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Abstract

Polymeric drug delivery platforms offer promising capabilities for controlled drug release
thanks to their ability to be custom-designed with specific properties. In this paper we
present a model to simulate the complex interplay between solvent absorption, polymer
swelling, drug release and stress development within these types of platforms. A system
of nonlinear partial differential equations coupled with an ordinary differential equations is
introduced to avoid drawbacks from other models found in the literature. These incorporated
a memory effect to account for polymer relaxation but from a numerical point of view,
required storing information from all previous time steps, making them computationally
expensive. This paper proposes a new numerical method to simulate such drug delivery
devices based on nonuniform grids and an implicit midpoint time discretization. Our main
results are the proof of second order convergence of the method for nonsmooth solutions and
the scheme’s stability under the assumption of quasiuniform grids and a sufficiently small
timestep. We also illustrate numerically the second order convergence result proven in the
main result using solutions based on biological information.

1 Introduction

In this paper we consider the differential problem

a;tg(s:,t) =V (a(ce(w,1))Vey(x, 1)) + V- (ag(ce(@, 1) Vo (2, 1)) @
%Cgl(w,t) =V (aa(ce(z, 1) Vea(z, b)) + fles(w,t), ca(w,t), co(, 1)), )
%Clés(xj) = _f(cs(x7t)7 cd($7t)7 Cé(x’t)) (3)

for z € (0, R),t € (0,7T]. In [13], the system of egs. (1) to (3) was introduced with

t
o(x,t) = —/0 q(s,t,co(z, s), co(x,t))Vep(z, s)ds, (4)

to describe the drug release from a viscoelastic spherical polymeric structure of radius R con-
taining a drug immersed in a spherical environment of fixed radius. This differential system is
complemented by the following initial and boundary conditions:

co(2,0) = 0,¢4(z,0) =0, cs(z,0) = cs0(x), z € (0, R), (5)

Vee(0,t) =0, Veg(0,t) =0, cg(R,t) = cent, ca(R,t) =0,t € (0,T7]. (6)

The authors considered therein that the drug release is a consequence of the following set of
phenomena:
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1. the solvent molecules are absorbed by the polymeric structure due to the solvent gradient
concentration (solvent absorption);

2. the polymeric chains relax, the structure swells and a pressure gradient arises (swelling);

3. the dissolution process occurs due to the contact of the solid drug with the absorbed solvent
molecules (dissolution);

4. the molecules of the dissolved drug diffuse throughout the platform and continue to diffuse
in the external surrounding medium (diffusion).

In this case, ¢y, cs and ¢g4 represent fluid, solid and dissolved drug concentrations, respectively, f
denotes the dissolution function and o represents the polymeric chains’ stress. This stress is op-
posite to the solvent uptake and represents the deformation induced by the solvent concentration.
In this context, the fluid flux is given by

Jr = —ay(c))Vey — ap(ce)Vo.

In [13] the authors considered that € = g(cy) and

o(x,t) = —/0 E(t— S)SZ(ac,s)ds,

where E(-) is the kernel function associated with the Maxwell-Wiechert model,

t

m
E(t) = E() + ZEjeiTj ,
=1

E; denotes the Young’s modulus, 7; = %”] (with p; representing the polymeric viscosity).

The initial boundary value problem (IBVP) defined by egs. (1) to (6) was studied from a
numerical point of view in [5, 6] for smooth and nonsmooth solutions. In these papers the
authors propose second order approximations in space. The presence of the Neumann boundary
condition at = 0 lead to several challenges that were solved in these papers for for both scenarios
of smoothness. Moreover, in [5], an Euler implicit-explicit numerical method combined with a
uniform grid for the memory term was studied. In order to prove convergence for the solid and
dissolved drug approximations it was sufficient to guarantee uniform bounds for the numerical
approximation for the fluid. Such property was concluded assuming a certain quasiuniformity for
the spatial grid and a stability condition similar to the well know stability relation for uniform
grids At < Csh?. In [22] a numerical method similar to the one considered here for a diffusion
equation with a memory term defined with an exponential kernel function was also studied.

The presence of the memory term in eq. (4) leads to several challenges in the computation
of the numerical approximation for the solution of the initial boundary value problem (IBVP)
defined by egs. (1) to (6), if our goal is to compute second order accurate approximations for ¢y,
cq and cg. In this case we should apply second order approximation quadrature rules to discretize
the integral term and we need to store information for all timesteps during the release process.
Moreover, the presence of the integral term replacing the stress o makes it more difficult to
construct stress estimates depending on the data of the problem.

The goal of this paper is to replace eq. (4) by

do Oe

E‘f‘ﬁaz—aﬁ—’Ya, (7)

where g = EotEL o = EoBL o — Fy and p represents the viscosity of the polymer and Ey and
E, are the Young’s modulus (see [8]). The minus signal in eqs. (4) and (7) arises to take into
account that the stress is developed by the polymeric chains as a response to the fluid entrance
generating an opposite convective flux to the standard Fickian diffusion process. To simplify,
we take € = A¢y, instead of the nonlinear relations considered in [13, 15]. We aim to present a



numerical scheme that leads to second order approximations using an implicit midpoint approach
in time for the differential system defined by egs. (1) to (3) and (7) and

Vo (0,t) =0, o(R,t) = 0eat,t € (0,T], 0(x,0) = op(x), x € (0, R). (8)

We point out that in the nonlinear system of egs. (1) to (3) and (7), the concentration ¢, is
defined by egs. (1) and (7) and it is included in egs. (2) and (3). Our goal is to propose a finite
difference method that can be seen as a fully discrete piecewise linear-constant finite element
method following a midpoint quadrature approach that is simultaneously locally stable and
unconditionally convergent with respect to a discrete version of the usual norm in H'(0, R). The
key ideas and challenges to prove stability and convergence followed throughout the paper are
summarized as follows:

1. Since we are dealing with nonlinear evolution problems, to conclude local stability in a
numerical approximations for fluid, solid and dissolved drug concentrations and stress,
respectively, CZ h Oh s C?,h and cg:h, we follow the approach considered, for instance, in |28,
29, 31, 33|. To prove stability for these numerical approximations, we need to impose their
uniform boundness with respect a discrete version of the usual norms in W1°°(0, R).

2. In what concerns unconditionally second convergence order of numerical methods for quasi-
linear parabolic equations, we refer the papers [27, 36] and the references therein where
the convergence analysis requires the uniform boundeness of the numerical approximation
with respect to a suitable norm. In our context, the problem involves nonlinear parabolic
equations for the fluid ¢, and dissolved drug ¢, concentrations coupled with ordinary differ-
ential equations for the stress o and for the solid drug ¢s. For the fluid, solid and dissolved
drug concentrations and stress approximations we establish unconditionally second conver-
gence order with respect to a discrete H!-norm. No uniform bounds for the correspondent
numerical approximations are required following our approach.

