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AN EXAMPLE

Lawvere (1973)

The notion of «normed category» can also be related to the
(non-symmetric) Hausdorff metric

2X(A, B) = sup inf X(a,b) ...
acA beB
Example
Let X be a metric space. Define the normed category H(X) as follows.
- Objects: subsets of X.
< Anarrow f: A— Bin H(X) is a map from A to B, with “norm”

f| = supX(a, fa).
aeA
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Definition
A X is an ordinary category with (small) normed
hom-sets

|=|: X(x,y) —V
so that

R<|L|, [fl®Ilg] < |gfl.
A functor F: X — Y is whenever
If] < |Ff|.

Remark (Lawvere (1973))

We will leave as an exercise for the reader to define a closed category
S(R) such that «normed categories» are just S(R)-valued categories
and a «closed functor» inf: S(R) — R which induces the passage from
any «normed category» to a metric space with the same objects.
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A set is a set A that comes with a function |-|: A— V,and a
(A, |-]) — (B,|—]) is @ mapping f: A — B satisfying
|a] < |fa| foralla € A.

A*>B

\lu

This defines the category

Betti, Renato and Galuzzi, Massimo (1975). “Categorie normate”. In
Bollettino dell’'Unione Matematica Italiana 4.(11), pp. 66-75.

Remark
V-normed Category = Category enriched in Set// V.
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Theorem
The category Set )V is symmetric monoidal-closed.

Proof.
+ For V-normed sets A and B, their tensor product A ® B is carried by
the cartesian product A x B, normed by |(a,b)| = |a| ® |b| in V.
+ The tensor-neutral set E is the set {x} normed by | | = k.
« [A, B] has carrier set Set(A, B) ( ), with their

norm defined by

el = Allal, leall. O
acA

Notation

We simpy write
Cat/V and CAT/V

instead of (Set//V)-Cat respectively (Set/))-CAT.
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Examples

« For ¥V =1 the terminal quantale, a 1-normed category is just an
ordinary category.

+ For the Boolean quantale ¥V = 2, a 2-normed category X can be
described as a category X that comes with a distinguished class M
of morphisms which is closed under composition and contains all
identity morphisms.

The 2-normed functors preserve the distinguished morphisms.

- We may consider the category Set as [0, co]-normed:
If: X — Y| ="size of Y \ f(X)" € NU {c0}.

Hence |f| may be seen as a (predominantly finitary) measure of the
degree to which f fails to be surjective.
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CHANGE OF BASE

Examples

+ The monoidal functor Set/V — Set (“forget norm”) induces the
forgetful functor
Cat//V — Cat.

Note. This functor is topological.

+ The lax mondoidal functor

s:Set/V —V, A \/|al
acA
induces the functor
s: Cat/V — V-Cat, X+ (objects of X,sX(x,y) = \/ If]).
f:x—y

Note. For every metric space X,

S(H(X)) = the usual (non-symmetric) Hausdorff metric space.



CHANGE OF BASE

Examples
+ The functor s: Set/V — V has a right adjoint

i:V— Set)V, v ({x} x| =V)
which induces the functor
i: V-Cat — Cat/V, i(X)= X indiscrete with |(x,y)| = X(x,y)

which is right adjoint to s: Cat//) — V-Cat.



THE UNDERLYING CATEGORY A LA KELLY

Remark
There is also the “forgetful functor”

(=)o : Cat/V — Cat

represented by the tensor-neutral element E.

That is, (—), sends a small V-normed category X to the category X, with
the same objects as X, but with only those morphisms f: x — y in X
with k < [f].
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Recall
For every closed symmetric monoidal category W,

[ -] WxW—W
makes VW a W-category.

Example

Set//V becomes a V-normed category whose objects are V-normed sets,
but whose hom-sets of morphisms A — B are given by the internal hom
[A, B] of Set//V, that is,

To avoid (or increase) confusion, we write to denote this normed

category.

Remark
(Set|V), = Set )V



2. CONVERGENCE FOR NORMED CATEGORIES
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A sequence s = (Xp) in @ metric space X is whenever

inf sup X(Xm,Xn) = 0.
NG]NanI;N (m n>

An elementx € X is a of s whenever

X — inf sup X
(x,y) ﬁgﬁ;ﬁ (Xn,Y),

forally € X.

Theorem

A metric space X is if and only if X has
all weighted colimits of

Vickers, Steven (2005). “Localic completion of generalized metric
spaces. I". In: Theory and Applications of Categories 14.(15), pp. 328-356.
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Definition (Kubis (2017))

Let s = (Xm SN Xn)m<new be a sequence in the normed category X.

