solutions are negative.

Free transmission problems are mathematical models describing discontinu-
ous diffusions. Such discontinuities are solution-dependent, giving rise to a free
boundary. The discontinuous dependence on u entails genuine difficulties in
the analysis of (1). As a consequence, the existence and local regularity of the
solutions require new methods and techniques; see [23, 21]|. For related devel-
opments in the degenerate fully nonlinear setting, see [13]; see also [14, 12, 11].

We examine the boundary regularity for LP-viscosity solutions to (1). Our
focus lies on points at the intersection of 02 with the free boundary I'(u).
Indeed, if g € 9 but g ¢ I'(u), the regularity of solutions in a neighbourhood
of x is well-understood and documented; see, for instance, [27]. Moreover, if we
take 1 € 90 NI {u > 0} with 1 ¢ 0{u < 0}, the problem in (1) reduces to a
one-phase obstacle problem.

Suppose however that zo € 9Q NI {u >0} N0 {u < 0}. In this case, a new
strategy is required to produce regularity results in the vicinity of z5 in QF.
Our analysis, though more general, addresses that case in particular; see Figure
1.

Fig. 1: Boundary regularity regimes.

Our argument relies on approximation methods and imports regularity in-
formation from a homogeneous, fully nonlinear PDE back to (1). Our main

ingredient is a pair of viscosity inequalities. Indeed, let w € C() be an LP-



viscosity solution of

min (Fy(D*u, Du, z), F5(D*u, Du,z)) < |f| in  Q, @
max <F1 (D*u, Du, a:)7F2(D2u,Du,x)) > —Ifl in  Q,
satisfying
u=g on ON. (3)

We suppose there exists a uniformly elliptic operator F satisfying an appro-
priate closeness regime with respect to F; and Fy. Also, we require the source
term f to be in LP(B]), for some p > d. Under these conditions, and geometric
hypotheses on the domain 2, we establish C'!F°8~LiP_houndary regularity esti-
mates for the solutions to (2)-(3). This is the content of our first main result,
stated with Q = Bj" for simplicity.

Theorem 1 (CHLegLiP houndary regularity estimates). Let u € C(B;) be a
normalized viscosity solution of (2)-(3). Suppose Assumptions A1, A2, and A4,
to be detailed further, are in force. Suppose further f € LP(BY), for somep > d.
Then u € C1Log—Lip (B?). That is, there exists a constant C > 0 such that, for

every xog € B?/Z, we have

1
sup |u(z) — u(xo) — Du(zo)(x — x0)| < C'lz — 9co|2 In .
z€B (z0) |Z‘ - $0|

Moreover, C = C (d, XA, 09, [ull o 1l o )

To improve the findings in the previous theorem, one imposes further con-
ditions on the limiting profile F'. Namely, suppose one requires F' to be differ-
entiable with respect to the matrix entry. In that case, it is possible to prove
that solutions to (2)-(3) are in the Sobolev space W?2? in a neighbourhood of
0%). This is the content of our second main result.

Theorem 2 (Sobolev boundary regularity). Let u € C(Bj) be a viscosity
solution to (2)-(3). Suppose Assumptions A1, A2, A3, and A5, to be detailed
further, are in force. Suppose further f € LY(By). Then u € WQ’d(Bf/Q) and
there exists a universal constant C > 0 such that

lellwaagss,,y < C (lull sy + 17 agss ) -

We remark on the connection between (1) and (2). Let u € W?24(Q) be
an L%strong solution to (1). It is clear that u is an L%strong solution to (2)



and, therefore, an L?viscosity solution to the latter. Therefore, Theorems 1
and 2 yield information on strong solutions to (1). If w € C(Q) is an LP-
viscosity solution to (1), then it solves (2) in the LP-viscosity sense in the subset
{u#0}NQ.

Remark 1 (Propagation of boundary regularity). Regarding optimal regularity,
one cannot expect the solutions to (1) to have a Holder-continuous Hessian.
We produce an example where F; coincides with F» on the boundary, with
both operators being convex. Moreover, F;(-,z) € C?(Bf") for i = 1,2. Still,
the C%“-regularity of the boundary data does not propagate to the domain’s
interior. Indeed, fix d = 2 and consider the operator F; : S(d) x Bf — R,

defined by
Z2

A 2
Fi(M,z) == (1 + (—?) ) Tr(M),
for ¢ = 1,2. Prescribe the transmission problem

Fi(D*u,2)=1 in B n{x <0}

(4)
Fy(D*u,2) =1 in B n{x >0},

with 4 = 0 on By and u = g on dB; \ BY. Notice that in B N {z; <0} a

solution to (4) satisfies
9 2
Ay = < ) ,
2 — o

whereas in Bi" N {z; > 0} it satisfies

4 \2
Au = <4+x§) '

The Laplacian of u is discontinuous across {z; = 0}, leading to a discontinuous

Hessian across this surface.

