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Abstract

Understanding the mechanisms underlying tumor metastasis is critical for designing ef-
fective anti-tumor therapies. This article focuses on the modeling and numerical analysis of
cell migration by chemical signals and interstitial flow, two crucial factors in tumor metas-
tasis. We consider a nonlinear Keller-Segel model that includes an elliptic equation based
on Darcy’s law for fluid flow. We propose a fully discrete method that combines an implicit-
explicit method in time with a finite difference method in space. We establish the method’s
second-order superconvergence in space in a discrete H'-norm, optimal first-order conver-
gence in time in a discrete L?-norm, and local nonlinear stability. Numerical simulations
confirm the sharpness of the error analysis. We also look into the model’s ability to repro-
duce laboratory experiments on the effects of flow and chemotaxis on tumor cell migration.

Keywords: Tumour cell migration; Keller-Segel-Flow model; Numerical analysis; Optimal
error estimates; Numerical simulation.

1 Introduction

Let us consider = (0,1)? and define in © x (0, T] the nonlinear elliptic-parabolic system

% + V- (¢(Vee, e, V)ep) = V - (Dy(cpy cc)Vey) + fcs o), (1)
% + V- ((Vp)ee) =V - (De(ep, ce)Vee) + g(ew, ce), (2)
— V- (Dy(cp, cc)Vp) = q(cp, Ce, D), (3)

with initial conditions
cb(xvyvo) :cb,O(x7y)7 Cc(.’IJ,y,O) :Cc,0<$7y)7 p(xayvo) :p(](x?y)a (x')y) e Qa (4)
and the Dirichlet boundary conditions

cb(x,y,t) = Cc($7y7t) = Ov 00 x (OaT]7
p(xayat) :p1(1:,y,t), Fl X (OaT]7 (5)
p(l‘aya t) :pz(l’,y,t), FZ X (OaT]v
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with fl UFQ =0Qand 'y NTy = 0.
In (1)-(3), ¢: R* - R, f,g: R* 5 R, Dy, D,, and D,, are diagonal matrices depending on ¢,
and c.

| Dp11(cp, ce) 0 2 -
Db(cb,cc) = [ 0 Db,22(0b70c) , Dbm R*—=R,2=1,2, (6)

with analogous meaning for D, and D,, and

¢(VCC,CC, VP) = [ZIE%}B‘:’EC %p)] ) ¢Z : R3 —R,i=1,2, (7)
y 0 GO
Yi(38) 2 :
v o) g R2 SR, i=1,2.
¥(Vp) [%(85)] (G —-R,i=1,2 (8)

The seminal 1970s Keller-Segel model is a particular case of the generic equations (1)-(2).
This model describes how cell density ¢, evolves under the influence of chemical signal concen-
tration c., a process called autologous chemotaxis. Over the years, researchers have adapted the
Keller-Segel model to describe various biological processes, and we refer to [1] for a comprehen-
sive overview of these variations.

Our focus is on biological processes where convective flow plays an important role. Specif-
ically, we investigate the migration of tumor cells under interstitial flow. The interstitial flow
is the fluid motion through the porous extracellular matrix (ECM) driven by the pressure gra-
dient between surrounding blood and lymphatic capillaries. In this context, Darcy’s equation
(3) governs the pressure field p, where D), represents the ECM’s permeability and ¢ describes
fluid exchanges between capillaries and the ECM. The function ¢(Vee, ce, Vp) in equation (1)
describes the cells’ sensitivity to interstitial flow and chemical concentration, while ¢ (Vp) in
equation (2) governs the chemical sensitivity to interstitial flow. Moreover, in equation (1),
Dy and f represent cells’ diffusivity and growth/death rates, respectively. In equation (2), D,
governs the chemical signal’s diffusivity, and g describes its production/degradation rates.

Recent studies have investigated how interstitial flow affects tumor cell dynamics. In [27],
the authors use a multiphase cell migration model to study how ECM heterogeneities influence a
tumor’s metastatic propensity. In [22], the authors define a mechanobiological model to analyze
the mechanical factors that drive cell migration, and in [16], the focus is on how a growing tumor
responds to combination chemotherapy. In the experimental section of this article, we emphasize
the interaction between ECM, interstitial flow, and chemical signal. We train a particular version
of the model (1)-(5) to reproduce in vitro tumor cell migration results reported in [24].

We also focus on the convergence analysis of a fully discrete scheme for the Keller-Segel-
Flow system (1)-(5). While previous studies (e.g., [17, 6, 8, 25, 28, 9, 10, 4, 3]) have explored
the numerical discretization of Keller-Segel-Flow systems, many lack a theoretical numerical
analysis. Exceptions include [25, 9, 10], [28], and [4], which provide error estimates for implicit-
explicit (IMEX) time schemes combined with different spatial discretizations: finite element,
discontinuous Galerkin, and a mixed finite volume-finite element approach. Here, the proposed
fully discrete method for (1)-(5) combines finite difference in space with an IMEX scheme in
time that handles the nonlinear and coupled terms. We add to the literature by establishing a
sharp (with respect to solution regularity) second-order superconvergence estimate in space in
a discrete H'-norm. The proof is based on the Bramble-Hilbert lemma, avoiding the classical
truncation error bound. Additionally, we provide an optimal first-order convergence estimate in



time in a discrete L?-norm. This work builds on the analysis of elliptic equations presented in
[13, 2] and followed, e.g., in [11, 12] for parabolic equations motivated by enhanced drug delivery.

We organize the paper as follows. In Section 2, we introduce the semidiscrete finite differ-
ence method (FDM) for (1)-(5) and establish its convergence and stability. Section 3 extends
the analysis to the fully discrete scheme, combining FDM with implicit-explicit (IMEX) time
integration. Section 4 focuses on numerical experiments. We present examples that confirm
the theoretical error analysis and use system (1)-(5) to model in vitro tumor cell migration
experiments. Section 5 concludes.

