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V(1) THE UNITARY GROVUVP AA*=A*A =]

COMPLEX NUMBERS OF NORM ON¢€

exp it
oit

— A 1-SPHERE (CIRCUMFERENCHE)
v={ 19 | 6€ R

— AN (ABELIAN) GROUP.

ol o6 = £i(6+6)




REPRESENTATIONS / ACTIONS

A L€ GRO\JP REPRESENTATION 1§ A DIFFERENTIABLE GROUP MORPHISM
I1:G— GL(V)

WEASK THAT V 1§ X FINITE DIMENSIONAL VECTOR SPACE (REAL/COMPLEX).

G ACTS —LINEARLY— ONYV

AN ACTION OF \U(1) ON THE REAL PLANE

ON THE€ REAL PLANE GL(2,R)

: THE MATRIX OF A ROTATION
0 cosf —sinb
e — .
sin@ cosé@

NO REAL €EIGENVALUE



EX: A COMPLEX I-DIM REPRESENTATIONS:

* II(EXP 10) = (EXP INO)
THE WEIGHT OF THE REPRESENTATION, N, 1§ ALWAYS AN INTEGER..

THNM : GIVEN I : V() — GL(OV), THERE €XISTS A BASIS OF
SIMULTANEOUS €E1IGENVECTORS IN WHICH:

exp t1nqi6 0 0
X Tl(expif) = 0 exp 1Nl . 0
0 0 exp 1ny0

SPECTRAL THEOREM: UNITARY MATRICES ARE DINGONALIZABLE,
AND TS €EIGENVALUES ARE COMPLEX NUMBERS OF NORM 1.

(* WITH ORTHOGONAL EIGENVECTORYS).




SONME BASIC NOTIONS

LET N/ A SPACE ON WHICH A GROUP G 1§ ACTING

A SUBSPACE W IS INVARIANT IF, FORCALL g IN THE G:

gW = {Il(g)w | w € W} gW W

IN THIS SITUANTION WE SAY THAT G ACTS ON W.

THE RESTRICTION OF THE REPRESENTATION II: w(d) — GLGV)
TO W I§ AN REPRESENTATION OF G ON GL(W).

A REPRESENTATION IS IRREDUCIBLE IF IT DOES NOT HAVE ANY
NONTRIVIAL INVARIANT SUBSPACE.



THEOREM

GIVEN ANY REPRESENTATION OF (D), THERE ALWAYS €XISTS A BASIS OF

SINAVULTANEOVUS EIGENNECTORS SUCH THAT, FOR.ALL f REAL

exp 1n10 0 0
: 0 exp 1nol 0
[I(expif) = .
0 0 EXP inge
WEIGHTS OF THE REPRESENTATION 731,709, ++ ,Tbp  INTEGERS

COMMUTING DINGONALIZABLE MATRICES ARE
SIMULTANEOUSLY DINGONALIZABLE.



PROOF

D ANY REPRESENTATION OF (1) CAN BREAKS AS A S\UM OF IRRED\VCIBLE
REPRESENTATIONS.

FIND AN INVARIANT SUBSPACE W, THEN ITS ORTHOGONAL COMPLEMENT 1§ ALSO INVARIANT

We NeeD AN INVARIANT HERMITIAN PROD\VCT

27
0 % /0 (TT(e)o|TI(e")u)d6

(DONE IN THE BLACKBOARD)



PROOF

2) ANY IRREDUCIBLE REPRESENTATION OF V(1) HAS DINMENSION ONE.
SCHUR’S LENMNA
— SIMVULTANEOVVS DIAGONALIZATION

COMPLEX NUMBERS

(DONE IN THE BLACKBOARD)

3) FINALLY, WEIGHTS ARE ALWAYS INTEGERS.

FOR ONE DIMENSIONAL REPRESENTATIONS, IT SUFFICES TO OBSERVE
THAT I SHOULD B€ SENT TO 1 BY ANY REPRESENTATION.

THEN, ARGUE BY RESTRICTION TO THE INVARIANT SUBSPACES.



eX: TWO REDUCIBLE REPRESENTATIONS:

A DIRECT SUM OF THREE IRREDUCIBLE REPRESENTATIONS OF (1)

exp(2i6) 0 0
exp(i6) — 0 1 0
0 0 exp(—2i0)

4 @+ @®+—@®+  WEIGHTS DINGRAM

-2 0 2

ANOTHER DIRECT SUM OF THREE IRREDUCIBLE REPRESENTATIONS OF ‘(1)

exp(i6) —

OO =
O = O
o O

© WEIGHTS DINGRAM
0
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§\J(2) THE SPECIAL UNITARY GROVP

UNITARY: A= (g __ﬁ> a=oa1+iay & B=p1+1ibs.

g o
SPECIAL: detA=024+02+p2+B2=1
L1€ GRO\UP:
— A 3-SPHERE.

