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Decomposition of Rectangles in Dominos

Introduction

Let ℓ, k P N. In how many ways can we cover a ℓˆ k “chess board”
with 1 ˆ 2 dominos without overlapping any two domino pieces?

Tiling randomly generated with J. Rangel-Mondragon’s application for
Mathematica “Random Domino Tilings”, Wolfram Demonstrations Project,
http://demonstrations.wolfram.com/RandomDominoTilings/.

http://demonstrations.wolfram.com/RandomDomino Tilings/
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Introduction

Equivalently, how many different perfect matchings of the ℓ ˆ k
square grid graph (Pℓ ˆ Pk) represented below are there?
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Let T pℓ, kq denote that number of perfect matchings of Pℓ ˆ Pk .

It is easy to see that. . .

§ T pℓ, kq “ T pk, ℓq.

§ T pℓ, kq “ 0 if both ℓ and k are odd.

§ T pℓ, 1q “

#

1 if ℓ is even;

0 if ℓ is odd.

§ T pℓ, 2q “ T pℓ ´ 1, 2q ` T pℓ ´ 2, 2q, for ℓ ě 3.
T p1, 2q “ 1 “ f2.
T p2, 2q “ 2 “ f3.
So T pℓ, 2q “ fℓ`1,
where fn denotes the nth Fibonacci number.
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Not so is easy to see. . .

§ T p12, 7q “ 2 188 978 117 .

Theorem (Kasteleyn’s formula)

For every ℓ, k P N,

T pℓ, kq “

ℓ
ź

p“1

k
ź

q“1

4

d

4 cos2
ˆ

p π

ℓ ` 1

˙

` 4 cos2
ˆ

q π

k ` 1

˙

.
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Not so is easy to see. . .

§ T p12, 7q “ 2 188 978 117 .

Theorem (Kasteleyn’s formula)

For every ℓ, k P N,

T pℓ, kq “

ℓ
ź

p“1

k
ź

q“1

4

d

4 cos2
ˆ
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ℓ ` 1
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` 4 cos2
ˆ
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For example, for ℓ “ 4 and k “ 3 we have

4 cos2
´π

5

¯

“ 4 cos2
ˆ

4π

5

˙

“ φ2 “ 1 ` φ “
3 `

?
5

2
,

4 cos2
ˆ

2π

5

˙

“ 4 cos2
ˆ

3π

5

˙

“ 2 ´ φ “
3 ´

?
5

2
,

4 cos2
´π

4

¯

“ 4 cos2
ˆ

3π

4

˙

“ 2 , 4 cos2
ˆ

2π

4

˙

“ 0 ,

Hence,

T p4, 3q “
4

d

ˆ

3 `
?
5

2

˙2 ˆ

3 ´
?
5

2

˙2 ˆ

7 `
?
5

2

˙4 ˆ

7 ´
?
5

2

˙4

“ 11 .
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In what follows we assume that ℓ is even or k is even.
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The determinant of the Kasteleyn Matrix mpℓ, kq

Label both black and white squares with integers from 1 to
d “ ℓ k{2. Black squares are labeled with black labels, and white
squares with red labels. The Kasteleyn Matrix is
mpℓ, kq “

`

abr
˘

1ďb,rďd
defined by:

abr “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

0, if black square b and white square r

are not adjacent;

1, if black square b and white square r

are placed side by side;

i “
?

´1, if black square b and white square r

are placed one on top of the other.
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The determinant of the Kasteleyn Matrix mpℓ, kq

For ℓ “ 4 and k “ 3:

1 2

3 4

5 6

1 2

3 4

5 6

mp4, 3q “

¨

˚

˚

˚

˚

˝

1 2 3 4 5 6

1 1 0 i 0 0 0
2 1 1 0 i 0 0
3 i 0 1 1 i 0
4 0 i 0 1 0 i
5 0 0 i 0 1 0
6 0 0 0 i 1 1

˛

‹

‹

‹

‹

‚

To every tiling in we may assign a permutation σ P Sd defined by
σpaq “ b when the black square labeled a is paired with the white
square labeled b.
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The determinant of the Kasteleyn Matrix mpℓ, kq

When ℓ “ 4 and k “ 3, there are five permutations with sign `1,

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2 3 4 5 6 1 2 5 6 3 4 1 4 5 2 3 6 3 2 1 6 5 4 3 4 1 2 5 6

and six with sign ´1,

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2 3 6 5 4 1 2 4 6 3 5 1 2 5 4 3 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 4 3 2 5 6 3 1 4 2 5 6 3 2 1 4 5 6
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Why is Tpℓ, kq “ | det mpℓ, kq|?

Define, for τ P Sd ,

spτq :“ a1τ1 ¨ a2τ2 ¨ ¨ ¨ adτd .

Then spτq “ 0 if and only if there is no tiling associated with τ .

Let S “ tτ P Sd | spτq ‰ 0u. By definition,

det mpℓ, kq “
ÿ

τPSd

signpτq spτq “
ÿ

τPS
signpτq spτq .