2 Semidiscrete FDM

Let A be a sequence of vectors H = (h, k), h = (h1,ha,...,hn), k = (k1, ko, ..., kpr), with h; >
N M

0,i=1,...,N, kj,j=1,...,M,suchthat Y hi =Y k; =1, and Hpae = max{hmaz, kmazr} —
i=1 j=1
0, where hpgr = max h;i, being k4. defined analogously.
i=1,...,

We define the nonuniform finite difference grid

Qp ={(ziy;): i =zici+hi, Yy  =yj—1+kj},
i=1,..., N j=1,....M

with 2o =90 =0, 2y =yyr = 1. Weset Qi = Qg NQ and 00y = Qg NON. Let Vi be the set
of grid functions defined in Qz and let V0 be the subset of grid functions in Vg that are null
on 0Qy.

The proposed finite difference method (FDM) for system (1)-(5) is given by: find ¢ i (%),
e, (t) € Vo and py(t) € Vi, such that, for ¢ € (0,7]

() + Veu - (bu(t)enu(t)) = Vip - (Dou(t)Vacyu(t)) + fu(t),
con(t) +Ver - Wu(t)cen(t) =V (Dea(t)Vacen(t)) + gu(t), (
— Vi - (Dpa(t)Vapu(t)) = qu(t), (

—_ =~
- o ©
NN Nl

with initial conditions (4) and boundary conditions (5).

Remark 1 In (9)-(11), we consider the operators Vg = (D_y,D_y), Vi = (D3, Dy), and
Ve = (Degs Dey) with

wp (Tig1,y5) — wa(Ti-1,y;)
hi + hiy1

wi (i, yj) — wg (Tio1, ;)
h; ’

D—acuH(xhyj) = Dc,zuH<xi7yj) - )

ug (Tiy1, ;) — w2, yj)
hiv1/2

D;UH(xl)yj) = y
where hiy /9 = %(hHl + h;) and with the y-direction operators D_,, D.,, and Dy, analogously
defined. We also define

Dy (Mpcp a(t), Myce,m(t)) 0

Db,H(t) - 0 Db,22 (Mka,H(t)a Mkcc,H (t)) ’ (12)



where
wp (i, yj) + um(Ti-1,Y;5)
5 ;
and with the y-direction operator My, analogously defined. The operators D p(t) and Dy p(t)
are equivalently defined.
We also have

Mpup(xi,y;) = (13)

_ | ¢1(Dreeu(t), ce,u(t), Dnpu(t)) g _ [wl(thH(t))} g
o (t) = Go(Dyce,u(t), ce,u(t), Dppu(t))| vr(t) = Ya(Dipu(t))| (14)
huH(xu yj) = hi + hi-i—l D—IUH(wz+1a y]) + hi + hi—i—l D—ﬂiuH((Eu Z/J),

and with the y-direction operator Dy analogously defined. Set also fr(t) = f(cou(t),ceu(t)),
and analogously for gi(t) and qm(t).

2.1 Auxiliary results

Let us define the inner product

(wm,wi)m =Y, hapyekiepun (@, y)wi (w0, ;) (15)
(Ii,yj)GQH

for ugr, vy € Vo, with ||.||g the induced norm. Write

N M-1

(wr, wi)e = Y hikjia o (i, y5)wa (26, y5),
i=1 j—1

and set |lug|? = (um, un)y,. Analogously define (up,wpr)y and |Jugl|y, and consider
(ug,wh) = (up1, wa)e + (W2, WH2)y, (16)
and ||ug||?, with obvious meaning. We have

IVaur)? = |D-sunl + | D-yunll

= (D—qu7 D—:(:UH):U + (D—yuH7 D—yuH)y7

and denote by ||.||1,z the discrete H!(2)-norm

lurlli g = llunlfr + IVaunl?,  wm € Vi (17)

Proposition 1 (Discrete Poincaré inequality) It holds that
1
lunllr < SIVaunll,  Yun € Vio. (18)

Proof: Note that ug(z;,y;) = Zin:l hin D _pug (Tm, yj)-



The next propositions follow by using summation by parts and some straightforward calcu-
lations.

Proposition 2 For the diagonal matriz Dy g (t) in (9) (or De u(t) or Dy p(t)), we have
(Vi - (Dou(t)Vaug),wy)n = —(Dpa(t)Veug, Vawy), Ywy(t) € Vip.
[

Proposition 3 Consider w1, wm2 € Vi, define Wy = (wg 1, wH,2), and recall the definition
of (+,) (16). We set

(Mg(Wg),Wy) = (Mywn1,waa)e + (Mywr2, WH2) H],
with My, My, as defined in (13). It holds
(Verw W, we)g = —(Mg(Wr),Vewn), Ywy € Vhyp.
=

Using Propositions 2 and 3, we rewrite the FDM (9)-(11) in a form suitable for the upcoming
convergence analysis. It reads: find ¢, g (t), cou(t) € Vo and pu(t) € Vu, such that, for
t € (0,T]

((ch (), wo,m) i — (Mp(dm(t)en 11 (8)), Virwn ) =
— (Dy,a(t)Vaeru(t), Vawsg) + (fa(t), wsm)m,  (19)

(cen®),werm)m — (Mu(Yut)ceu(t)), Vawe ) =
— (De,g(t)Vacen(t), VeEwer) + (9 (t), wern)m,  (20)
| (Dp,ur (6)V P (), VHwp.H) = (qu (1), wp,H)H, (21)

for wp, i, We,nr, wp. g € Vi -
In the next section, we present our main result (Theorem 1), which states the second-order
superconvergence of the FDM (9)-(11) in the discrete H'-norm (17).

2.2 Convergence analysis

Let (cp, e, p) be a solution of the Keller-Segel-Flow system (1)-(5) and (¢p i, Ce,ir, PH) an ap-
proximation obtained by the FDM (9)-(11). We consider the numerical error

Eb,H(t) = Cb(t) - Cb7H(t),t S [O,T],
with analogous meaning for E. g (t) and E, g (t).

Remark 2 (Regularity assumptions) We make the following assumptions on the nonuni-
form finite difference grid Qg and the coefficient functions of the Keller-Segel-Flow system

(1)-(5).