+ Thensis whenever 0 > infyen Supp>m>n [Sm,nl-
<A of the diagram s is given by a (xn 2 x) of s in the

ordinary category X so that 0 > infyew supp>y [vnl-

Remark
+ Colimits are not unique up to 0-isomorphisms.
+ Kubis constructs a Cauchy completion with a “kind of” universal
property,
- proves a fixpoint theorem, and

« has a further condition in the definition of normed category which,
for a metric space, is equivalent to symmetry.
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NORMED COLIMITS

Definition

Let s = (Xm Smr, Xn)m<new be a sequence in the V-normed category X.
An object x is a of sin X if

+ X is a colimit of s in the ordinary category X, with a colimit cocone
(xn 2% x) so that

- for all objects y in X, the canonical Set-bijections
Nat(S|N7 Ay) — X(X7y)

form a colimit in Set//V, that is

fl=\ Al

NeIN n>N
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ANALYSING NORMED COLIMITS

Lemma
For any cocone o:: s — Ax over a sequence s = (Xp)nen in X, tfae:

(i) ;
(i) 1x] < Vien /\nzN |anl,
(i) If] < Vyen Ansn If - anl, for every morphism f: x — y in X.

Corollary

A normed colimit of a sequence in a V-normed category X is uniquely
determined up to an isomorphism in X.

Corollary
Let X be a V-normed category satisfying the condition
If| > |f -h|® |h| for all composable morphisms h and f.

Then an object x is a normed colimit of a sequence s in X if, and only if, x
is an ordinary colimit of s with a colimit cocone that is a
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ANALYSING FURTHER

Remark
if X = i(X) is given by a V-category X, then the condition of the page
before means equivalently that X is

Remark
The dual condition reads as

Ifl >|g-fl®|g| forallcomposable morphismsf and g,

as above, for X = i(X) this means that X is symmetric.

For V = [0, o], Kubi$ included this condition in the definition of normed
category; however, this does not make colimits unique up to a
0-isomorphism.
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For a V-normed category X, we say that
- asequence s = (Xp SN Xn)m<nen in X is if
kR < \/ /\ |5m,n|7
NeINn>m>N
- and X is if every Cauchy sequence in X has a

normed colimit in X.
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COMPARISION WITH METRIC SPACES

Example
We consider the case X = iX for a metric space X.
The sequence s = (x,) is Cauchy in X if, and only if,

inf sup X(Xm.Xp) =0
NGNanI;N (ma n) )

if and only if s is in X.

Since the category X is indiscrete, any cocone (X, — X)nen is a colimit
cocone.

Finally, x is a normed colimit of s if, and only if,

X(x,y) = Jnf igﬂX(Xn,y)

for all y € X, which means that x is a of s.



SOME CONDITIONS

In the sequel we consider a quantale V satisfying one of the following
conditions.

kR , that is:
k=\/{ueV|u<k}

where u < k means that, whenever kR <'\/,,v;, then u < v; for some
iel
kR , that is:

kA\/vi:\/I?/\v,-.

iel i€l
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Proposition

The V-normed category [X, Set|V] is Cauchy cocomplete, for every small
V-normed category X.

Proof.

For a Cauchy sequence o = (P, —% Pr)m<new in [X, Set|V].
1. Take its colimit (yp: Pp — P)pen-
2. For every object x of X, n € IN and ¢ € Px, put

A=AV V I

NeIN n>N ae('y,,);lc

3. P: X — Set|V is indeed a normed functor.
Therefore (y,: P — P)pen is @ colimit in the category [X, Set|V].

4. The difficult part is to get that (y,: P, — P)nen is @ R-cocone. O
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Remark
Normed functors preserve Cauchy sequences.

Proposition
Every left adjoint normed functor F: X — Y preserves normed colimits
of Cauchy sequences.

Proof.
The diagram

Nat(s|y, AGy) ———— Nat(Fs|y, Au)

J |

X(Xa Gy) % Y(vay)

commutes. ]
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X = ncolim(s) =
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Put ® = ncolim(yy -S) in PX. Then, for every objecty in X,
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Remark

Let s be a Cauchy sequence in the normed category X. Consider the
Yoneda embedding

Yyt X — PX := [X°P, Set| V).

Put ® = ncolim(yy -S) in PX. Then, for every objecty in X,

Cocone(S|y,Y) > X(x,Y) colimit in Set//V
|
Cocone(yy -S|n, y5 (V) —— Nat(®, y5(¥)) colimit in Set//V

For every object x in X,

X = ncolim(s) <= x = colim P.

Hence, X is Cauchy cocomplete if, and only if, X has all colimits weighted
by normed colimits of representables.
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