The remainder of the paper is organised as follows. Our main assumptions
are the subject of Section 2.1, whereas Section 2.2 gathers preliminary notions
and results used in the paper. We discuss the scaling properties of (2) in Section
2.3. Section 3 resorts to approximation methods to connect solutions to (2)
with a limiting problem of the form F' = 0. We detail the proof of Theorem 1

in Section 4. The final section presents the proof of Theorem 2.



2 Preliminaries

In what follows, we detail our main assumptions and gather preliminary notions

and results used in the paper.

2.1 Main Assumptions

Our first assumption concerns the regularity of the domain €.

A 1 (Geometry of the domain). We suppose Q C R? is a bounded domain. In
addition, its boundary is locally the graph of a C*P-regular function for some
fized B € (0,1). We also suppose that 0 € Of).

We denote with B,(z) the ball of center x € R? and radius » > 0, with
B,.(0) = B,.. Given a point z € 0, we denote with Q7 (r) the intersection

QF (r) := QN By(x0).

Since we are interested in the boundary regularity of the solutions to (2)-(3),

we also define Q) (r) as
Q0 (r) == 00N B, (20).

The operators F; and F3 satisfy a structural condition. Before detailing it,

we recall the definition of the extremal Pucci operators.

Definition 1 (Extremal Pucci operators). Fiz 0 < A < A. We define the
extremal Pucci operators M;’A,M;A :S(d) > R as

PiAM) =AY ei+A> e

e; >0 e; <0

and

PiaM) =X e +A> e,

e; >0 e; <0

where e; are the eigenvalues of M.

A 2 (Structural condition). Fiz 0 < A < A and K > 0. Fori = 1,2, we suppose
the operator F; : S(d) x R? x Q — R satisfies

M}:A(MiN)fK |p7 fJ| S Fl(M,p,.%)*Fl(N,q,IE) S M§7A(M7N)+K |p7 q‘ P

or every M,N € S(d), p,q € R* and z € Q.
I Y



The former assumption builds upon Al allowing us to work under a flat-
ness hypothesis on 9 while remaining in the same class of operators; see |27,

Proposition 2.1].

A 3 (Closeness condition). For i = 1,2, we suppose there exists a uniformly
elliptic operator F : S(d) x R? — R, and a constant 0 < k < 1 such that

for every x € Q, p € RY and M € S(d).

A 4 (Uniform closeness condition). For i = 1,2, we suppose there exists a
uniformly elliptic operator F : S(d) x R* — R, and a constant 0 < 7 < 1 such
that

|Fi(M, p,z) — F(M,p)| < 7(1+ [pl),

for every x € Q, p € R and M € S(d).

Although the universal constants 0 < k,7 < 1 in Assumptions A3 and A4
are fixed, they are determined further in the paper. When examining Sobolev
regularity, we require the limiting profile F' = F'(M,p) to be differentiable with
respect to M.

A 5 (Differentiability of the limiting profile). We suppose the operator F :
S(d) x R — R is of class C' concerning its first entry.

Under Assumption A5, we denote with D, F' the derivative of F with respect
to M. The modulus of continuity for Dy, F is denoted with wg. In what follows,

we gather preliminary results used in the paper.

2.2 Preliminary notions and auxiliary results

We start with the definition of LP-viscosity solutions for an equation of the form
G(D*u, Du,u,z) = f in Q. (5)

Definition 2 (Viscosity solution). Let p > d/2. We say that uw € C(2) is an
LP-viscosity sub-solution to (5) if, whenever ¢ € I/VIQOC”(Q) is such that uw— ¢ has

a local minimum at xg € 2, we have

esslimsup (G(D?*¢(z), Dé(z), u(z), ) — f(z)) > 0.