3. The fluid concentration ¢; and stress o are defined by egs. (1) and (7) and the diffusion
coefficient in eq. (2), as well as the reaction terms in egs. (2) and (3) depend on ¢y. These
facts increase the complexity of the system eqs. (1) to (3) and (7). Furthermore, o is
defined by an ordinary differential equation and we would like to obtain for this variable a

second order approximation with respect to a discrete H'-norm. This goal is not easy to
fulfill.

4. Taking into account the convergence estimates with respect to a discrete H'-norm, we are
able to verify that the uniform boundness assumptions imposed to conclude local stability
hold provided that the initial approximations are in balls centered in the initial conditions
of the differential problem with mesh dependent radius.

The error analysis conducted in this paper is not based on the usual approach introduced in
[37] that was largely followed in the literature. For instance, recently, the results of [37] have
been considered in [26, 38, 39, 40]. Instead, our approach is based on the error analysis for the
error equations. Our results can bee seen in two different perspectives:

1. As mentioned before, our method can be seen as a fully discrete piecewise linear-constant
finite element method and the second order estimates with respect to the discrete H'-norm
are unexpected because piecewise linear finite element method lead to a first order error
estimate with respect to the usual H'-norm. The unexpected convergence orders obtained
for finite element approximations are known as superconvergent results and recently the
literature has been fruitful for this type of estimates. Without being exhaustive we mention
[34] where a mixed finite element method in space is combined with a second order backward
formula for a quasilinear parabolic equation is studied. The author establishes that a
postprocessing of the fully discrete solution allows to obtain second order in time and
space with respect to the usual H'-norm. In [11], superconvergence is shown for the



gradient approximation of the second order elliptic equation discretized by weak Galerkin
finite element methods on nonuniform rectangular partitions. A mixed finite element is
used to approximate a compressible miscible flow problem in porous media. A recovery
technique is introduced to obtain second order approximation for Darcy’s velocity. In [32],
a quasilinear parabolic system coupled with an elliptic equations is numerically solved by
using a bilinear finite element approach. A post-processing procedure is introduced to
establish second-order error estimates with respect to the usual H'-norm.

2. Within finite difference methods, our convergence estimates allow us to conclude that the
order of the global error is greater than the order of the truncation error . In fact, the
truncation error is of first order only in space with respect to norm || - ||, while the global
error is of second order in space and time. This unexpected convergence behaviour is known
as supraconvergence phenomenon and it was widely studied in the 80’s of the last century
in [10, 23, 24, 25, 30]. The authors and their collaborators have recent contributions in
the convergence analysis of supraconvergence phenomenon of numerical methods for linear
and nonlinear partial differential equations, for instance, |9, 14, 17, 18, 19, 21]. We also
mention the following contributions [1, 12, 35|.

The paper is organized as follows. In Section 2 we present some notations and basic results
related with the finite elements scheme proposed. In Section 3 we introduce a fully discrete (in
time and space) numerical method using an implicit midpoint time integrator and nonuniform
grids in space. The stability of the method is established in Section 3.1 provided some suitable
uniform bounds on the solution of the numerical problem. To establish such bounds, the conver-
gence properties of the method are studied in Section 3.2. The final proof of the stability of the
numerical scheme is a consequence of the convergence result. Finally, in Section 5, we present
some conclusions.

2 Definitions and basic results

In this section we present the basic definitions and tools needed to provide the mathematical
support for the proposed numerical method and the upcoming sections. By A we denote a
sequence of vectors h = (hy,...,hy) such that h; > 0,4 =1,..., N, Zf\il h; = R and hpmae =
max;—1,.. ~ h; = 0. The sequence A is used to introduce in Q= [0, R] a sequence of grids

ﬁh:{mi, 1=20,--- ,N,xi:$i,1—|—hi,i:1,-'- ,N,QTOZO,ZEN:R}.

Let z_1 = —x1 and hg = hy.
As we are dealing with Neumann boundary conditions at zg, to discretize the boundary
conditions, we introduce a fictitious point z_1; = —x7 and the correspondent set of grids

ﬁ;; = ﬁh @] {{L‘fl}.

The numerical approximations that we compute are defined in all grid points. They will naturally
belong to the space of grid functions

Vir = {v, : Q) — R}.

To study the behaviour of the error, as we are considering Dirichlet boundary conditions at
x = xn, we also introduce a new vector space

Vico = {vn € Vi7 s up(2n) = 0}.

The errors for the numerical approximation for the solvent, dissolved and solid drugs concentra-
tions will be measured on the grid points of [0, R] and these errors are null at zx. Consequently,
we need to introduce

Vio = {vn € Vit up(an) = 0},



where

Vh = {whzﬁh —>R}.

The norm H . Hh used in measuring the errors is induced by the inner product
h N—-1
1
(un, vp)n = —un(zo)vn(zo) + D hiy1oun(@i)vn(zi),  un,vn € Vio
2 /
=1

where h; /9 = % (hi + hit1). Another useful norm is the discrete counterpart of the L>(0, R)
norm

[onlly e =, e fon(@i)l, on € Vi

We also use the notation

N
(un,vn)+ = Y hiwn (i) vn (i), Junl|, = v/(un, un) ¢
i=1
and
lonlly o =, max fon(2)]
for grid functions defined in z1,...,zxN.

For vy, € V¥ we introduce the finite difference operators D_, and D} defined by

vp(xi) — vp(wi-1)

D,xvh(xi) = iy ) 1= 1, ceey N,
)
Din(e) = M=), gy
i+1/2

respectively. By M}, we denote the average operator

thh(xi) = vh(mi) +21)h(xi_1), 1= 0, ey N — 1,

for v, € V).
We introduce the following discrete version of the usual norm in H'(0, R) :

1/2
lunllvn = (lunlt + 11 D-sunl3) "%, un € Va.
We now recall some useful result regarding these discrete operators.

Proposition 1 (Discrete Friedrichs-Poincaré inequality). For all v, € V3,
lonll, < R[D_zon]|,
Proof. 1t is sufficient to note that, for all u;, € V} o, holds the following

N
uh(:r,) = — Zth_zuh(:rj),i = 0, ‘e ,N — 1.
J=t

Proposition 2 (Discrete inverse inequality). For all v, € Vj,,

ID—sonlly o0 < 7 llonly

mwn



Proof. Given the definition of H . H+ . there exists k € {1,2,..., N} such that

HD—thHim = |D_,vp(zx)?
2
< ﬁ(vh(xk)Q + v (2r-1)?)
min
4 2
= hTH”hHh-
mn
O
Proposition 3. For all vy, € V9,
lonllh oo < 7 — thHh
Proof. The proof follows similar steps as the one for Proposition 2. O

Proposition 4. Let A: R — R, uj, € V}' and vy, € Vi, 0. Then
(D3 (A(Mpup)D_yup), vn), = — (A(Mpun)D_gun, D_yon) . — Dacun(xo)va(wo),

where
1

D cup(zo0) = =

5 (A(Mpup(z0))D_yun(xo) + A(Mpup(21)) D_zun(21)) -

Remark 1. For the particular case, A is constant, we have Dy cup(x0) = ADcup(xo).