(I) Let H be the family of finite difference grids, H = (h, k) € A, with Hy,q = mazx{hmaz, kmaz }
and Hypin, = min{hmin, kmin } With hypin = min__h; being kyin defined analogously. There
exists Cy such that o

H
mazx < Cg;
Hmin

(II) The functions {Dyi;}i=12 (6) are Lipschitz with constant Lp,, there exists Dy such that
Dy i > Dpo >0, and Dy;; € W3°(Q) (analogously for D. and D,);

(II1) The functions {¢;}i—1,2 (7) are Lipschitz with constant Ly, there exists Cy such that |¢;| <
Cy, and (61(8)cs(t), éa(t)es(t)) € [HP(Q)] (analogously for v (8));

(IV) The function f is Lipschitz with constant Ly and f(t) = f(cp(t), cc(t)) € H*(Q) (analo-
gously for g and q).

Similar assumptions regarding the mesh (quasi-uniformity) and the coefficient functions are
common in the literature, particularly in the analysis of coupled nonlinear systems (see, e.g.,
[10, 4, 25, 3]). Here and hereafter, C and L, with or without subscripts, denote positive constants
independent of mesh parameters. Without loss of generality, the value of the constants may differ
at different occurrences.

If ¢: Q% [0,T] = IR, then, fort € [0,T], we use the notation c(t) : @ — R, with c(t)(z,y) =

, _ : j
c(z,y,t). Analogously, for t € [0,T], ¢ (t) : @ — R, is given by V) (t)(z,y) = 0 C(az,y,t),

, T oot
jeN.
Proposition 4 (Estimate for Ey g (t)) Assume that the assumptions of Remark 2 hold. If
cp(t), ce(t), p(t) € H3(Q) and cj(t) € H*(S), then
d 2 2 2
g1 Ev i Ol + (Doo = )l Vi B (1)l

1
< gCg%HCb(t)II?JO@)(HE@H@)II%,H + IV Epu(0)])
b

1
+ 5 (Coll Bo,n (DIl + Ly lles(t) e ) (1 Bt (D117 + 1 B ()1 7))
b

+ L1 Eo.r )l + | Ee,r O ) |1 Bo 1 () | + To 1 (2), (22)

with €, # 0, and

Th,11(t) = CHpoo (1 f (D1 20y + b (0)Ir2() + o lFgay + llec® sy + 2010
T 16Oz @z + leces®) Zaay + PO Zaiey) (23)
Proof: We split the proof into three steps. Step 1 involves the definition of a suitable
equation for Ej, ;(t) using the FDM with formulation (19)-(21) and the Keller-Segel-Flow sys-

tem (1)-(5). In Steps 2 and 3, we bound the equation obtained in Step 1 using the regularity
assumptions on Remark 2 and Bramble-Hilbert lemma.



Step 1. Taking in (19) wy g = Ep u(t), we get
(chm (), By (t)r — (Mp(dmt)eou(t), ViEyu(t)) =
— Do)V uera(t), VuEyu () + (fut), Bon(t)a.  (24)

On the other hand, from the Keller-Segel-Flow equation (1), we get

()i, Bor (8)) i + (V- (@) ew(t)) 115 Eo,rr (t)) 1 =
(V- (Dp(t)Ver(t) i Eom () g + () ms Eou(t))n, (25)

where, e.g.,

/ 1 Titijz [Yiti/2
(1) = TN N / / (x,y,t) dedy,
i+1/2Mj+1/2 Jai 10 Jy;_1)2

Let us define 51,, 1 (t) and ¢y () like in (12) and (14), but replacing the numerical approxi-
mations ¢ g (t), ce,m(t), pr(t) by cp(t), cc(t), p(t). Next, by adding and subtracting

(), Bor ()i, (Mu(dn(t)es(t), Vi By (L)),

(Dot (OVues(6), Vi Bou (1), (£, Bopr(8)
to (25), one gets

(1), Eo.ur (0) 1 — (Mu (Sr (£)es (1)), Vir Ep, (1)) =
4

— (Dot (8)Vrren(t), VerEo () + (fF(£), Borr (D) + Y Ty y(8),  (26)
/=1
where
T8 = —((V - (6()es(D))) 11, By (8)r — (Mt (S1(8)es (1)), Vir By s (1)),
T2 (1) = (V- (Do()Vey(t) 1, En i (8) 11 + (Dot (1) V rren(t), VirEp g (1))
T () = (FO) i = F(8), By (1))
T (1) = (1) — (), By (£)

Equations (24) and (26), yield

! iH Epri ()3 + (Do, )V Ep 5 (t), Vi By 1 (t)) = (M (61 () By (1)), Vi Ep 1 (1))

2dt
— (M (¢ (t) — du(t)es(t), VirEyr(t))
— ((Dy,p(t) — Dy (1)) Vaes(t), Vi Ey i (t))

4
+ (fu(t) = f(), Eom(t)m — ZT;,(?I (27)

(=1



Step 2. Here, we bound some terms in (27). From assumption Remark 2(II), we obtain

(Do, ()V 1 By, 11 (8), Vi B 11(t)) > Do ol |V erEp i (8|1, (28)
and
—((Dyp(t) — Dy (8))V rrey(t), Vi Ey g ()
< Lo, lles®)ller @y V21 Bor (Ol 1t + | Be,r ) [V Bo (D] (29)
Assumptions Remark 2(I) and Remark 2(I1), give
(M (¢u(t) By (1), VirEy 1 (t)) < V20| Byt ()| 5|V i By 1 (1)), (30)
and

— (Mu((@u(t) = S ()es(t)), VirEo, (1))
< Lolles(®)ll oy (2C + DUIVEEe g ()| + | Eea Oz + [V Ep # (@) IDIVaEpm ()]l (31)

Assumption Remark 2(IV), yields

(fu@®) = f@), Bou()n < Lyl Epu ()|l + |1 Eem (O 0| o ()| (32)
[
Step 3. Here, we estimate the terms Tb(?[(t), ¢=1,...,4,1in (27).
e For Tb(?l(t) and Tb(jg(t), lemma 5.7 in [13], gives
3
‘TI)(,IZI(t” < CH ool F ) 2 IV 1 B, (8], (33)
and A
T30 O < CHE ol 20 |V b1 B (D) (34)
[

e For Tb(?l(t), we have

TL(8) = (V- (S(Oes (D)) 11, Byt ()1 — (Mpr(3(t)ey(t)), Vi By a1 (1))
+ (Mp (d(t)ep(t)) — Mir (S (t)en(t)), Vi By (1))
=T)() + Toy (1),
and lemma 5.5 in [13], gives