Tr—T0o



We say that uw € C() is an LP-viscosity super-solution to (5) if, whenever

@< Wif(ﬂ) is such that u — ¢ has a local mazimum at xo € 2, we have

essliminf (G(D*¢(z), D(x), u(z),z) — f(z)) < 0.

T—x0

If u € C(2) is an LP-viscosity sub-solution and an LP-viscosity super-solution

to (5), we say it is an LP-viscosity solution to (5).

When testing against smooth functions ¢ € C?(2), Definition 2 yields the
usual notion of C-viscosity solutions [9, Section 2|. We say that u € C'(2) is a
normalized viscosity solution if ||u[| ;) < 1. Next, we recall a version of the

Aleksandrov-Bakelman-Pucci maximum principle; see [15, Theorem 1.1].

Proposition 1 (Aleksandrov-Bakelman-Pucci estimate). Fiz g > d. Let v €
L4(Q) and f € L4(Q). Suppose u € C(R) is a viscosity solution to

Mj\"A(DQu) +y(@)|Du| > —-f in Q
resp. M;’A(DQu) —y(@)|Du| < f in Q} .
Then there exists a positive constant C' = C ((d, A A, H’y”Ld(Q)) such that

maxu < maxu + C diam () [ f1| pa(r+ ()

{resp. max(—u) < max(—u) + C diam(2) ||f||Ld(F+(—u))] .
Q o0

Under the structural condition in Assumption A2, one notices that a solution

u € C(R) to the first equation in (2) satisfies
M;A(D2u) —K|Du|<f in Q.

Also, a solution v € C(2) to the second equation in (2) satisfies
M \(D*u)+ K|Du| > f in Q.

Hence, the upper bounds in Proposition 1 are available for the viscosity solu-
tions to (2). We proceed by recalling boundary-regularity results for viscosity
solutions to fully nonlinear equations. Our strategy is to import information

from those results into the context of the free transmission problems.



The next results account for the boundary regularity of viscosity solutions
to

F(D?u, Du) =0 in Q (6)
u=0 on Of.

Proposition 2 (Boundary regularity). Let u € C(Q) be a viscosity solution to
(6). Suppose Assumptions A1 and A2 are in force. Then there exists a Hélder
continuous function H : B?/Q — R4 and constants a = a(d,\,A) € (0,1)
and C = C(d,\, A, K) > 0 such that

F(H,Du)=0 on B(l)/g,

and

H(xo)(x — zq) - (x — x0)

5 < Clz — zo*™,

u(z) — u(xo) — Du(xo) - (x — o) —
for every x € Bf, and zg € B?/Q. Moreover,
18l g () < € Ml

In the former proposition, H represents the Hessian of u. For a proof of
Proposition 2, we refer the reader to [27, Theorem 1.2]. The next proposition
extends the Hessian regularity obtained above to a §-neighbourhood of 9€2. To
be more precise, let 0 < § < 1; we define Q5 C  as

Qs :={z € Q : dist(z,00) < d}.

Proposition 3 (Interior regularity near the boundary). Let u € C(£2) be an
LP-viscosity solution to (6). Suppose Assumptions A1, A2, A3, and A5 are in
force. Then there exist universal constants o € (0,1), and C > 0, such that
u € C?%(Qys) and

HUcha(Qé) < CHQHLw(aQ)-

Here, 0 < § < 1 depends on universal constants, the boundary 052, and wg on
a ball Bg C S(d), with universal radius R > 0 depending also on OS).

For the proof of Proposition 3, we refer the reader to [27, Theorem 1.3]. We
conclude this section by collecting definitions and notation used in the study of

Sobolev boundary regularity (see [3, Chapter 7]; see also [22, Definition 4]).



A paraboloid of opening M > 0 is a function of the form
1 2
Py (z) :=4(z) £ §M |x]”,
where ¢(-) is an affine function. The choice of sign determines whether P is
concave or convex.

Definition 3. Let U C 2 be an open subset, and take 0 < p < diam(O)/m. For
M >0, define
G (u,U) =Gy (U)

as the set of all points z € U for which there exists a concave paraboloid Py

satisfying
1. u(z) = Py (2);
2. uw(x) > Py(z) for all x € B,(z), with x # .

Also, set
Gur(u,U) = Gy (U)

as the set of all points z € U for which there exists a convex paraboloid Py

satisfying
1. u(z) = Py (2);
2. w(z) < Py(z) for all x € B,(z), with x # z.

Finally

Gu(U) =Gy (U) NGu(U).