To simplify the presentation of the numerical methods that we study in what follows, we
consider the following notation: if vy, : €, x [0,T] — R, by vh( ) we represent the following
grid function vy (t) : ), — R, vp(t)(x;) = vp(xi,t),i = —1,...,N. By v}, (t) we represent
its time derivative. For grid functions vy, defined in others grld sets the definition is similar.
Finally, we introduce the notation C™(H") = C™([0,T7; HT(O R)) for the space of functions

. [0,T] — H"(0, R) such that v : [0,T] — H"(0, R), i ...,m are continuous, imbued
Wlth the norm

[ollgmrmy = s 0@l v 0, r) -

We also introduce the simplified notation H*(H") for the Bochner space H'(0,T; H"(0, R)),
ik > 0.
3 Fully discrete approximation

Let M € Nand At = % We consider in [0, T'] the uniform time grid {¢,, = mAt, m =0,..., M}.
We introduce now a full discretization scheme for problem defined by egs. (1) to (3) and (5) to (8)
based on an implicit midpoint integration approach in time

Dy = D3 (ar (Muc ) D)

+ Dt ( (thm-i-l/Q) D .o ]T+1/2) 7 9)

Doyt 4 Bop = acznil/z YD_y (10)
D tCZT D (ad (thm+1/2) D, 21;1/2> +fm+1/2 (11)

D tcgll};i-l — fm+1/2’ (12)



in Qp,\{zy} and m =0,1,..., M — 1. with

n(wi) = coo(i), (13)
can(@i) =0, (14)
(i) = cso(wi), (15)
op(@i) = oo(i), (16)
fori=0,...,N —1, and
Do)y (@0) = Dagecyy*(20) = Doy o 2(wo) = 0.5 =0..... M1, (17)
Cg,h(xN) = Cext, (18)
O'i(ﬂ?N) = Oeut, (19)
iji,h(xN> = 07.] =Y 7M (20)
In eq. (9), D_, denotes the backward finite difference operator in time, czlljlﬂ = %(c;”h + c;l;{l)
for p = ¢,d,s, fi" = f(cl,, ¢y, cpy,) and }TH/Q = %(ffln + ;l”H). Following [6], throughout

this paper we always assume that:

(Haigg) for p = £,d,0, a, : R — R is differentiable, its derivative is bounded and there exist
positive constants agp,, and M, such that

0 < agy < ay(x) < My, |ag,(x)] < M, forall z €R;

(Hg) there exists a positive constant C'y such that

((f(z,y,2) = (@8, 2)] < Cr (IZlly — gl + (1 + [y]) (|2 = 2[ + |2]]lz — Z[))
for all x,y,2,2,79,z € R.

Remark 2. We remark that the last condition generalizes the condition that holds for the partic-
ular dissolution function f(cs, cq, ce) = H(cs) K (Csop— cq)ce, where H is a smooth approximation
of the Heaviside function H(cs), Csy is the solubility limit of the drug and K is the dissolution
rate.

Remark 3. We observe that the numerical scheme defined by egs. (9), (12), (13), (16), (17)
and (20) can be seen as a fully discrete piecewise finite element method: piecewise linear for
¢y, 0,cq and piecewise constant for cs. In fact, the weak problem that leads to the last finite
difference scheme can be write as follows: for ¢ € (0,7T], compute c,(t),0(t), € HY(Q), cs(t) €
L?(0, R), such that cy(R,t) = Cleats O(R,t) = Ocat, ca(R,t) = 0 and

(cf(t),we) = —=(ar(ee(t))Ver(t), Vo) = (aq(o(t)) Vo (t), Vwr), Vwp € Hpo(0, R),
(o' (t),ws) = —B(0(t),ws) — alce(t), ws) — Y(ch(t), ws), Yw, € L2(0, R), (1)
(cu(t),wa) = —(aa(ce(t))Vealt), Vwa) + (f(t),wa), Vwg € Hp (0, R),
(c(t),ws) = =(f(t),ws), Yws € L(0, R),

with the initial conditions defined by eqgs. (13) and (16)) imposed in the L? sense. In (21
the following notations were used: H}%’O(O,R) = {w € HY(0,R) : w(R) = 0} and f(t)
fles(t), ca(t), ce(t)).

The semi-discrete piecewise linear-constant finite element method reads as follows: for ¢ €
(0,T), compute Prcgp(t), Puon(t), Pocan(t) € HY(0, R) such that cpp(xn,t) = cpeat, on(Tn,t) =
0 and Qpes p(t) € L2(0, R), such that

(Phcz,h(t),Phwﬂ,h) = —((lg(PhC&h(t))VPthyh(t), Vphwgyh)
— (aU(PhO'h(t))VPth(t), VPth)
(Phoy(t), Quwon) = —B(Pron(t), Qunwon) — a Pregn(t), Quwon) — ¥(Pacy (1), Qnwon), (22)
(Pucip(t), Pawan) = —(aa(Phcen(t))V Pacan(t), V Pawan) + (fra(t), Pawan),
(Qnci (1), Quwsn) = —(fu(t), Quws,n),

~—



for all wy p,wan,ws hyWo,n € Vio with the initial conditions

cep(@i, 0) = cpo(@i), (23)
Cd h(xzv 0) = (24)
cs,h(2i,0) = o( i), (25)
on(zi,0) = oo(zi), (26)
for i = 0,...,N — 1. In (22) the following notations were used: for uy € Vj o, Pyup denotes
the usual piecewise linear polynomial interpolator of uy, Qpup represents the piecewise constant
polynomial interpolator of wy, that is, for ¢ = 0,..., N — 1, and for = € [x;,211), Qrup(z) =

up (i) and fpp(t) = f(Qnesn(t), Pacan(t), Phern(t))-
This leads to the final fully discrete piecewise linear-constant finite element method: for ¢ €
(0,77, compute ¢ p(t), Phon(t), Puca(t), csn(t) € Vi such that cop(zn,t) = coeat, on(zn,t) =0,

and
(con(t),wen)n = —(ae(Mpcen(t)) D—zegp(t), D_awen)+

— (ao (Mpopn(t)) D—zon(t), D_ywe) +,
(0, (D) won)n = =B(on(t), Won)n — alcon(t), won)n — Y(cpp(t), Won)n, (27)
(con(@),wan)h = —(aa(Mpcen(t)) D_zcqn(t), D_gwan) + (fult),wan),
(Con(t),wen)n = —(falt), wsn)n,

for all wg p, Wa by Ws by Won € V0, subjected to the initial conditions defined by eqgs. (23) and (26)).
In (27) we adopted the notation f;(t) = f(csn(t), can(t), cen(t)).