CONMPACT DIFFERENTIABLE MANIFOLD.
SIMPLY CONNECTED

— A NON-ABELIAN GROUP UNDERC MATRIX MULTIPLICATION.



$\J(2) AN 3-SPHERE INSIDE THE 4-DIMENSIONAL SPACE OF
LINEAR CONMBINATIONS

al + b11+ sz + b3k

UNIT QUATERNIONS

. O —1 & 0 —l o l 0 uv—_u.v_|_uXV.
=0 %) =(59) (6 %)

LET su(2) BY THE REALNECTOR SPACE GENERATED BY THE Q\UATERNIONS :
THUS su(2) 1S THE SPACE OF ANTI-HERMITIAN MATRICES X +X*=0

THEOREM

su(2) 1S THE TANGENT SPACE TO S\U(2) AT THE IDENTITY.

su(2) 1S N REAL 3-DIMENSIONXAL VECTOR. SPACE



THEOREM. THE SPACEsu(2) 1S THE TANGENT SPACE
TO S\U(2) AT THE IDENTITY.

ONE€ PARAMETER GROUP IN §'U(2)

U(t) differentiable in [—¢, €] and U(0) = 1

WITH U@)u(t) =1
THEN % (U(t)U*(t)) -
t=0
(U'&U*() + U@)U*())) limo =
X+X" =0

where X = U’(0)




WANTED: AN OPERATION ON THE L1e ALGEBRA THAT
REFLECTS THE NON-COMMUTATIVE GROUP OPERATION

su(2) 1§ NOT CLOSED UNDER. MATRIX MULTIPLICATION:

i2=j’=k’=ijk=-1 HAMILTON’S GROUP

NEITHER THE SUM NOR THE PRODUCT OF MATRICES IN SU(2)
CAN REFLECT THE GROUP STRUCTURE OF S\U(2)



THE L1€ BRACKET
THE ACTION BY CONJUGATION OF §\/(2) ON ITSELF.

TWO ONE-PARAMETER GROUPS IN §U(2) u(s) & v(t)

SET U=4(0) & V =1(0)

DIFFERENTIATING AND €VALUATING AT O, TWICE WE OBTAIN THE LIe BRACKET

=UV - VU =[U,V]



FROM A L1€ ALGEBRA TO ITS LI€ GROUP

THE EXPONENTIAL MAP

g—G

X g o) :—Xk
k!
k>0

A Lle GROUP HOMOMORPHISM INDUCES A
UNIQUE REAL L1€ ALGEBRA HOMOMORPHISM SATISFYING

d(e*) = ?™)

INDEED, @(X) = 2d(e™)| _,, forall X € g.



INDEX

I. THE LIE GROUP U(I) AND THE NOTION OF WEIGHT. &

2. THE LIE GROUP §\U(2) AND ITS LI ALGEBRA &

4. REPRESENTATIONS OF sl(3, ©)

5. KOSTANT PARTITION FUNCTION AND
VECTOR PARTITION FUNCTIONS.

6. LINEAR SYMMETRIES FOR THE SL(3,C)
TRIPLE MULTIPLICITIES.



EXANPLES OF REPRESENTATION OF THE
LIE GROUP §\U(2).

THE TRIVIAL REPRESENTATION :
SENDS ALL €ELEMENTS OF §\v(2) TO 1.

THE STANDARD REPRESENTATIONV :
SENDS ANY €ELEMENT OF §\J(2) TO ITSELF.

A DIRECT SUM OF COPI€S THESE IRREDUCIBLE REPRESENTATIONS.

€X: (g g O\
(g —5)|_) 8.a 00

B o 0 0 | 0

0 0 0 |



THE ADJOINT REPRESENTATION oF §v(2)

THE LIE GROUP §\U(2) NCTS ON ITS LIE ALGEBRA su(2) BY CONJUGATION:

s\UQR) —> GL(su(2)) su(2) is a real vector »- space.
A Ad i X AxAd

detA=cof+as+8:+p6:=1

THEOREM

IFA=COSO+USINOISNUNITVECTOR IN §S'\U(Q2), THEN CONJUGATION
BY A DEFINES N ROTATION IN su(2)

AROUND AXIS UAND OF ANGLE OF 26

TIS§ A 2-1 MAP BECAUSE AAND -AINDUCE THE SAME ROTATION.