We also define
Ay (U):=U\Gy(U)

Ay(U) :=U\Gu(U)

and

AM(U) =U \ GM(U).

Using this notation, the opening function associated with v € C(Q), with
respect to the subset B C €, is denoted with ©(z, B) : B — [0, +o0] and given
by

O(u,B)(z) :=inf{M |z € Gy (B)} € [0,00], x€ B. (7)

10



The integrability of © is equivalent to the regularity of w in Sobolev spaces.
Hence, we recall the distribution function of © in a set B, denoted with pg and
given by

pe(t) :={z € B|O(z) > t}].

For completeness, we recall a lemma relating the integrability of © with the

summability of its distribution function ueg.

Lemma 1. Let © be defined as in (7) and set B := Q. Fiz constants n > 0 and
M > 1. For 0 < p < oo, we have © € LP(Q) if, and only if,

S = ZMpku@(an) < 00
k>1

In the case S is finite, we also have
c7S < 1O1175q) < C Q1+ 5),

for some constant C > 0, depending only on n, M and p.

As a consequence, the p-integrability of © amounts to the analysis of the
summability of MP¥ | A, (B)|. Lastly, recall the definition of mazimal function
associated with an element f € L} (R%); it is defined by

M) (@) = sup o5 / y)| dy.

r>0

We use elementary properties of the maximal function. Namely, that it is an
operator of weak type (1,1) and of strong type (p,p), for 1 < p < oo. That is,
there exists C' > 0 such that

[{z e RY| M(f) >t}|<*||f”L1Rd)’

for all t > 0 and
MO o wey < C Il pogay s

for every 1 < p < co. In what follows, we discuss scaling properties of (2).

11



2.3 Scaling properties

Let u € C(2) be a viscosity solution to (2) and define w € C(Q) as

for some 0 < r <1 and K > 0. A simple computation ensures that @ solves

min (Fy (D7, DT, 2), F>(D*T, D,7)) < |||, 0

and
max (F(D*u, D, z), F2(D*u, Du, z)) > — H?HLW(Q)
where ) X X
J— T .
F,(M,p,z):= ?FZ (7"2M’ gl Tx) , fori=1,2,
and

— r2
flz) = Ef(m)-
Clearly, F'; satisfies the structural condition in Assumption A2. By taking r = 1
and K = 1+ [Jul| o (o) + || fl| L (), We suppose u to be a normalized viscosity
solution to (2) and || f|| = (q) to be as small as required.

Finally, standard covering arguments build upon Assumption Al, allowing
us to consider Q = B and to study the boundary regularity along the flat

boundary BY. For simplicity, we set 2 = Bfr in the sequel. When dealing with

+
14vd
notation [3, 31]. The next section concerns approximation methods.

estimates in Sobolev spaces, we consider 2 = B to fine-tune with the usual

3 Approximation methods

In this section, we establish an approximation lemma under Assumptions A3
and A5. Namely, requiring the limiting operator F' to be locally uniformly close
to F; and to be differentiable with respect to the Hessian of solutions.

This result ensures that solutions to (2) can be arbitrarily approximated by
C%“_regular functions near the boundary 02, with estimates. More precisely,
it guarantees the existence of a function h € C?%(£s) approximating v in the
L*-norm, for some small 0 < § < 1, depending on the dimension, A, A and 9f).
It is instrumental in examining Sobolev boundary regularity for the solutions
to (2). This is the content of Proposition 4.

12



Afterwards, we remove Assumption 5 and work under Assumptions A2 and
A4. That is, we suppose F; and F are close to a merely (A, A)-elliptic operator
F. However, such closeness is uniform with respect to the matrix entry. In
this setting, we obtain an approximation lemma involving functions satisfying
a O%“regularity estimate along the boundary 9. The approximation regimes
in Proposition 4 and Corollary 1 are used in the proofs of Theorems 2 and 1,

respectively.

Remark 2. As mentioned, we use standard flattening, covering and rescaling

+
14vVd’
Qs we localize the arguments in the set B?Q\/E x (0,0). Because the boundary

arguments to replace 2 with B Moreover, instead of obtaining results in
data is C%“-regular, we can suppose g is identically zero. Then we define, for
K = 6/(14V/d), the rescaling

(', xq) = u(2', Kxg).