Finally, a suitable time integration scheme for (27) leads to: for m =0,..., M — 1, compute
s Oh' ity Co € Vo such that i (TN) = creat, o (xn) =0, and

(Dt won)n = —(ae(Muc)y ) Dol D_qwopn)+
— (ay(Mp am+1/2)D_x m+1/2 Dywr)s
(D—tUZLH)awa,h) = —f(0oy, mt1/2 ,Woh)h — OZ(CZ ,j /2 ,Woh)h — 'y(D_tcz’?,jl,wU,h)h, (28)
(D™ wann = —(aa(Macy ) D_aci'i %, D_gwan) + (f %, wan),
(D—ecfh ™ wan)n = —( T2 e,

for all wep,wdn,wsh,Wo, € Vi, complemented the initial conditions defined by egs. (13)
and (16), leading to (9)-(20).
3.1 Stability analysis

Let ¢}, i =d, ¢, s, and o', m =1..., M denote fixed solutions of the discrete problem defined
by equations egs. (9) to (20) with 1n1t1a1 conditions ¢? ins i =d, L, s, and o} and let W Th =i —Ch
1 =4d,l,s, w;”h = op' — 07", where Czhv i = d l,s, o} is another set of solutlons of the same

discrete problem with initial conditions ¢ cZ o L =d, !, s, and & ah We start by stating a result that
will be used to bound specific terms in the upcoming analysis.

Proposition 5. Let up, vy, tup, 0y € Vi© such that up, — up € Vi and wy, € Vi, Ifa, 'R — R
satisfies Haige then

| (@ (Mpup) D_yon — ap (Myan) D_y o, D_ywp) | < My||D_y(vn — 0n) ||, || D_pwn]| ,
+ M| D_yonl|, o [fun — an [ [ D—pwnl|

Moreover, if wy, = v, — Uy, then

(CL# (Mhah) D_x’f)h —ay (Mhuh) D_x’l}h, D_xwh)+

< M| D_gon| o llun = @[y [1D—sn| . = ao,ul|Dpn

8



We are now able to establish upper bounds for a perturbation of the numerical solution.
Indeed, considering Proposition 4, it can be shown that

m+1  m+1/2 o m+1/2 m+1/2 m—|—1/2
(D—tweh Yo p, W Qg thz,h D—xce,h D_, Wy h N
~m+1/2 ~m+1/2 m+1/2
+ <a€ (théh ) D_,¢pp, "7 D _gwpy N

m+1/2 m+1/2
D—:c h —x éh >

) :
+ (o (Maf3 %) Dy D)

+

m+l m+1/2\ m—+1/2 mt1/2 5o mtl/2
<D tYan Wan ho ad thz,h Dfazcd,h D_, Wy n N
~m+1/2 ~m—‘,—l/2 m+1/2
+ (ad (the,h ) D_,epp, "7 D _pwyy, N
m+1/2 rm+1/2 m+1/2
(=) i)

and
<D_tw:1}j17w$b+1/2>h_ ((fm+1/2 fm+1/2) ?;1/2)’1.

We now focus on equation (3.1). Using Proposition 5, it is straightforward to show that

1
s D dllorit < Mel| Doy 2y Ml NI D™ = anel Dogegy™ 1
Mo [ Dy 2 s Dl (29)
o+ M | Doy || | Doy -
Remark 4. From the expressions in the previous inequality, in order to obtain an upper bound
for Hwe mt1 Hh, we need to determine an upper bound for HD W ?;1/2”+.

With this in mind, we start by proving the following result.

m+1 m+1

Proposition 6. Under the previous assumptions, w"" oh and wy. satisfy

1
3D (1D (ot it 2] + BID st 12 + D

=—(a+B7) (D me/Z D_xwgf;;lﬂ)_i_ .

Proof. Taking each member of eq. (10) and applying the operator D__,, we derive

D_ D twm+1 + BD—x 21;1/2 = _aD—walfj_l/2 - ’YD—xD thnij_l'

We now apply the discrete inner product (-,-)4 to each member of the previous equation con-
mH/Z and D_ me/Q From the former, we obtain

sidereing two different elements: D_ w o.h 0h
m-+1 m+1/2 2 m+1/2 m+1/2
’D tHDf:r Wo h H++5HD7:E oh H+—_0‘ (D zWon 7D*Iwa,h )+

1/2
7 (DD s D)

and from the latter we get

1/2 1/2 1/2
fy<D_zD_thf,J{1,D_wa,:r/> +ﬁ’7< —aW, Zn;r/ 7D—erLi;L/)+

= —on|| Dy - D—tHD—x Wi 1%



Now, using the identity

+1/2
D_ (D wittD_, ;”h“)+= (D_ID_MZT’D_QC @ /)+

—x¥o,h

+ (D—xD twé ot D—m ?:1/2)+

1/2
mHD;,; ;n}—:-/

in eq. (30) and replacing the common term, -y (D D_w, ) , we conclude the
+

proof. O

We are now able to establish an upper bound for the perturbations on ¢s;, and oy,.

Proposition 7. Let Ceh and op*, m = 0,..., M denote fived solutions of the discrete problem
defined by egs. (9), (10), (13) and (16) to (19) and let wyy, = ¢y, — &Y, wyy, = op" — 73", where
Cipy Op' 1S another solution of the same discrete problem with initial conditions 52,};,7 and 52. If
the assumption Haig holds, the coefficients satisfy

My + o+ By < 2min (8, ay + agy) (31)

and there exists Aty > 0 such that, for all At € (0,Aty), the corresponding solution satisfies

max (HD_I Zn}jl/ZHima

Do PR ) <c (32)
for some positive C, independent of h and At, then, for all At < min {Ato, %}, the following
wnequality holds

m—1

sl + 1D+ 9Dl + A8 3 (1Dl Il + D3
1=0

< G ([lwbilly + I1D-alall’s + D_ssal})
form=1,2,...,M — 1, where Cy is a positive constant independent of h and At.

