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Introduction

o R=(r1,...,7m), S=(s1,...,Sn) two sequences of positive
integers in weakly decreasing order having the same sum,

TLZ .2 Tmy 812 ... 2 Sp,

m+...+rm=81+...4+ 8.
o A(R,S) the class of all m-by-n (0, 1)-matrices with row sum
vector R and column sum vector S.

o A(n, k) the class of all n-by-n (0, 1)-matrices with constant
row and column sums k.
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Introduction

EXAMPLE

R=(4,4,4,3), S=(3,3,3,3,3)

€ A(R,S5)

— = O
e )
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O = =
O ==

€ A(5,3)
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Introduction

A = [a;j] a m-by-n real matrix, let £(A) be the m-by-n matrix
whose (r, s)-entry is

T S

UT,S(A):ZZaij, 1<r<m,1<s<n.
i=1 j=1
1 01 1 1
01 1 11
A=177101 1| c2s(A)=4
1 1 1 0 0
11 2 3 4
1 2 4 6 8
E(A)_ 2 4 6 9 12
3 6 9 12 15
4
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Introduction

BRUHAT ORDER

o A,C € A(R, S) then A precedes C' in the Bruhat order,
written A <p C, provided that ¥(A) > X(C) (by the
entrywise order).

10111 01111
01111 1 01 11
A= 1101 1 ¢= 11011
11100 11100
112 3 4 01 2 3 4
1 2 4 6 8 1 2 4 6 8
%(4) = 246 9 12|’ )= 2 46 9 12
3 6 9 12 15 3 6 9 12 15
Y(A)>%(C) and A=<pC )
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Introduction

An interchange consists of replacing one of the following two
submatrices by the other,

01 10
L2—|:1 0:|and12—|:0 1:|

11010 11010
101 10 11100
B=|10101|, D=1 0101
01101 00111
01 011 01011

4
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Introduction

If Ay € A(R,S) and Aj is the matrix obtained from A; replacing
a 2-by-2 submatrix of A; equal to Ly (respectively, I3) by Iy
(respectively, Lo) then we say that Ay is obtained from A; by an
Ly — I (respectively, Iy — Lo)

11010 1 1 010
1 01 10 1 1 100
B=|10101|, D=1 01 01
01101 00111
0 1 0 1 1 01 0 1 1

D is obtained from B by an Lo — I>. )
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Introduction

11010 11010
101 10 11100
B=|10101|, D=1 01 01
01101 00111
01 011 01011

D is obtained from B by an Ly — Is.

1 1.0 1 0 0O 0 0 0 O
1 0 1 1 0 0O -1 0 1 O
B = 101 0 1|=D+]|0 0 0 0 0
01 1 0 1 0 1 0 -1 0
01 0 1 1 0O 0 0 0 O
B is obtained from D by an (1)-interchange
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Introduction

11010 11010
101 10 11100
B=|10101|, D=1 01 01
01101 00111
01 011 01011
D is obtained from B by an Ly — Is.
1 1 0 1 0 0O 0 0 0 O
11 1 0 O 0 1 0 -1 0
D = 1 01 0 1 =B+|0 0 0 0 O
0 0 1 1 1 0O -1 0 1 O
0 1 0 1 1 0O 0 0 0 O
D is obtained from B by a (—1)-interchange |
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Introduction

SECONDARY BRUHAT ORDER

o if A,C € A(R,S) then A precedes C' in the secondary Bruhat
order, written A <5 C, if A can be obtained from C by a
finite sequence of Ly — I5 interchanges (sequence of
(—1)-interchanges).

o The only interchanges allowed are the Lo — I interchanges
((—1)-interchanges)
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Introduction

Let A,C € A(R,S). If A is obtained from C by the interchange
C[{’L,]}, {kJ}] =Ly — I then A <p C.

Proof :

Ci1 tt Cin C11 to Cin

Cm1 te Cmn Cm1 te Cmn
r s
ors(A) :ZZGU’ 1<r<m,1<s<n.
i—1 j=1

) oo (C)+1 if(rys) e i, i -1} x{k,...,1 =1}
or,s(A4) = { ors(C) otherwise

)
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Introduction

Let A,C € A(R,S). If A=y C then A =<p C.

Let A e A(R,S). If A is a minimal matrix for the Bruhat order on
A(R, S) (matrix ¥X(A)), then A is a minimal matrix for the
secondary Bruhat order on A(R,S), (A does not have a submatrix
equal to Ly).
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Introduction

Let A e A(R,S). If A is a minimal matrix for the Bruhat order on
A(R, S) (matrix ¥X(A)), then A is a minimal matrix for the
secondary Bruhat order on A(R,S), (A does not have a submatrix
equal to Ly).

4

The converse of this Corollary is true.
If A e A(R,S) does not have a submatrix equal to Ly then A is a
minimal matrix for the Bruhat order on A(R,S).
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Introduction

This conjecture was shown to be false using a counterexample in
A(R,S) with R # S.

If A€ A(n, k) does not have a submatrix equal to Ly then A is a
minimal matrix for the Bruhat order on A(n, k).

This conjecture arose other notions linked to the Bruhat orders.
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Inversions

INVERSION IN A (0,1)-MATRIX

o An inversion in A = [a;;] € A(R, S) consists of two entries
a;j = ap = 1 such that (i — k)(j —1) <O.

o The total number of inversions in A is denoted by v/(A).