Notice w solves the same inequalities as u with F;, F' and f replaced with
Fy(M) = K2Fy(K—2M), F(M) = K2F(K~2M) and f(z2',z4) = K2f(a2', Kxq).
Note all the relevant assumptions still hold, since ¢ is a universal constant. Thus
we transform the set Bf4\/a x (0,9) into B?4\/E x (0,14+/d). From now on, to
ease notation, we set  := 314\/3 x (0,14+/d).

Proposition 4 (Approximation Lemma I). Let w € C(B;) be a normalized
viscosity solution to (2)-(3). Suppose Assumptions A1-A3 and A5 are in force.
Then there exists a function h € C**(B and ¢ € C(B1+2\/E) such that

* ; +
u—h e S*(p) mBm\/E,

)
12Vd

17l o (555) < C||UHL<>c(Bi4\/Ex(0,14\/E))7
and
_ vy
=Rl + leliass < C (K + 1fl s xoasvan)

for some universal exponents a,y € (0,1).

Proof. Let h e C (Bj; \/E) be the viscosity solution to the problem

2 _ : +
{F(D h,Dh)=0 in Blgﬂ
h=u on 8B13\/E.

13



It follows from Proposition 3, rescaled accordingly, that h € 6'2’0‘(Bl+2 d)7 for

some universal a € (0,1). Since u € S*(f), we have u € CO’B(BE\/E) with

[l

cosor ) <C (llm + 1la(s: y)-

Therefore we also have, by [3, Proposition 4.13],

e (R Ly =l CEN Ty §

where 0 < a < [ are universal constants. Let 0 < # < 1; since u — h = 0 on

8BI3\/&’ for every x € aBgﬁ_e one gets
u—nh)(z) <0%|u—~h .
(u—h)(z) <6 ||Co,a(31+m>

Hence
u—nh <CO*11+||f ) . 8
| ”L (835\/379) < | ”Ld(BL\/E) ®)

For fixed ¢ € B1+3\/379’ there are two possibilities. Either By /o (xq) C BE\/E
or there exists a point 2y € B13\/E—9 such that zy € Bj/Q(zo). In any case,
Proposition 3 applied to h — h(x¢) in Bg/z(x0) yields

02| D*h(x <C€‘*(1+ )
[D*h(z)|| < ||f||Ld(Bl+M)

Using the closeness regime in Assumption A3, one gets

|[Fi(M,p,x) — F(M,p)| < k(1 + [p[ +[M]); (9)
the former inequality combined with and F(D?h, Dh) = 0, produces

(D), D), a)| < 002 (14 o y)- (10
14vd

Therefore, we conclude the inequalities

min (Fy(D?h, Dh, ), Fy(D2h, Dh,z)) < C6°~2k (1 + 1. (Bfm)>

max (Fy(D?h, Dh, x), F3(D?*h, Dh,z)) > —C6*~ 2k <1 + 11, (5; ))

14Vd

14



hold in the classical sense. Hence u — h € S*(p) in B -, with

12v/d’

< +CH* %k (1 + ) .
||90||Ld(Bl+M) HfIILd(BjM) IIfHLd<Bl+M)
Combining this with (8) and using the ABP, we get

= Al g+ Wollseqos, < 08 (14 15y )

n Oea—2,§ (1 + Hf“Ld (BL\/H))
sy

By choosing §? < k and setting v := /2 completes the proof. O

4 )

- J

Fig. 2: Proposition 4 profits from the estimates in Proposition 3. Indeed, the approx-
imating function h solves a PDE with C%* estimates in a d-vicinity of 9. Therefore,
if we focus on points zo € Q or in z; € Qs, then h € C** (92s) with estimates. This
idea unlocks the proof of Proposition 3.

By replacing the Assumption A3 with A4 in Proposition 4, the inequality in
(9) becomes

for every M € S(d), p € RY, z € Bf, and every i = 1,2. Hence, a simpli-
fied version of the proof of Proposition 4 produces the following approximation

result.

15



Corollary 1 (Approximation Lemma II). Let u € C(B]) be a normalized
viscosity solution to (2)-(3). Suppose Assumptions A1, A2, and A4 are in force.
Then for every e > 0 there exists T > 0 such that, if A4 holds for such a T > 0,
one finds a function h € CQ’O‘(B?/2) satisfying

e () < € Il
and
— <
|u h||Loo(Bl+/2) Se
In the next section, an application of Corollary 1 unlocks the proof of The-
orem 1.
4 Boundary regularity in C'*°8~MP_gpaces

In the sequel, we detail the proof of Theorem 1.