Proof. Let At < min {Ato, %} Combining eq. (29) with Proposition 6, it follows that for all
€ #0,

Dy [l 5 + 1Dl + v Dy 1]

- O’h
+Ao|| Dy T}fl/z\\++30 ()| D_asi 2|2 (33)
< (YN P o M D R ) e
where M B
B M, a+py
A0_2<5 2 2 >
and
By(e) =2 <a7+ao,z — - % - 044-2ﬁ7> :

From eq. (31), it follows that Ag > 0 and we can fix € such that Byp(e) > 0. Let

1 .
Sreuaon) = M o 1D 1000}

With this notation, eq. (33) leads to
(1~ eenonst) ([ 2 + 1Dt + 1Dyt

+ At (Aol| Dy

IR 4 Bo(o) | D ) en

( +‘9€(C€h70h At (HujéhHh—i_HD—mwah—i_’yD—xWZhH )

10



From the uniform bound defined by eq. (32) and the inequality from eq. (34), applying
Lemma 1 from [19] allows to obtain

m—1
L [ e L 2 I
1=0

< Co(1+ C A (||wdally + | Dot

LD tal) -

where

11 1
C)—9 1, 2 CcT —_ , .
) max{1,~y }GXP< maX{AO Bo(e) 1—Cmin{At0»glc}}>
O

We have already dealt with calculating upper bounds for suitable norms involving the pertur-
bations of ¢¢j, and 07,. We now turn our attention to the perturbations of the dissolved and solid
approximations, i.e., wg, and wgp. Employing a similar technique, we can prove the following
result.

Proposition 8. Let ¢}, i =d,s, Cand o}, m =0,..., M denote fized solutions of the discrete
problem defined by egs. (9) to (20) and let W}, = C'Z’-”h —Cips i =d, s, 0 and wyly, = oyt — ", where
Cipr 0=, 5,0 and 7" is another solution 0f7the same discrete problem. If the assumptions Haig
and Hg hold and there exists Aty > 0 such that, for all At € (0, Aty), the corresponding solution
satisfies

max {Hcthhw (R Y 11| PY chHh,oo} =C (36)

for some positive C, independent of h and At, then, for all At < min {Ato, %}, the following
inequality holds

m
dehlih+|!wsh!\h+AtZ |D_ it |2 < Cas Ol + a8 S winl2 | L (37)
=0 j=0

form=1,2,..., M — 1, where Cy is a positive constant independent of h and At.

Proof. We start by noting that using eqs. (11) and (12) and taking into account summation by

parts and the boundary conditions for wgﬁ ! we have

m+1  m+1/2 m+1  m+1/2
(D tWan s Wap . D iy wgp, N

= (o (3efsr) = aa (a0 72) ) Dyt D)

m41/2 m+1/2 me1
- (ad(Mth n )D_qwgg T D_pwgy,

m+1/2  Fm+1/2  m+1/2 m—+1/2
+< h —Jn Wan o T W .

Considering the assumptions on the coefficient functions, using Proposition 5, for all € # 0,
we have

_ ((ad (thzﬁ:l/z) o ( éznhﬂ/a)) L p _xwg,?me
¢ M2 .
< SID_awin |5 + € igs _mex D R (e 2+ el

and

~m+1/2 m+1/2 m4+1 m+1/22
- (ad (thgh ) D —z%q h aD—a:wd,h 4 < —ap dHD—m Wan H-o-’

11



where Cy is a suitable positive constant. Through a straightforward application of assumption
Hg, it can be shown that the following holds

m+1/2  im+1/2  m+1/2 m+1/2
In h Wan o T Wep L

fh”hoo’

ol p (B + E)

+Cp o (14 eallne)” (Il + 1Bl

< Cy max {Hcthhoo,

where C is a convenient positive constants and

2 2
Ega = |lwdnll, + ol
Considering the last estimates in eq. (38) and eq. (36), we obtain
(1 — aAt) E;’?jl—l—Q(aod—e )| D_pw TZ1/2H+ (1+ aAt) EJy + At2™. (39)
~ 2
where a = 4C;C, 8 = 2C5(1+C)? +Od,1%g and 2" = (||w£ L2 4 Hw}"hH%) Choosing € # 0

such that Dy(€) = 2(agq — €?) > 0, Lemma 1 from [19] implies

dehHh+I|wshHh+AtZ [l
=0

< (0000 (el = 1) #2835 )
=0

1 1
. oT )
exp( OémaX{DO(e),l_aAt}>

O
The combination of Propositions 7 and 8 leads to our first main result. Let
EYoas = w [l + [Tl + 1D + D
+Atmz: (L TR T R Py
form=1,.... M.
Theorem 1. Let ¢, i = d,s,f and o}, m = 0,..., M denote fized solutions of the discrete

problem defined by egqs. (9) to (20) and let wiy, = ¢y — e i = dys, L and WY, = oy — 6y,
where &y, i = d, s, and 7} is another solution of the same discrete problem. If the assumptions
Hy;g and H¢ hold, the coefficients satisfy eq. (31) and there exist positive constants Csqp and
Aty such that, for all At € (0,Aty), the corresponding solution satisfies

Hé(ZLhHh,oo} < Cstab

(10)
independently of h, then there exists a positive constant C, independent of h and At, such that,
for At sufficiently small, the following inequality holds

s D el Db o I D-afnlly oo il e

Pots < C (Ilflln + I1D0n 2+ 1D_atfal2 + I8l + NSulZ)  (41)

form=12... .M —1.

12



Remark 5. We conclude this section remarking that the stability of egs. (9) to (20) in cjh,z' =

(2

d,s,?, O'{L, j=0,...,M, is concluded from Theorem 1 provided that there exists a positive con-
stant Clqp, h and At independent, such that, for At small enough,
i+1/21)2 i+1/212 +1/2
HDfﬂicz,h / H—l—,oo < Cstaba nggai / H—i—,oo < Cstabv { D,w(?fi’h/ H—&-,oo < Cstab7

j:O,...,]\ffl,hGA7 and

HC;,hHh,oo < CYstaba Hcé,hHh,oo < Cstab7 Héé,hHh,oo < Cstab7
for j =0,...,N,h € A.
3.2 Convergence analysis
Let ¢, i =d, ¢, s, and o3, m = 1,..., M denote fixed solutions of the discrete problem defined

by eqs. (9) to (20) . Let B/, = Ruci(t;) — cl,,,i =d, s, EL, = Ryo(t;) — o}, for j =0,..., N,
be the discretization errors, where ¢;,i = d, £, s, o represent the solution of the initial boundary
value problem defined by egs. (1) to (3) and (7)) with € = A¢y, egs. (5), (6) and (8), and
Ry, : C([0, R]) — V}, denotes the standard restriction operator to the grid functions defined on
Qp.

To establish error estimates we use the approach introduced in [3| for elliptic problems and
largely followed by the authors and their collaborators in, for instance, [4, 20, 22, 2| for non-
Fickian diffusion problems and [18, 14, 17, 21, 16| for coupled problems.

Let g € C([0, R]). We introduce (g); € V}, defined by

Gteo) = = [ glaaa,

zo

1 Tit1/2 ]
(9n(xi) = / g(x)dx,i=1,...,N —1,

hi+1/2 i—1/2
2 TN
e
N Jz

N—1/2

and g : Vi\{zo} — R defined by §(x;) = Rng(zi—1/2), i = 1,..., N. We also define the space
V = H3*0,T; H*(0,R)) N C°(0,T; H3(0, R)) (42)

J . J |2 J J 2
By, = ||E ], + [ D-. (Ea,h +’7Ez,h> 555 =0,.... M.
The first result on convergence, estimating the error for approximations ¢y and oy, is as

follows.