Then signpσq spσq “ signpµq spµq for any two σ, µ P S. Since
}signpσq spσq} “ 1,

} det mpℓ, kq} “

›

›

›

ÿ

τPS
signpτq spτq

›

›

›

“ |S| }signpσq spσq}

“ number of domino tilings of B .
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signpσq spσq “ p´1q i2 “ signpµq spµq “ p`1q i4 “ 1 .

1

1

1 1

i i

1 2

3 4

5 6

1 2

3 4

5 6

i

i

1

1

i

i

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

1 2

3 4

5 6

σ“3 1 4 2 5 6“ p1 3 4 2qp5qp6q µ“1 4 5 2 3 6“ p2 4qp3 5qp1qp6q σ ˝ µ´1“p1 3 5 4qp2qp6q

spσq “ i2 “ ´1 “ sign σ spµq “ i4 “ 1 “ sign µ
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Why is Tpℓ, kq “ | det mpℓ, kq|?

1

2 3

4

Figure: Induction argument.
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How to evaluate mpℓ, kq

Let
`

ap q

˘

1ďp,qďℓ k
be the square matrix where ap q is defined as

before but we do not distinguish between black and white squares.
If black squares are numbered from 1 to d and white squares from
d ` 1 to 2d “ ℓ k , we obtain the following matrix, formed by four
d ˆ d blocks,

ˆ

0 mpℓ, kq

mpℓ, kqT 0

˙

,

where mpℓ, kq was defined before. The determinant of this matrix
is

p´1qd det mpℓ, kq det mpℓ, kqT “ p´1qdpdet mpℓ, kqq2 .
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For k “ 1 and ℓ “ 2d we obtain T pℓ, 1q “ 1.

2 4 6 d1 3 5 d´1

Mpℓ, 1q “

¨

˚

˚

˚

˚

˝

0 1 ¨ ¨ ¨ 0 0

1 0
. . . 0 0

...
. . .

. . .
. . .

...

0 0
. . . 0 1

0 0 ¨ ¨ ¨ 1 0

˛

‹

‹

‹

‹

‚

, χℓpλq “ det

¨

˚

˚

˚

˚

˝

´λ 1 ¨ ¨ ¨ 0 0

1 ´λ
. . . 0 0

...
. . .

. . .
. . .

...

0 0
. . . ´λ 1

0 0 ¨ ¨ ¨ 1 ´λ

˛

‹

‹

‹

‹

‚

For every n ě 3 and λ P C,

χℓpλq “ ´λχℓ ´ 1pλq ´ χℓ ´ 2pλq .
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Determinant associated with a linear board

In particular,

χℓp2 cosptqq “ ´2 cosptq
`

χℓ ´ 1p2 cosptqq
˘

´ χℓ ´ 2p2 cosptqq .

Since

χ1p2 cosptqq “ ´
sin

`

2t
˘

sinptq
and χ2p2 cosptqq “

sin
`

3t
˘

sinptq
,

χℓp2 cosptqq “ p´1qℓ
sin

`

pℓ ` 1qt
˘

sinptq
.

The eigenvalues of mpℓ, 1q are, for p “ 1, 2, . . . , ℓ, 2 cos
´

p π
ℓ`1

¯

since
χℓ

´

2 cos
´ p π

ℓ ` 1

¯¯

“ p´1qℓ sinpp πq “ 0 .

In particular,
ˇ

ˇ

ˇ

ˇ

ˇ

ℓ
ź

p“1

2 cos
´ p π

ℓ ` 1

¯

ˇ

ˇ

ˇ

ˇ

ˇ

“

#

1, if ℓ is even;

0, if ℓ is odd.
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Determinant associated with a general board

Now, we consider three pℓ kq ˆ pℓ kq matrices,
Mpℓ, kq “

`

apq
˘

1ďp,qďℓ k
as before,

and Mhpℓ, kq “
`

bpq
˘

1ďp,qďℓ k
and Mv pℓ, kq “

`

cpq
˘

1ďp,qďℓ k
,

defined by

bpq “

#

1, if squares p and q are placed side by side,

0, otherwise;

cpq “

#

i , if squares p and q are placed one on top of the
other,

0, otherwise.
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Determinant associated with a general board

Then
Mpℓ, kq “ Mhpℓ, kq ` Mv pℓ, kq .

If λ is an eigenvalue of Mpℓ, 1q and µ is an eigenvalue of Mpk , 1q,
then λ ` µ i is an eigenvalue of Mpℓ, kq.

det
`

Mpℓ, kq
˘

“

ℓ
ź

p“1

k
ź

q“1

´

2 cos
´ p π

ℓ ` 1

¯

` 2 cos
´ q π

k ` 1

¯

i
¯

.
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Finally,

det
`

Mpℓ, kq
˘

“ | det
`

Mpℓ, kq
˘

|

“

ℓ
ź

p“1

k
ź

q“1

›

›

›
2 cos

´ p π

ℓ ` 1

¯

` 2 cos
´ q π

k ` 1

¯

i
›

›

›

“

ℓ
ź

p“1

k
ź

q“1

d

4 cos2
ˆ

p π

ℓ ` 1

˙

` 4 cos2
ˆ

q π

k ` 1

˙

.
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Determinant associated with a general board

Thank you for your attention!
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