Proof of Theorem 1. We prove the theorem for 2o € BY fixed, though arbitrary.

For simplicity, we let g = 0. We split the argument into three steps.

Step 1 - We prove the existence of a universal constant 0 < p < 1 and of
sequences (an)neny C R and (M,,)nen C R¥? such that

Jan — ansa] < OO, (1)
|My — My < C, (12)

and
sup ’u(O) —apTq — be’jmixj‘ < PQna (13)

xEB;
for every n € N. As usual, we resort to an induction argument. The next step

accounts for the base case.

Step 2 - Set a9 = 0 and My = 0. Let h be the function from Corollary
1, satisfying a 7-proximity regime with respect to u in B;)r/ 4 Because of the

boundary regularity available for h, we infer there exists C' > 0 such that

1
sup |h(0) = Dh(0) - @ — 5 D*h(0)z - x| < Cp**, (14)

mEBi
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where a € (0,1) depends only on the dimension, A and A. Notice the only non-

trivial coordinate in Dh(0) is the d-th one, since h = 0 on B§/4. Now, Corollary

1 builds upon (14) in the usual way to ensure
[

u(z) — Dh(0) - = + §D h(0)z - x

sup < Cr + Cp*te,

xEBi

Define 7 and p as

(7 0 (LY
T = 50 an pi= 2C .

Take a; = Dh(0)-e4 and 2M; := D?h(0); the former computation ensures (13).
The universal estimates available for h ensure (11)-(12) also hold, and the base

case follows. The next step concludes the induction argument.

Step 3 - Suppose we have established (11)-(13) for n = 1,..., k. Define uy :
Bf - Ras
_u(ptx) — apptr — p** Mya -

up(x) == e

Notice that uy satisfies
min (Flk(Dzuk,Duk,xLFQI‘J(D2uk,Duk7m)) <|fl in B
and
max (Flk(D2uk, Duy, ), F¥(D*uy,, Duy, z))>—|f] in B,

where
sz(M,p,I) = F’L(M + ]\4kapkp+ ar€q + PkMk : LE,-T)-

Since Assumption 3 holds uniformly for Fj, it also holds for F¥. Therefore,
the argument in the previous step ensures the existence of a real number a; and
a matrix M 1 such that

sup < p?

xeB;

1 -
ug(x) — agrg — §ka -z

Scaling back to the unit picture, we obtain

1
u(x) — g2 — = Mypia - x| < pPEHD) (15)

sup 5

Z'GB/J]H,l

17



where
Ak+1 = ap + pkdk and Mk+1 = M, + Mk.

Gathering (15) and the definitions of ap41 and Mjy4q, one verifies (11)-(13)
at the level k 4+ 1 and completes the induction argument. Once (11)-(13) are
available, the proof of the theorem follows from straightforward computations
(e.g., [24, p. 1398]). O

5 Sobolev estimates up to the boundary

In the sequel, we present the proof of Theorem 2. In line with Remark 2, we set
Q= BE va throughout this section. We start with a boundary variant of Lin’s
L*-estimate for the solutions to (2)-(3), as established in [31, Proposition 2.12].
See also [18], for the original argument in the linear case, and [3, Proposition

7.4] for the fully nonlinear elliptic setting.

Proposition 5. Let u € O(B;L\/E) be a wiscosity solution to (2)-(3). Suppose
Assumptions A1 and A2 are in force. Suppose further that f € L”(B;l\/a) .
Then there exist universal constants > 0 and C' > 0 such that

D?u|"d <0( >
BTM} ul" dz < IIUHLOO(BLJE)+||fHLd(Bl+M)

The proof of Proposition 5 follows from the very same argument as in the
proof of [31, Proposition 2.12]. We note the former result is stated in [31] for
the class S(f). However, a close inspection of the proof reveals that it holds
for the class S*(f). We notice Proposition 5 implies an upper bound for the
measure of the sets A, in terms of ¢t > 0. Indeed, it unlocks a decrease rate for

the measure of those sets. This is the content of the next proposition.

e . * . +
Proposition 6. Let u € S*(f) in Bl,va

ized. Suppose Assumptions A1, A2, A3 and A5 are in force. Then there exist

CcQcC R‘j_ and suppose u is normal-

universal constants C, > 0 such that, if || f||r) < 1, we get
|A(u, Q) N ((QF) +zo)| < Ct+ (16)