Proposition 9. Let ¢y,0 € V' denote solutions of the problem defined by egs. (1) and (5) to (8)
and cop,0n € Vi, denote the solution of the problem defined by egs. (9), (10), (13) and (16)
to (19). If the assumption Haig holds and the coefficients satisfy eq. (31) then, there exists a
positive constant Cy such that for At small enough,

m—1
j+1/21(2
EZLU + At Z Z HDf:UEZJ;,h / H+ < Cf(”E?,hHiQL + H‘Dmeg,hHi + HDfng,hHi + Ter,[);

7=0 p=L,o
form=1,2,....M — 1, where

2
Tert < Pinas ( Z <||pHCO(H2) leell ooy + 11PNl cogrsy + ||P||01(H2)> )

p=c¢,0

2
+ At ( Z <”pHCO(H2) el g2y + HPHH2(H2)> + HpHH3(H2)> ~

p:c[7o-
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Proof. This proof follows the reasoning behind the one of Proposition 7.

1. Estimates for D—tHE&hHi and HD—:{:EZthHi:

A straightforward, although tedious, calculation allows to show the following equalities

(thE;,thrl’ EZLhHﬂ)h - ((CZ(tm+1/2))h7 EZhHﬂ)h - (thczl;jlv EZ;Uz)
(T B,

-y <ap (th;”;j 1/ 2) D_ Y o EmY 2)

p=ce.0 ’ ’ * (43)

- Z (ap (MthCZn+1/2> D—thpm+1/2v D—xEZLI:rl/2>

p=cy,0

£ 30 (LB e (1 B,

h

+

p=cCe,0

where
T = (RhCZ(tm—Hﬂ) - (Cz(tm+1/2))h) + (D_yRpce(tms1) — Rpcy(tim1/2))
and

m _ m dp
T17p+1/2 == <<ap (Ce(tmyr/2)) — ap (MthCg +1/2>> a*i(tmﬂ/z)

— (ap (MthCZnH/Q)) (g\i(tmﬂ/z) - D—thpm+1/2> )

for p = ¢y, 0. Following the proof of eq. (29), it can be shown that, from eq. (43), for all

¢ £ 0, we have
D[ B + (a0 — 26 = Mo) || D B2

D o (R
+ M, | D_ B+ (T )+ Y (T{j;“/2,D,xEZh“/2)+,

p=~L,0

where € # 0. Using the Bramble-Hilbert Lemma, see [7], and the proof of Theorem 1 of 3],
it can be shown that there exist positive constants C1, Cs, independent of h and At, such
that the following inequalities hold

(T{n+17 E;t’bh+1/2)h < Cl (h%n,aa: ch(tm-i-l/Q)HHQ(OjR) HD—:CEZL}:—I/2H+

(45)
+AE? HC/KUHL2(tm,tm+1;H1(o,R)) HE;:Lthl/Q“h) ;
(T$?+1/27D_IEZ;1+1/2>+ < Calipge <Hg§(tm+1/2) o) leeCtm12)| 20,y
P Cmt1/2) ]| a0,y + 1PEm) 1120,y
+ Pt )0,y ) Do B2
(46)

dp
+ CrAL3/? H(tm )
o +1/2 .

8p 1
* H <ax)

14
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for p = ¢4, 0. Inserting egs. (45) and (46) into eq. (44) we obtain
2 +1/2|2
D_(| B + (2o = 3¢ = Mo) || D B

1 1
<5 X (M0 R kg ) B DB T
p=cy,0

where, fori =1,...,N — 1,
m+1/2 2
|T€,U+ / (371)| < Chfnax (62 ch(tm+1/2)HH2(07R)

+ Z <||p”00(H2) Hcf(thrl/Q)Hm(o,R)

p=ce,0

2
+ Hp(tmﬂ/?)Hm(o,R) + o)l r20,m) + ||p(tm+1)||H2(0,R)> >

+ CAP (Hcféluiz(tm’tm%f,l(oy "

2
ap "
" T I H ()
Z ( CO(HQ)H ZHLQ(tm’th’Hl(O’R» O ) N L2ty st 13 H (0,R))

p:C£7O—

for some € # 0, and C > 0, independent of At and h.

. Estimates for ||D_, (Eg?ffl + ’YE;?h—H) Hi’

D_ESYR and | D_ BT

T o,h

We now focus to the error equation associated with eq. (10). A simple calculation reveals
that, for £/, and EJ . it holds

D_tng,fl + 5E:?;1/2 _ _aEZh+1/2 _ ”YD—IEZZhH + T(Té—i—lj
where
T = (D_yRio (tmy1) — Ruo' (tmi1/2)) — 7 (Rucy(tmsj2) — Dy Rico(tmin))
—a (Rth(th ) =t 2) _B (Rha(th 1) — am“/?) .

Following the proof of Proposition 6, it can be shown that

1

S|, (B B I+ 81D B + sl Do B

1/2 1/2
= —(a+67) (DB DB )
+ (Dot p, (B )|

Using again the Bramble-Hilbert Lemma ([7]), it can be established for ¢ = 1,..., N,
m=20,...,M — 1 that

3
D_,T™(2;)] < CA#Y? o] 19
’ -z ol (‘TZ)| = _z: Z p L2 (bt H2(0,R)) ’ ( )
pP=Cp,0 k=2
where C' denotes a suitable positive constant. This implies the bound
+1/2 +1/2 +1/2)2
(D15 AD_ B 4+ D_ BT )+ < &||D_ BT )

+&|D_ENTRE T

—x " o,h

with

Tyl < on® - (in(’“)‘

p=C¢,0 k=2

LQ(tmytm+l§H2(07R))>
and ¢; # 0,7 =2, 3.
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Combining egs. (47), (48) and (50) we get

D [IlE 2 + DB D 1

—xo,h
+ Aoea) [ D, |+ Bo(@) | D 2
1

1 -
<2 3 (Mgl man PR ) B 2 s

€
p:C[7o—

Ao(es) = (5— Mo _ W-%)

M
By(e) =2 <a'y+a0,g - at by — 262> .

Considering the assumption (31) on the coefficients «, 3,7, a9, and M,, we conclude the
existence the coefficients €, e3 # 0 such that A(e3), Bo(€) are positive such that

where 263 = €2,

and

. 1/2(2 /212
(1-— Ath(Cg,O'»EZ?‘l + At min{Ao(e3), Bo(€)} <HD_xE:?; / H+ + HD_IEZ"ZF / H+> o
51
< (14 Atiler, ) ) B, + At (2075 + T7H)
where )
Oc(ce,0) = 9¢2 Imax M; - max 1Pl corry -
Assuming
2 2
At < ‘
maxp—,o My - maxp—¢o [|pllcog2)
and applying a discrete Gronwall Lemma to eq. (51), we conclude the proof. O

We finally turn our attention to the error associated with the concentration of solid and
dissolved drugs, ¢4 and cs. Let

X =C°%0,T; H*(0, R) N H (0, R)) N H*(0,T; H*(0, R) N Hy »(0, R)) N H?(0,T; Hy z(0, R)).