T 0] < CHZl60(0) e IV Evrr ()] (3%)

Using Proposition 3 and definition (16) to expand Tb(12) (t), and applying afterward the Lip-
schitz assumption (Remark 2(III)) to ¢(t), we find that estimating Tb(12) (t) is equivalent to

estimate

Oce
2 hzk‘]-i—l/?(%(xlayjat) - Dhcc(xbyjat))cb(l'iayjat)D*be,H(xiayﬁt)v (36)
(z4,y5)€QH



dp
Z hi k]+1/2(8 (l"n Yj, ) - th(x’ia Yj, t))Cb(:Ei, Yj,s t)Dfbe,H(:L‘ia Yj,s t)?
(z3,y;)€QnH
and two analogous expressions in the y-direction. Because all these terms can be estimated
identically, we focus only on (36). However, we make use of this similarity in obvious steps.
Setting

oc
H(.’II@, Yj,s t) = (aig(mla Yj, t) - DhCC($i, Yj, t))Cb(.’L‘l, Yj,s t)?
one gets
> hikj1pl0(i,ys )| Do By (i, ;. 1)
(@i,y;)€QH

Yj+1/2
S Z hl‘k]+1/29($l7y]at) - / g(xiay’ t) dy“D*IEb,H(xhy]vtN
(z4,y;) € Yiz1/2
Yj+1/2

b e [0y 0l DBy ). (3T)
(%i,y;)EQH Yi-1/2

Following the proof of lemma 5.1 in [13], yields

Yjr1/2
Z hz|kj+1/2‘9(xlayj>t) - / 9(%7%75) dyHD*:BEb,H(xwy]vt)’

(zi,y;)EQH Yi-1/2
< CHpllcc®es Ol ms ) IVaE,m(®)]. (38)
On the other hand, for the second term on the right-hand side of (37), we have

Oce
0($iayj7t) = O (xlaij ) DhCC Tiy Yj, ))Cb(xuy]a )

Oc,

Gcc Tit1
(81' xlvy_w / a :L‘ »Yjs )dIE—(l— )/ ox (ZL‘,yj,t)de)Cb(l'i,yj,t),
with p = hijy1/(h; + hit1), which gives

Yi+1/2 1 Yi+1/2 Qe
/ 10(xi,y,t)| dy = hh/ |37(xi7y7t)(hz‘+hi+1)
Yj—1/2 i+ it 1/2

N 1
- p(CC('I’ia yat) - CC(xiflayat)) - E(Cc(xiJrl’yvt) - CC($i’ y7t))’|cb($ia Y, t)| dy7

with p = h;y1/h;. By applying the Bramble-Hilbert lemma to the functional A : W1(0,1) — IR
given by

;o1 . 1 1 1
= —_ — — = 1 —
A(v) U(1+p) P(U(lJmé) v(0)) ﬁ(v( ) v(1+ﬁ)),
with v(§) = ce(wi—1 + §(hi + hiy1),y,t), one gets

Yj+1/2

Z hl ‘a(x’laya t)|dy’D—$Eb,H(x“y]7t)|
(z:,y5)€QH Yi—1/2

< CHpalleo() | cogay e ()l s |V 1 B (1)]]- (39)



Combining (38),(39) for Tb(’12) (t) and (35) for Tb(’ll) (t), gives

15 (1)) < CHZ, 1, (16Ol a2 + les®llcogy (lee® L@y + 12 ()
+ llee()en(®) sy + P(E)es ()]s IIV i Eo s (£)]]- (40)

|
e For T\ (1), let Dy be like in (6), but with

Db,ll(cb(xia Yy, t)? CC($j, Yy, t)) = Db,ll(cb(xifl/Qu Yj, t)a CC(wifl/27 Yj, t))a
and analogously for ﬁbm. Adding and subtracting
(Do (t)V s (2), VaEyn(t)),

to Tb(2h)l (t), yields

T () = (V- (Do(t)V ey (8)) s Byt (1)) + (Do(t)Vires(t), Vit By (1)
— ((Do(t) = Dy (1) Vres(t)), VirEy (1),
=T (1) + T (1)

For Tb(21) (t), by lemma 5.1 in [13], we have

T2 (6)] < CH yllen() s )|V 12 B (). (41)

Using Proposition 3 and definition (16) to expand Tb%) (t), and applying afterward the Lip-

schitz assumption (Remark 2(II)) to Dy(t), we find that estimating 7, b(22) (t) is equivalent to

estimate

Z hikjy1y2(co(@io1/2, Y5, t) — Mucy(2is yj, t)) D—wcp(@i, yj, ) Doa By g (i, y5, ), (42)
(w1,y5)€QH

Z hikj—i-l/Q(CC(xi—l/Q) Yj, t) - MhCC(fEi, Yj, t))D_be(.’L'Z', Yi, t)D—z‘Eb,H(J:Z'y Y, t))
(z3,y;)€QH

and two analogous expressions in the y-direction. Because all these terms can be estimated
identically, we focus only on (42). However, we make use of this similarity in obvious steps.
Recalling, that Mpcy(xi,y;,t) = (ep(zi-1,y;,t) + cp(xi, yj,t)) /2, we bound

’cb(xifl/Za Yis t) - thb(xia Yjs t)|
by applying the Bramble-Hilbert lemma to the functional A : W21((0,1)?) — IR defined by

A(v) := v(%, 1) — %(U(Oa 1) +v(1,1)),

10



with v(§,v) = cp(xi—1 + &hi, yj—1 + vkj, 1), yielding
2
TR (1)) < CHZ o (len(®)ll 2y + llee®) | cy)lles )l ey IV 1 Eo. g (8- (43)
Combining (43) for Tb(;) (t) and (41) for T, b(’gl) (t), gives

TN (0] < CHZ g (len()l 0y
+ (leo(® |20 + llee® 2@ leo®) o e )V i Eo i ()] (44)

To finish the proof of Proposition 4, we collect estimates (33),(34),(40),(44) related with
Ty 1 (t), use (28)-(32) to bound (27), and multiple applications of Young’s inequality with e lead

to (23) and (22). It should be pointed out that taking into account the embedding of H3(Q2) in
C1(Q) then ¢(t) € CH(Q).