+
for any xg € Bg\/é'

As usual, once Proposition 6 is available, we resort to an approximation
lemma (Proposition 4) to improve the decay rate in (16). We start by refining
the bound on |Gy (w)|.
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Lemma 2. Let u € C(B;;f) be a viscosity solution to (2)-(3). Let o € (0,1)
be fized, though arbitrary. Suppose Assumptions A1, A2, A8 and A5 are in

force. Suppose further f € LP(BT If there exists ©q € BT ~ such that

14Vd )- 9vd

Gl(an) N (Q; + .’IJO) 7é ®7
then one can find a universal constant M > 1 such that
|G (u, )N (QF + )| >1—0,

+
for every x € Bg\/a'

Proof. Let
u—L

C
where L = a + b - x is an affine function and C is taken sufficiently large such
that |||/~ <1 and

ﬂ/:

—|z* <a(z) < |z)*  in B+I\Bl2\f
Let Fi(M,p,z) = C~'F;(CM,Cp + Cb, ), F(M,p) = C~'F(CM,Cp + Cb)
and f = C~1f. The rescaled data satisfy Assumptions A2, A3 and A5, with
the same constants. Also, @ solves the inequalities in (2) driven by the rescaled
data.

As in the proof of Proposition 4, let h be the solution of

2 _ +
{F(D~h, Dh)=0 in B - va
h=1u on 5‘B13f

The maximum principle ensures that

h < l|lu <1.
An application of Proposition 3 ensures the existence of a universal constant
C1 > 0 such that

il ) < Cr.

o2 a( 12Vd

Hence,
Ay (h B, 7) =0,
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for N := 2C. Extend h continuously such that h = @ outside B;rg\/g and

1M (o) =1 e (5, )

Hence ||t — h|| () < 2, and
—2—|z]2 < h(z) <2+ x> in Q\Bm\f

These estimates imply

AMU (hv Q) N (QT) =0

for some universal My > 0. Set w := u — h and resort to Proposition 4 to

conclude

Il sy + 12l (0

2vd

) SO +gllLa) < Cr7,

with w € S*(p) in BY, It follows that

12vd"

w < ||lw < Cr".
Finally, observe that @ = (CkY) 1w satisfies the assumptions of Proposition 6;
then we obtain, for ¢ > 1,

’At mQ+)<0t "

14f

where C' > 0 is a universal constant. Noting that Asps, (@) C (A, (w) U Apg, (h)),
and using the scaling properties of A;, we get

]AWO (@ B}, )0 Qﬂ < CrMY MY
To complete the proof, notice Agpy, (4, B14f) = Ascn, (u, 14\[) let M =
2C' My and choose 0 < k < 1 sufficiently small. O

Once again, for the sake of completeness, we recall the consequence of the
so-called Calderon-Zygmund cube decomposition. Let Q1 be the unit cube and
split it dyadically and successively, calling Q a predecessor of Q if we obtain Q

from the splitting of Q. The following lemma is pivotal in our analysis.

Lemma 3 (Corollary to the Calderon-Zygmund cube decomposition). Let A C
B C Q1 be measurable sets. Let 0 < o < 1 be such that

20



1. |A] <6

2. If Q is a dyadic cube such that |ANQ| > o|Q|, then Q C B.
Then |A| < o|B].

For the proof of Lemma 3, we refer the reader to [3, Lemma 4.2].

Proposition 7. Let u € C(BL\/E) be a viscosity solution to (2)-(3). Let o €
(0,1) be fized, though arbitrary. Suppose Assumptions A1, A2, A3 and A5 are
in force. Suppose further f € L”(B::1 d). Set

A=Ay (u, B;;\/E) N Qf

Bi= (A (B, o) nQ@D U { e @f + M () = (Com*)'}.

14
Then |A| < o|B|, where M > 1 is universal.

Proof. We resort to Lemma 3. Notice A C B C Qf and, from Lemma 2, we
conclude [A| <o < 1.

We aim to establish that dyadic cubes with |[A N Q| > o|Q| must satisfy
Q C B. Consider a generic dyadic cube Q = QT/T + z¢ for some i € N and xy,
and consider its predecessor Q = QT/Q,;_l + Zp.