Proposition 10. Let cp,0 € V, cq € X and cs € H3(0,T; H*(0, R)) denote solutions of the
problem defined by egs. (1) and (5) to (8) and cqp € Vi and csp € Vi, denote the solution of
the problem defined by eqs. (9) to (20). If f(cs,cq,ce) € CO(H?), the assumption Haig and Hg
hold, and the coefficients satisfy eq. (31) then, there exists a positive constant Cq s, such that for
At small enough,

m—1
VEZI + 1B+ A 3 1D B < Caa (BRI + 1B + Teras).
j=0
where

Terr,d,s < h’ﬁ@a:{: ( Z (HpHCO(H2) HCEHCO(HQ)

p:CZ7U

2
+lIpllcogas + Ipllos ey )+ I (€ss eas o)l

2
+ (llealleagarzy + eallcogzray (lleeloogary +1) ) )

2
+Att ( Z (HPHCO(H2) leell g2y + ||pHH2(H2)>

p:cé 7U

2 2 2
+ Pl s a2y + llealicocmzy Neel gy + lcalle a2

2 2
+lleallagarny + s s ) -
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Proof. We follow the steps of the proof of Proposition 9. We start by noticing that from eqs. (11)
and (12) we easily establish, for all € # 0, that

1 2
3D (105 + 1B 2) + (a0 = 5 ) ID- I

m+1/2

M2
< 5o lleallogas) I1EEL 2[5 + T 4 T 4 + T

where

T, = ((Rhme/Q) R, f™V2 R Zln}:rl/2>h

+1/2
Tas < C1 (Ba (llcallon ey + lcallcoas) <HCZHCO(H2) = 1)) 1D B2
+1/2
+At3/2 (HCdHCO(H2) HC€HH2(tm tm+1:H(0,R)) + ”CdHH2(tm,tm+1;H2(0,R ) HD_ Em H+
+1/2 +1/2
82 (lleal i3ty s 0.0 1B+ s 30 s o, 1S 211))

for some positive constant C4, independent of h and At. Both terms 77 and 75 can be bound
using the Bramble-Hilbert Lemma. For T} we get

1/2
‘T1| < Cthax ||f(Cs,Cd,Cg)||CO H?) HD—Z’Em+ / H+

for some positive constant Co, independent of A and At.
Regarding T5, using assumption Hg, it holds, for all n # 0,

2
(Cr(t+ lleallcogany) ) -

Ty| < Hh

,,72
2 CRR||PNE O lledlleogy) (1 + lcallcoam)
n flcellcoHt) dllco(HY) m
+ E_F 2¢2 h+ 2 HE +1/2Hh
m 2
N n? N C2R||cp, +1/ Hh . 3C lleellcocgry (1 + lleall cogpmy) | H/QH
2 26 2 h

+ DB

From Proposition 9, we know that Hcm+1/ 2Hh is uniformly bounded, w.r.t, h and At, which

means that there exists a positive constant Ceopy ¢ such that

ez 215 < Ceonvee
Choosing € = % and
772 — 3. min { C}%Rcconv,f Cf HCZHC’O(Hl) (1 + ”CdHCO(Hl)) }
ad 9 2 )

it follows that

(1 ) (| B 2 + | 2) + Atao D 252

2, M3 m+1/2
<2At | (1 + [leql))” + 9e2 4 lcallZo (H?) HE Hh

(1+ aAt) (HEththHE Al >+Atzm
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where

{30]2”Rcconv,£ 3Cy HCEHCO(HI) (1+ ||CdHcO(H1))}
a = 2max , 5
ad

and

M = CShimaa: ((HcdHCl(HQ) + HCd||CO(H3) <||CZ”CO(H2) n 1))2
+ 1 f(es, cay C£)||200(H2))
+ C3At? <Hcd”%‘0(H2) HCZ‘|2H?(tm,tm+1;H1(o7R)) + HCd‘|12r{2(tm,tm+1;H2(o7R))>
+ Co (a5t tmsas11 0,500 + 1600t 0.2))

for some positive constant C3, independent of h and At. Assuming At < i, we finally conclude
the proof. 0

We can now state our final convergence result for the error

YOl A SN LINEIRSTAY RUNS 3 Sl LA e
p=tids 7=0 p={,0,d

Theorem 2. Let cp,0 €V, cg € X and cs € H>(0,T; H*(0, R)) denote solutions of the problem
defined by egs. (1) and (5) to (8) and cqp € Vho and cpp,on,csp € Vi, denote the solution of the
problem defined by eqs. (9) to (20). If f(cs,cq,ce) € CO(H?), the assumption Haig and Hg hold
and the coefficients satisfy eq. (31) then, there exists a positive constant C, independent of h and
At, such that for At small enough,

E < C(h}

max

+AtY, m=1,...,M.

Remark 6. Let us suppose that the initial errors are null. In this case Theorem 2 establishes
that the fully discrete piecewise linear-constant finite element method (28) presents second con-
vergence order

m—1
+1/2
NEZ 12 + I EZ, + B2, + At S ST E?)2, < O(ht ey + ALY,
7=0 p=L,o

m—1
+1/2
STUIERIE + AL ST B PIR ) < O (Bl + ALY).

p=d,s

As mentioned before, these upper bounds were established avoiding the approach of Wheeler
[37]. Furthermore, as the fully-discrete Galerkin method is obtained considering linear piecewise
approximation for ¢y, o and cq, the second convergence order with respect to the norm |.||; 5
which can be seen as a discrete version of the usual H'-norm.

Remark 7. As mentioned in Section 3.1, the stability of the fluid discretization can be established
showing that [ D_,c5%|_ and [[D_,o1" "

H+ , are uniformelly bounded, w.r.t. h and At.
Let ¢?,,0% be such that
t.h Oh

H—&-,oo

HEz wlln < ChE, 1D_ Ee wll+ < CR2

max?

HD—IES',hH"‘ < Ch%lax

max?

From Proposition 2 it follows that

HD_xCﬂlm 2

I o +2|D_,Ruc)"

< 2HD 0 I o

H+,oo

_h3 HEZLH/QHi+2HC£||%0(H2)~
min
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Using the estimate from Proposition 9, there exists a positive constant C, independent of A and
At, such that

h ow + At
< Chi +2 IICelléO(m) .

mwn

1Dt |1

At <

Therefore, under the assumption of the grids being quasiuniform, the stability condition Y~

C, for some constant C' and that we choose our perturbations in a ball centered around the
numerical solution and with radius such that

2 < Oht

max?