1 0 1 1 1
01 1 1 1
A= 1 1 0 1 1
1 1 1 0 0
a3 =aqo =1 and (1—4)(3—2) =-3<0.
V(A)=5+T+9+2+4+5+6+1+3+3=45. |
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Inversions

Let A,C € A(R,S). If A is obtained from C' by the interchange
C[{i,j};{k,1}] = Lo — Iy then v(A) < v(C).

Proof :
c11 aE Cin c11 aE Cin
0 1 1 0
1 0 0 1
Cm1 Cmn Cm1 Cmn
V(A) < v(C)
O
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Inversions

Let A,C € A(R,S). If A<y C then v(A) <v(C).

Let A,C € A(R,S). If A<p C then v(A) < v(C).
(If (A) > X(C) then v(A) < v(C).)
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Inversions

1 10 01 1
A=|10 1], C=]11 0| €A3,2)
01 1 1 01
1 2 2 01 2
YA)=|23 4|, Z(O)=|1 3 4
2 46 2 46
Y(A)>EC)=A=<pC |
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Inversions

Definition

Let A = [a;j] be an m-by-n real matrix, with m,n > 2, and b be a
real number. Let 1 <k <l <m,1<p<r <n be integers and
EY = [e;;] be the m-by-n real matrix with all entries equal to

{kLp,r} —
zero, except

—b b
E{(:ll)ﬁ),l;p,r}[{kal}; {p,?"}] = |: b —b :| .

We say that the m-by-n real matrix D is obtained from A by the
b-interchange in the submatrix A[{k,l};{p,r}] if

_ (b)
D=A+ E{k,l;p,r}'
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Inversions

1 10 ) -1 1 0
A=1|1 0 1|, E{1,2;1,2} =1 -1 0
0 1 1 0 0 0

0 1 1 . 1 1 0 -1 1 0

D=2 0 0 :A+E(), =10 1[4+ 1 -1 0

{1727172}
0 1 1 0 1 1 0 0 0
D is obtained from A by a 1-interchange. )
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Inversions

Definition

Let A = [a;j] be an m-by-n real matrix with m,n > 2. We denote
by £(A) the real number

m—1 n

= > Y (om-1(4) — gij-1(A))ai;,

=1 j=2

where the number 0;;(A) is defined in ¥;;(A) .

== O =
O = =
O R =) =
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Inversions

Let A€ A(R,S). Then &(A) = v(A).
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Inversions

Let A = [a;j] be an m-by-n real matrix and b be a real number.
Let k,p,r be positive integers with1 < k<m—1,1<p<r<n.
Letx =3 . ak and z = Z;;; ap+1,;- Let D be the matrix
obtained from A by the b-interchange in the submatrix

Al{k,k+ 1};{p,r}]. Then

ED)=¢€(A)+ (z+ 2z +b)d.

.
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Inversions

1 2 0 1

A= | —1 0 1 1 | D isobtained from A by the 2-interchange
2 1 11

in the submatrix A[{1,2};{2,3}], (b=2, p=2, r=3)

0 -2 2 0 1 0 2 1
D=A+]|10 2 -2 0|=|-12 -1 1
0 0 0 O 2 1 1 1

D impi1 @k =0 and 2 = E;;Zl) ap+1,; =0 and
=4 b)b = (0+0+2)2.

§(D) =&§(A) +(0+0+2)2 = £(A) +4 = (D) > £(A)
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Inversions

Let A = [a;j] be an m-by-n real matrix and b be a real number.
Let k,p,r be positive integers with 1 <k <m—1,1<p<r <n.
Letax =3, . ak and z = Z;;Il) ap+41,;- Let D be the matrix
obtained from A by the b-interchange in the submatrix

A[{k,k+ 1};{p,r}]. Then

&(D)=¢&(A)+ (x4 z + b)b.

In the conditions of the previous theorem we conclude that if A is
a real matrix, x > 0, z > 0 and b > 0 then £(A) < (D).
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Inversions

Definition
Let Y = [y;j], W = [wyj] € A(R,S) and o be a positive integer
with 1 < a < m. The (a,Y, W)-matrix is the m-by-n matrix
Z = [2;] such that
o the i-row of Z is the i-row of Y, for 1 < i < c.

o the i-row of Z is the i-row of W, for o < © < m.

o the a-row of Z is zqj = 55 — (Zf‘:ll Y+ Yt wlj), for
I<j<n

.
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Inversions

110 011
A=|101]|, c=|110
01 1 101
110 11
(1,c,4)={101|=4 2,CA=|200]|=D
01 1 01 1
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Inversions

1
(1,C,4) = | 1
0

—_ O =

0 0
1| =4, ©2,C4)=]2
1 0

—_ O =
[ R
[l
T

D is obtained from A by the 1-interchange in the submatrix
Al{1,2};,{1,3}], b=1, p=1, r=3)

C is obtained from D by the 1-interchange in the submatrix
D{2,3};{1,2}], b=1, p=1, r=2)

v(A) = £(A) <€(D) <£(C) =v(O).
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Inversions

Let A,C € A(R,S). If A<p C then v(A) < v(C).

Let A,C € A(R,S). Ifv(A) = v(C) then A and C are
incomparable in the Bruhat order.
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Inversions

Let A,C € A(R,S). If A<p C then v(A) < v(C).

The converse of this Theorem is not valid.

1N

Il
OO OO = = =
O OO - = =
SO OO -
OO RFEF~=OO
== O = O OO
== -0 0o O
== -0 000

Q

Il
OO OO = ==
O OO = O = =
SO O RFE O
=== 0 O0O0OOo
= =0 00O
== -0 00O

0
1
1
1
0
0
0
)

two minimal matrices for the Bruhat order on A(7,3
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Inversions

Thank you
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