Assume that @ satisfies

|AOQ|: ‘AMk+1 (U,BM\/E)QQ| >O’|C2|7 (17)
however Q ¢ B. In this case, there exists x; € Q \ B. It means that

r1 € @ﬂGMk (u,B+

hoa) and M (F) () < (CoMM)". (1)

Now, we distinguish two cases depending on the distance from z( to {x4 = 0}.
If |zo — 2f| < £+/d, we consider L(y) = z{, + 2"y and define

22i
a(y) = 5 uLy),

~ 1 21
RXop) = e (M5, T L))

- 1 2
F(X,p) = WF (MkX’ Mkp> >
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and

Fly) o= o F (L)

Since Q C Q7 implies By e (zh) C BT

v we have that @ solves

min (Fl(Dzﬂ,Dd,x),FQ(D2ﬂ,Da,x)) <|fw)| B

max (FN'l(DQq],Dd,x),FQ(D2ﬂ,Dﬂ, x)) > —|f(z)] in B;L\/&’

with ¢ =0 on 314\/8’ and the same assumptions as before.
Note that from (18) we have
d

- 9t
|7 <z (/ () da:) < C(d)Co < &
Ld(BEﬁ) MF Quovayoi (1)

for Cy sufficiently small. Here we used the fact that B;;\/g/y (@0) C Quavayo:(®1)-
From (18) it also follows that

Gi(a, L7H (B, =) N (Q3 + 2 (20 — () # 0

From |z — 2| < 272Vd we get [2'(4p — 2})| < 9v/d. Hence, the assumptions

of Lemma 2 are in force. Therefore,
‘GM (LB, ) N (QF +2'(wo - xg))‘ >1-o.
Rescaling back to u, we get

Gane (u, B}, 2) NQ| = (1= o)1l

which contradicts (17).
On the other hand, if |zg — 2| > &+/d we conclude

B (o +27""teq) C BY .

+
8vV/d /21

Now, we use instead the transformation L(y) = (zo+27""teq) +27%y. Proceed-
ing exactly as in the first case, we evoke [3, Lemma 7.11] instead of Lemma 2

and complete the proof. O

Proof of Theorem 2. Let 0 < k < 1 be the same as Lemma 2. Fix g9 > 0 to
be set further. Let M > 0 and Cy > 0 be the same as in Lemma 7, and choose

22



o= (2MP)~1. We define

)

ap = ‘AMk (ﬂ,BEﬁ) QQT

Bri= {2 e QF 1M (1) (@) = (Com*) "}

An application of Proposition 7 yields ajq1 < o(ag + Bk); thus
ap <ef+ > ot B (19)

Using the fact that M(f?) is of strong-type (p,p) for 1 < p < oo, and the
integrability of f, we get

1M ()5 0y < CED 7, 5 0y = Cl) £ ) < Cldo)

By Lemma 1 we get

S M5, < O(d.p) (20)

k>0
The choice of o, together with (19) and (20), implies
S MR, <> ok (Y Mg | [>T MPRERR | < o(d,p)
E>0 k>0 k>0 k>0

By Lemma 1 again, we conclude
2
1D*ul (51 y < Old:p. M)

as intended, and the proof is complete. O

Remark 3 (BMO-estimates and C'!-M°8~LiP_regularity). In case p = 0o, our ar-
guments imply that u € WZBMO(BT/Q). As a consequence, u € Cl’Log*Lip(Bfr/Q),

with estimates; see, for instance [8]. It means that for every xg € BT/Q there
exists C' > 0 such that

sup |u(z) — u(zo) — Du(wo) - (x — 20)| < Cr¥ln ,
z€B,(z0) |$ - 330‘

and the constant does not depend on the distance dist(zg, 992). We notice that
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imposing a differentiability condition on the limiting profile F' improves the
regularity available under merely uniform ellipticity conditions on the limiting

operator. See [25].

Remark 4 (Regularity in W!9-spaces and potential estimates). If d/2 < pg <
p < d, it is well-known that W2P-regularity estimates are no longer available for
the solutions to (2). However, Proposition 4 builds upon the arguments in [30],
under minor adjustments, to yield estimates in W !9-spaces. Here, the exponent
q > 1 can be chosen arbitrarily under the constraint
. dp
< = ,
¢<pi= g
with d* := oo. To obtain estimates in the borderline case ¢ = oo, one may resort

to the machinery of potential estimates, as put forward in [10].
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