2+ ”Wd wlli + ”w

—x

lelly + I1P—alall

we can conclude that for At small enough, the bound given by eq. (32) holds and the stability
is ensured in the mentioned sense. Regarding the stability of the scheme w.r.t. ¢4 and c,p,

using Proposition 3, similar uniform bounds can be obtained for Hcm H , with p = d, s and
Pkl oo

Héql??hHh,oy under the same requirements for the grids and At.

Theorem 1 can now be reformulated as follows.

Theorem 3. Let ¢}, i = d,s,l and o', m = 0,..., M denote fized solutions of the discrete
problem defined by egs. (9) to (20), If the grid is quasium’form, the assumptions Haig and Hy
hold and the coefficients satisfy eq. (3 ) then for At sufficiently small, the numerical method
is stable, provided the perturbations w. Th = Czh m, i =d,s,f and W o = = op' — 0", where
Cipr 0=, s, ¢ and o} satisfy the same discrete pmblem with perturbed mztml data and

< Chi,

max?

2
"t llwanlli + llwgnl

el + 11D—swgll

—T

for some positive constant C.

4 Numerical simulation

This section aims to illustrate the main convergence result of this work, Theorem 2, for the fully-
discrete approximation defined by egs. (9) to (20). The theoretical solutions ¢p,0 € V, ¢g € X
and c¢s € H3(0,T; H*(0, R)) of egs. (1) and (5) to (8) used in our numerical test solve a modified
problem obtained by adding in each partial differential equation a source term R;, i = /¢, d, s, 0.

In our test we run the simulation in the time interval [0,7] with 7" =5 s and in the space
interval [0, R] with R = 1 mm representing the radius of Maxwell-Wichert polymeric platform
with Young modules Ey = E; = 1 Pa, viscosity 1 = 10° Pa - s, and relaxation time 7 = Eil =
109 s.

The solvent concentration ¢; used is defined by

co(z,t) = e~ 15E(x) + (), (z,t) € [0, R] x [0, T
with ¢(t) = cent(1 — e 15) and

1 2 _ _ P+1 /4 —_
i) = (1_ ) (Cont — )x Cext — 1 N lax — RPT' +aRP(p+ 1)(z — R)

R m (aR — R)P+1 ’

where Cepp = 755 74 kg/m? is the exterior solvent concentration, a = 3, m = 10 and p = 1.7.
Note that 2 = £ is a critical point that guarantees that c¢(-,t) € H?(0, R) (and not in C3(0, R)),
in order to 5at15fy the hypothesis of Theorem 2.

We also define

Cd(gcat) = g(x,t)d;(t), (x7t) € [0’ R] X [OvT] (52)

where

exp (_ (m—az(t))gl-io-\jﬂ3—a2(t)|p+l) if 0<z<as (t)
glz,t) =<1 if as(t) <x<ap
exp (_(a:fao)zﬂxfao\pﬂ) if a<z<R,

2-10—3
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Figure 1: Plot of the analytical solutions for different instances of ¢ € [0, T].
with .
ag if 0<t<t
az(t) = t—1\’ .
and
t—1\? -
1-— - if 0<t<t
s - (F) )=
1 if i<t<T.

We remark that cg4(-,t) is in H3(0, R) but not in C3(0, R).
The solid drug concentration solution used in our simulation is

H=(1 t () ) e[0,R] x [0,T 53
euant) = (14 s © ) @0 enRx D1 (53

Finally the polymeric chains’ stress is given by

o(x,t) = (co(x,t) — cext)€(t), (x,t) € [0, R] x [0,T] (54)

E
€t = Bo (1—e ) + ( _1§5> (1-e D).
Profile plots of ¢y, ¢4, s, 0 are given in Figure 1 for different values of ¢. The numerical method
defined by egs. (9) to (20) is implemented with initial conditions given by ¢/(x,0), c4(z, 0), cs(z, 0).

where
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Based on real biological information, see [5, 6, 13|, we use the coefficient functions ay(cy), aq(ce),
as(cg) defined as follows

R2

@C&

1--%£

CL@(C() = Dy 6752 <17 C:it)a ad(cé) = Dye eiﬁd< Ce”t)a ao(cé) =

with Dy, = 3.74-1079m?s™1, Dy = 2.72-10719m2s71, 3, = 0.8, B3 = 0.5, ji = 10% Pa-s. These
choices yield a nonlinear numerical problem in ¢y that is solved iteratively by Newton’s method
to get an approximation of ¢, at each time step. In Table 1 we show the errors calculated versus
different values for At at time T'= 5 s in a fixed grid with hyee = 9.8638 - 1074, Thus we can
show computationally that the method reaches second order for Ej" with respect to At.

At Ep Rate

3.1250 - 1071 13.9571 -

2.0833-10! 8.1536 1.3262
1.5625 - 10~* 4.5565 2.0227
1.0416 - 1071 1.7421 2.3713
7.8125-1072 9.5928-10~! 2.0740

Table 1: Estimated convergence rates for fixed hpq, = 9.8638 - 1074 and varying At.

In Table 2 we plot the numerical errors versus different values for hn,q, using a fixed At =
4.8828 - 10* in each grid. The results illustrate computationally that E}* is of second order with
respect to Mgz

hmaz Ep Rate

6.2801-1072 2.9494 - 10! -

3.1362-1072 1.9660- 101 0.5840
1.5639-10~2 1.1810-10"1 0.7324
7.8246 - 1073 3.4207-1072% 1.7892
3.9635-1072 8.3530-1072 2.0728
1.9932-1073 2.2342-10"3 1.9184
9.7753-10"% 5.2751-10"%* 2.0260

Table 2: Estimated convergence rates for fixed At = 4.8828 - 10~* and varying Amqz-

5 Conclusions

In this paper we present a model to simulate the complex interplay between solvent absorption,
polymer swelling, drug release, and stress development within polymeric drug delivery platforms.
A Maxwell-Wiechert model has been incorporated to capture the memory effect arising from
polymer relaxation. To avoid the drawbacks of using an integral representation for the stress, we
replace such memory term with a new differential equation. From a numerical standpoint, this
leads to eliminating the need to store information from all previous time steps.

The main goal of this manuscript is to propose a fully discrete numerical scheme for the afore-
mentioned system of differential equations, and subsequent stability and convergence analysis.
Being a nonlinear system of differential equations, stability needs careful attention. Our main
results are: (i) the stability of the numerical method provided suitable uniform bounds for the
numerical solution and its perturbation and (ii) second order, in space and time, convergence for
nonsmooth solutions, with no restriction on the grids. The bounds needed to ensure stability
are derived from our main convergence theorem and are valid if the grid is quasiuniform and the
timestep satisfies a relation of the type At < Chaz, for some constant C'. Finally, we illustrate
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numerically the convergence rates obtained in the main result using an exact solution based on
biological information.
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