By adapting the proof of Proposition 4, one can derive the following propositions for E, j(t)
and Epﬁ(t).

Proposition 5 (Estimate for E. g (t)) Assume that the assumptions of Remark 2 hold. If
ce(t), p(t) € H3(Q) and cy(t), cL.F(t) € H3(R), then

d
N Ben @7+ (Deo = €IV Een(®)]”

1
< ?CngHCC(t)”éo@)HvHE ,H(t)H2

c

1
5 (Coll B )3 + L.llec®l 2 gy (1B ()3 + 1 B (8)13)

+ Ly EBo,a )|t + | Ee.rr ()| o) | Eer ()] 5 + Tem (2), (45)
with €. # 0, and

Terr (t) = CHpa (|90 720y + ()1 Fr2 () + leo(®) 17120y + llec®) sy + 10070
I (E)eet) gz + IPOCe(D) (- (46)
[
Proposition 6 (Estimate for E, g(t)) Assume that the assumptions of Remark 2 hold. If
p(t) € H3(Q) and cy(t), c.(t) € H*(Q), then

(Dpo = Ly = )V Ep (1)
1

=2
P

(Lo, PO @) + L) B (O + | Eer (D) + Tpu (2), (47)
with €, # 0, and
Tyi1(t) = CH o (l(8) 20y + 1) 20y + len®lz(y + lec®Bzy)- (48)

11



In Theorem 1, we establish our main result, the second-order convergence of the semi-discrete
FDM (9)-(11). Since (9)-(11) has a truncation error of order one in the ||.||oo-norm, this is a
superconvergence result.

Theorem 1 Assume that the assumptions of Remark 2 hold. If cy(t), c.(t), p(t) € H3(Q) and
& (t), cL(t) € H*(S), then, fort € [0,T],

1 Ep, i ()17 + || Ee,r (1) 13

t t
4 / IV 5 Bt ()2 + IV i Bt (8)|12 4+ 1V s Bpsa (s)[1? ds < CHY . / T(s)ds  (49)
0 0

with €, €c, €y # 0, such that

Dyo — € > 0, (50)
1
Dc,O - Eg - ?CgL¢ch(t)HéO(ﬁ) >0, (51)
b
1 1
Do = 6 = Co g Loln(lug + Lol Eu) = Lo >0 (52

and where Tx(s) is the sum of (23),(46),(48).

Proof: The proof follows collecting the estimates in Propositions 4, 5 and 6, and applying
Gronwall’s inequality (Lemma 2.1 in [7]).
[ |

Remark 3 Conditions (50)-(52) impose some compatibility conditions between the data of the
Keller-Segel-Flow system (1)-(5). For instance, fixing

1
2
=-D
€ 9 b,0
satisfying (50), we have from (51)

2
2 2
€. < Dco— %CgLﬂkb(t)Hoo@)?

meaning that
Dy oD o

2
||Cb(t)||co@) < 20,y (53)

Type (53) restrictions, which establish compatibility conditions between coefficient functions,
numerical grid, and the theoretical solution, appear even in the analysis of simpler Keller-Segel-
Flow systems (see, e.g., Theorem 2.1 in [14]).

Remark 4 Following the steps of Theorem 1, and as a direct consequence of the Bramble-Hilbert
lemma, the FDM (9)-(11) has first-order convergence rate if cy(t), c.(t), p(t) € H?().

12



Remark 5 (Stability analysis) Let cyq,cco,p0 and Cpo,Ceo,D0 be two initial conditions of
the FDM (9)-(11), denote by cy m(t), ce,u(t),pu(t) and ¢y u(t),ceu(t), v (t) the corresponding
numerical approrimations, and define

we, g (t) = ceu(t) — Cen(t),

with analogous meaning for wy g (t) and wy g (t). Following the notion of mesh-dependent stabil-
ity of Lopez-Marcos and Sanz-Serna [18, 20], the FDM (9)-(11) is stable if, for all € > 0, there
exists a mesh-dependent constant Cyr such that if

lwig(0)||lg < Cu  then ||win(t)|m <e i=cb,p. (54)

In other words, in the sense of (54), stability means that small perturbations in the initial
conditions lead to small changes in the corresponding numerical solutions.
Note that under the assumptions of Theorem 1, it holds

e, (V)11% < 21| Ee.ar (1)1 + 2l ce(t)lI3

2
< THEC,H(L‘)H%{ + 2[|ec(t) 12,
< CH,%M + 2Hcc(t)|]20 (Remark 2(I))
<Cqg (55)

and .
/ IV een ()12 ds < Cir, (56)
0

with analogous estimates for cy g (t) and py(t). Then, following the steps of Theorem 1 (replacing
E; g (t) with w; g(t), i = ¢,b,p), one can show that the FDM (9)-(11) is stable in the sense

of (54)-

3 Fully Discrete IMEX-FDM

This section presents an IMEX time integration for the FDM (9)-(11), thus yielding a fully
discrete IMEX-FDM for system (1)-(5). In the time domain [0, 7], we define the uniform grid
tn =tn_1+ At, forn =1,..., N, with At > 0 the time-step and ¢ty = 0, tor = T. The proposed
IMEX-FDM is given by: find ¢ ;, ¢y € Vi and pfy € Vg, such that, for n =1,...,.N — 1,

— Vi (D aVapyh) = df, (57)
Doy + Ve - W) = Vi - (DR Vucli) + gt (58)
D_yep it + Ve - (05 ep i) = Vig - (D} yVucy i) + fir, (59)

with initial conditions (4) and boundary conditions (5).

Remark 6 Most of the notation used in (57)-(59) is given in Remark 1 on page 3. Here, we
introduce the operator D_yu'ytt = (ul™ —u¥)/At, and define Dy . Di gy, and Dy as in (12)
but replacing cp, 1 (t) and ce,(t) with ¢y and cf g, except for Dy where we replace cc p (1)
with c’cﬁ[]l. We also have gzﬁ"H+1 and wzﬂ as in (14) but replacing pr (t) and cc m(t) with p?{“ and

13



CZEI. We also set q}; = q(cﬁH,czH,p’ﬁ), gf = g(c&H,cZH) and ff; = f(ch, cg';{l). This IMEX

discretization, a combination of the explicit and implicit Euler scheme, avoids the solution of
nonlinear systems.

Theorem 2 establishes the first-order convergence rate of the IMEX-FDM (57)-(59).

Theorem 2 Assume that the assumptions of Theorem 1 hold. If cy,ce,p € C([0,T]; H3(Q2))
and ¢y, c. € CH[0,T]; H3(Q)) N H2(0,T;C(Q)), f(cp,ce),g(cp,cc) € HY(0,T;C(RQ)), then, for
n=0,....N —1,

1B 13 0+ B R i+ IV HE P < C(Hypgy + AF?) (60)

with the mesh-independent time-step restriction At < 1/Cay, where
Cat = LDpHpHClO @x[0,7]) +L + = (01/1+LD0”06H010 @x[0,7) +L )
P c

(C¢ +C, L¢ch||00(Q>< [0,77) + LDb”CbHé1,0(§X[07T]) + Lf)

and €y, €c, €p # 0 are fizved by (50) (52).

Proof: Let Ef y = cy(tn) — ¢y, n=0,..., N, with analogous meaning for Ey and E} i
The proof follows by establishing results equwalent to Propositions 4, 5, and 6 but now for the
fully discrete IMEX-FDM (57)-(59). For example, analogously to Proposition 4, E”fl satisfies

1E, 5 I + At(Dyo — )|V E”“H2

< HEbH”H —l—At C L‘bHCb(thrl)Hco (HEnJrlHlH + ”VHEn+1” )
b

+ Atﬁ(CMIEE‘,ElH% + L, lles(tns )l g @) (1 Big 1 + 122 7))
%
+ ALy (1Bl + I ES )| By I+ Ty (61)

with €, # 0, and

tn+1
X = T (tns1) +CAE /t lew(tns) 1 ) (b ()7 + lice(s) 1) + ek () 17+ 1L ()17 ds,

(62)
where Ty g (tnt1) is the term of order Hp,,. defined by (23).
To derive (61) we follow the steps of Proposition 4. We obtain
(D—t ?—i[}l’En-i-l) _ (MH(¢n+1CZ—B1) VHETL+1)
— (Dy, HVHCbH vVHEnH) + (fH En“) (63)

and

(Dseo(tni1), Byt e — (M (¢ (tni1)eb(tnsn)), VaE] ) =

1
N n n {4
— (Do, (tn)Vics(tnsa), VaELE) + (F(tn), By 1 e + > Tl,(7ita (64)
=1

14



where

T, = ~((V - @ltwsr)enlts )it B A1 — (Mar Bt )esltnsn) Vi B
(V- (Dy(tns1)Vep(tni1))) Hs Eg}}l)H + (b/b,H(tn)Vch(th)7 VHE(?,EI)?
Tb(,?Zt ((f (tng1))E — f(tn),El’],El)H’
T, = (Dscrltar) = (ch(twn)) v, By e

Equations (63) and (64), yield

3
&
I

(Do By Bei )i + (D gV Bt Vi Bpft) = (Mu (65 By ), Vi By
— My (" = S (tasn))es(tarn))s Vi B
— (Diyr = Dot (b)) V ey (tusn), Vir Ep )

4
n n Y4
(i — ) B e = S TR, (65)
/=1
It can be shown that
1 1
TR < 1T (), (66)
7@ | <17 onge [ 2 (1 ()2 e ()12 d o
Tyal < [Ty 7 (tnsn)| + CAL t IICb(th)IICI(Q)(ch(S)IIH+HCC(S)IIH) s, (67)
tn+1
3 3
T < 1T (tus)] + CAL / 1£ ()1 ds, (63)
(@) (4) o [T e
Ty al < 1Ty gy (tns1) + CAL t ey ()% ds, (69)

where \Tb(?{(tnﬂ)\, ¢=1,...,4, are bounded by terms of order H2 ... defined by (40), (44), (33),
and (34). Collecting estimates (66)-(69), using inequalities analogous to (28)-(32) to bound
(65), and resorting to Young’s inequality with € leads to (61) and (62).

Proceeding similarly, one can derive estimates analogous to (61) and (62) for EZ;LFI and E;;ng.
Collecting all the estimates, summing over m, and applying a discrete Gronwall’s inequality
(Lemma 4.3 in [7]), one can get (60).

[

Remark 7 (Stability analysis) Assuming the restrictions At/H2,,.. < C and H2,,./At < C,
we can get estimates like (55),(56) for ¢ i, and one can show that the IMEX-FDM (57)-(59)
is stable in a sense analogous to (54), i.e., with W = Cog — Cop-

4 Numerical Simulation

This section numerically illustrates the convergence results for the FDM in Theorem 1 and
Remark 4, and for the IMEX-FDM in Theorem 2. We also model and simulate tumor cell
migration using a system of PDEs of the form (1)-(5).
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4.1 Accuracy of numerical solution

Example 1 Let us consider system (1)-(5), for t € [0, 1], with coefficients functions

D, — |1t 0 D — I+c+a 0O D — L4 cc+ o 0
TLoo0 2+ B ’ -

0 2+ c2 0 1+ cpee|’
0 0
L %+ o
(,25: gp +C ) 1/]: & ’
dy 3 ‘ dy

and f(cp, cc) = cpc?, g(cp, cc) = cpce, and q(cy, cc) = cp +ce. We add suitable source functions to
the system (1)-(5) such that, for o € R, the exact solution of the problem is

ey, y, 1) = lay(z — 1) (y — 1)y — 0.5%,

Cc(xvyut) = €5t1}y(113 - 1)(y - 1)’y - 0‘3|a7
p(z,y,t) = 50zy(x — 1)(y — 1)|y — 0.7]*.

The solution (cp,cc,p) satisfies the regularity assumptions of Theorems 1 and 2 with o = 3.1
and those of Remark 4 with o = 2.1.

First, we analyze the rate of convergence in space. Starting with a random non-uniform
spatial mesh, Hy, we successively solve Example 1 using in the iteration &£+ 1 the mesh obtained
by halving the previous mesh Hy, i.e., Hxy1 = Hj/2. To ensure that the time error is negligible,
we fix the time step of the order of H?2,,,. Following the estimates in Theorem 1, we measure
the numerical error by

Error = _n || H2

I8 7

and estimate the rate of convergence by

Errorg
Rate = 10g2<W .
k+1

The numerical convergence rates in Table 1 agree with the theoretical convergence rates obtained
in Theorem 1 and Remark 4.

Next, we analyze the rate of convergence in time. The procedure is similar, but here we fix a
random space mesh with a small enough H,,q,, namely, H,,q, = 3.1914e-03, and we successively
solve Example 1 (with o = 3.1) using in the iteration k + 1 the time step size Aty = Aty /2.
The numerical convergence rate in Table 2 agrees with the theoretical first-order convergence
rate obtained in Theorem 2.

4.2 Tumor cell migration: modeling and simulation

Understanding how tumor cells metastasize is crucial for developing effective cancer therapies.
The lymphatic system’s role as the primary vector for cancer metastasis is known; however, the
phenomena underlying tumor cell migration toward the lymphatic capillaries remain unclear.
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a=3.1 a=21

Hor Erroryg Rate Hoox Erroryg Rate
2.0388e-01 6.2677e-01 - 1.8880e-01 9.5757e-01 -
1.0194e-01 1.5296e-01 2.0348 9.4399e-02 4.5462e-01 1.0747
5.0970e-02  4.0053e-02 1.9331 4.7199e-02 2.1322e¢-01 1.0923
2.5485e-02  9.8902e-03 2.0178 2.3600e-02 9.9101e-02 1.1054
1.2742e-02  2.4649e-03 2.0045 1.1800e-02 4.7725e-02 1.0542
6.3712e-03 6.1643e-04 1.9995 5.8999e-03 2.1776e-02 1.1320

Table 1: Rates of convergence in space for Example 1.

At Errory Rate
2.0000e-01  1.5444e-01 0
1.0000e-01  9.0670e-02 7.6832e-01
5.0000e-02 4.9121e-02 8.8428e-01
2.5000e-02 2.5517e-02 9.4486e-01
1.2500e-02 1.2972e-02 9.7605e-01
6.2500e-03  6.5278e-03 9.9077e-01

Table 2: Rate of convergence in time for Example 1.

It’s believed that this migration involves a complex interaction between tumor cells, chemokines,
extracellular matrix (ECM), lymphatic endothelial cells (LECs), and interstitial flow (IF).

CCL21, a chemokine predominantly secreted by LECs and, to a lesser extent, by cancer
cells, is emerging as a vital player in this dynamic. CCL21, essential for regulating immune
responses, strongly binds to the sulfated proteoglycans in the ECM. Laboratory experiments
suggest that tumor cells exploit the ECM-bound CCL21 to migrate. The reasoning is that tumor
cell-secreted proteases interact with the ECM, releasing CCL21 and creating an extracellular
chemokine gradient. Through the expression of the CCL21 receptor CCR7, tumor cells exploit
this chemokine gradient to migrate toward the lymphatic capillaries. This movement of cells,
known as autologous chemotaxis, is believed to be a dominant force behind tumor cell migration.
Interstitial fluid (IF) flow from blood to lymphatic capillaries is another potentially relevant
mechanism behind autologous chemotaxis. This flow, important for nutrient delivery and waste
removal, can carry released CCL21, enhancing its gradient towards the lymphatics. The tumor’s
extra stress on the surrounding ECM may increase the IF, enhancing its impact [23, 19, 27, 26,
21, 24, 29, 15].

The laboratory work [23] investigates tumor cell migration under three scenarios: chemotaxis
alone, chemotaxis with physiological flow, and static (without flow or chemokines). The study
utilized a modified Boyden chamber assay:

e Top chamber: basal medium;
e Middle chamber: MDA-MB-435S tumor cells seeded in Matrigel;

e Bottom chamber: basal medium alone (static conditions) or with CCL21 (chemotaxis
conditions).
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The authors added CCL21 to the bottom chamber by culturing CCL21-secreting LECs to conflu-
ence for three days. To replicate the effect of interstitial flow, they established a water flow from
the top to the bottom chamber. All experiments lasted 15 hours in a 37°C/5% COg incubator.
After this period, Matrigel was removed and the percentage of migrated cells was quantified.

Next, we present numerical simulations of tumor cell migration using a Keller-Segel-Flow
model of type (1)-(5). We base our simulation setup on the laboratory experiment described in
[23] and train our model using the reported experimental data. The model is given by

% + V- (xaVee) = DyAcy, (70)
8;; + V- (vee) = DeAce + acyee B (71)
- V- (KVp) =¢ (72)

where ¢;, denotes cell density, ¢, free CCL21 concentration, and p pressure. In (72), ¢ denotes
a source term and K is the hydraulic conductivity. In (70), D, denotes the cells’ diffusion
coefficient and xcp represents the sensitivity to the gradient of the chemoattractant CCL21. To
govern the evolution of the bound CCL21 (c.,p), we define the ode ¢ 5(t) = —acyc. p with «
the rate of bound-to-free CCL21 conversion. Note that a symmetric source term acyc., g appears
in the free CCL21 equation (71). Given the relatively short duration of the experiments (15 h),
we ignore the degradation/consumption of free CCL21. Still in (71), D, represents the CCL21
diffusion coefficient, while the convection term V - (vc.) governs CCL21 transport under flow

conditions, where v = —KVp denotes Darcy’s velocity.
300 0.35
2.5 2.5 &l
—~ &
—~ ”’E — \:/
b= 2 b= s
3 E 2 £
115 = Tis g
% = 8« g
& E £ o
g 1 A 2 1 N
el 3 El 8
8 S
05 05 =
=1
o
m
0 0
0 0.5 1 1.5 0 0.5 1 15
mm mm

Figure 1: Schematic representation of the three-chambers computational domain and initial con-
ditions. On the left: initial cell density in the middle chamber (delimited by the two horizontal
dashed lines). On the right: initial bound CCL21 concentration on the bottom chamber. The
dot indicates the location of the flow source in the top chamber. This setup replicates tumor
cell migration toward LECs, i.e., from the top to the bottom chamber.

Figure 1 shows the computational domain and the initial conditions. We consider a three-
chambers domain with tumor cells in the middle chamber and bound CCL21 in the bottom
chamber. We assume an initial cell density of 300 cells/mm? and a bound CCL21 concentration
of 0.35 ng/mm?3. Initially, all CCL21 is in the bound state. Since we are interested in measuring
the percentage of cells migrated, the exact initial conditions, which are unknown, are less rele-
vant. We assume homogeneous Dirichlet boundary conditions for Darcy’s equation and simulate
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flow conditions by a source term localized in the top chamber

g if (x—0.9)2+(y—05)?) <r? (r=0.3mm)
q= , (73)
0 otherwise

with ¢p a source parameter and r the source radius fixed at 0.3 mm. We set homogeneous
Dirichlet boundary conditions for CCL21 at the bottom boundary, simulating CCL21 washout.
Due to the short experiment duration (15 h), we also set homogeneous Dirichlet boundary
conditions for cell density and CCL21 at other boundaries, as they don’t significantly affect the
simulations. The model (70)-(73) parameter values are given in Table 3.

Par. Unit Value Description Typical Range

Dy mm?/h  5.3e-5 Cell diffusion coefficient 3.6e-6 mm?/h - 3.6e-4 mm?/h [5]
D, mm?/h  4.2e-2 CCL21 diffusion coefficient 3.6e-1 mm?/h - 3.6e-4 mm?/h [5]
X
e
K

mm?/h 0.15  Chemotaxis coefficient 0.001-1 [5]
mm®/ng-h 0.1  Rate of CCL21 conversion -
mm?/Pa-h 1 Hydraulic conductivity Fixed

Qo 1/h 22 Flow source parameter -

Table 3: Parameters used in the Keller-Segel-Flow system (70)-(73). Without loss of generality
due to the linearity of equation (72), we fixed the medium hydraulic conductivity at K = 1. We
optimized the remaining parameters to fit the experimental data in [23]. When available, we
take typical values as a reference for the optimization. Using ¢p = 22 1/h in Darcy’s equation
(72),(73), the mean absolute velocity |v| in the tumor cell chamber is 0.74 mm/h, within the
typical range of values for interstitial velocity, 0.36 mm/h - 7.2 mm/h [26].

Following the experimental setup in [23], we performed cell migration simulations under
three conditions:

e Static: without chemokine CCL21 or flow, i.e., ¢, 5(0) = 0 ng/mm3 and v = 0 m/h;
e Chemotaxis: with chemokine CCL21, i.e., ¢, 5(0) = 0.35 ng/mm? and v = 0 m/h;

e Chemotaxis and flow: with chemokine CCL21 and flow, i.e., ¢, 5(0) = 0.35 ng/mm? and
v obtained by (72),(73).

We ran the simulations for 15 h and measured the percentage of cells migrated from the middle
chamber. Figure 2 shows the comparison between numerical simulation and experimental data.
We observe excellent agreement between simulated and experimental data under static and
chemotaxis conditions. The numerical percentage of migrated cells at time ¢ = 15 h falls within
the laboratory experiments’ error bars (mean £+ SD). Under chemotaxis and flow conditions,
the numerical result of 3.0% falls outside the experimental error bar (3.3%-3.4%). According
o [23], flow alone has a small additional effect on cell migration due to ECM degradation by
proteolysis. Our model does not replicate this phenomenon, which may explain the discrepancy
between numerical and experimental results.

Under static conditions, the percentage of migrated cells (0.4%) is three times lower than
under chemotaxis conditions (1.2%). By adding flow contribution, this value rises above 3.0%.
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Figure 2: Comparison of experimental and simulated tumor cell migration results. Error bars
indicate the mean + standard deviation of experimental results for MDA-MB-435S tumor cells
at t = 15 h, as reported in [23]. Experimental data for static and chemotaxis conditions are from
Figure 4 in [23], while chemotaxis plus flow data are from Figure 7 in [23]. In the numerical
simulations, we used a uniform mesh h = k£ = 0.005 mm and a uniform time step At = 1 h.
Mesh sensitivity analysis revealed that the simulations are mesh-independent.

The release of bound CCL21 creates a chemoattractant gradient toward the bottom chamber
(Figure 3, top row on the left). The cells sense and react to this gradient, migrating to the bottom
chamber (Figure 3, middle row on the left). Adding flow towards the bottom chamber raises the
chemoattractant gradient near the bottom chamber (Figure 3, top row on the right), enhancing
tumor cell chemotaxis (Figure 3, middle row on the right). The increased bound CCL21 release
under flow conditions (Figure 3, bottom row) also reflects the improved cell migration. These
results show how chemotaxis and interstitial flow combine for tumor cell migration toward the
CCL21-secreting lymphatics. For completeness, we show in Figure 4 the velocity field associated
with flow conditions.

5 Conclusions

This paper focuses on a general nonlinear Keller-Segel-Darcy model that combines the classi-
cal parabolic Keller-Segel system with the elliptic Darcy equation. We proposed a fully discrete
scheme of type IMEX-FDM and established sharp convergence error estimates. Numerical exper-
iments validate these results. The Keller-Segel-Darcy model extends the traditional Keller-Segel
by allowing the simulation of relevant chemotaxis phenomena in fluid environments. One such
example is tumor cell migration toward the lymphatics. From a simulation perspective, we
investigate the roles of interstitial low and chemotaxis in this cell migration process. A compar-
ison between numerical and experimental results highlights the model’s efficacy but identifies
potential areas for improvement, such as incorporating the role of the extracellular matrix. We
leave more detailed modeling and simulation work for future research.
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Figure 3: Simulation results of tumor cell migration under chemotaxis (on the left) and chemo-
taxis plus flow (on the right). From top to bottom: free CCL21 concentration, cell density, and
bound CCL21 concentration at time ¢ = 15 h.
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