TO UNDERSTAND A LI€e GROUP REPRESENTATION OF §\(2)
WE FIRST ANALYZE ITS RESTRICTION TO THE TORUS (DIAGONAL MATRICES)

THE RESTRICTION TO THE TORUS OF THE STANDARD LI€ GROUP REPRESENTATION

ett 0
0 e—z'O

WEIGHTS: (I) AND (-1)

WEIGHT DIAGRAM: @ ‘L @ jl
1 4l
IN THE LANGUAGE RVEN , | |
OF SYMMETRIC tr ( . _29> e o Al
FUNCTIONS .



L€ GROUP

RESTRICTION TO THE TORUS OF THE SYMMETRIC SQUARE OF THE
STANDARD REPRESENTATION

DIAGONAL ACTION

v1 ® vV = ewvl ® ewvl — e%avl ® v
v1 ® V9 — ewvl ® e_wvg = eowvl ® v9
V9 O V9 > e_wvl ® e_wvl = e_%evl ® v
WEIGHTS: (2), (0) AND (-2)
WEIGHT DINGRAM: —+—o——@®—+—®—+
-2 0 2

CHARACTER

6220 0 0
tr 0 eOiO 0 i 622'9 2 eOz’O il e—2z’9 e h2(ez’9’e—z’9)



FROM THE REPRESENTATIONS OF A LI€ GROUP
TO THE REPRESENTATIONS OF ITS LIe ALGEBRA

LI€E GROUP REPRESENTATION II1:G— GL(V)

L1€ ALGEBRA REPRESENTATION.

(LINEAR. MAP THAT RESPECT THE BRACKET) T™T.g — g[(V)
THEOREM

A LIE GROUP REPRESENTATION DEFINES AN UNIQUE L1e ALGEBRA HOMOMORPHISM
H(eX) e en(X)

THAT CAN B€ COMPUTED AS

d
n(X) = d—tH(etX)

t=0

IF G 1§ CONNECTED IT IS €EQUIVALENT TO ASK ABOUT IRREDUCIBILITY AND €QUIVALENCE IN €ITHER SETTING, IF G
[§ SIMPLY CONNECTED A L1e ALGEBRA REPRESENTATION CAN B€ LIFTED TO A L1€ GROUP REPRESENTATION.



REPRESENTATIONS OF THE L1€ ALGEBRA su(2) (real Lie
algebra).

NAOVE TO sl (2, C) (FUNDAMENTAL THEOREM OF ALGEBRA).

sl(Z) C)  SPACE OF MXNTRICES OF TRACE ZERO.
COMPLEX \VECTOR. SPACE OF DIMENSION 3

BASIS FOR sl(2, O)

H=10;X=01;Y=OO,
0 -1 00 10

THE IMAGE OF HO, THE CARIAN SUB ALGEBRA OF su(2), UNDER. THE EXPONENTIAL MAP

I§ THE TORUS OF su(2)
et? 0



THE ADJOINT REPRESENTATION OF s/(2, Q).

THE ANCTION OF CONJUGATION OF A LIe GROUP TRANSLATES TO THE ADJOINT
REPRESENTATION OF ITS L1€ ALGEBRA:

10 (01}
0-1 00

THEN

WEIGHTS -2, 0, 2.

CHARACTER

AdH) (H) =[H,H] =0

Ad:sl(2, Q) ——> GL3EIE, O)
Ad(X) = [X, 1]

P 00 :
10

THE ROOTS

Ad(H) 0O = [H, X] = 2X X ANDY

AdH () = [H, Y] =- 2V THE NONZERO

CEIGENVECTORS
OF THE ADJOINT

—®—+—@®—1—®—+ REPRESENTATION
-2

62@0 0 0
tr ( 0 eOz’G 0 ) 7 62i9 i eOiG ik 6—22'0 - hz(ew,e_w)



THE FUNDAMENTAL CALCULATION FOR su(2).

THE ANCTION OF X AND Y ON THE WEIGHT SPACES.

LET\/ BE ANY REPRESENTATION OF su(2). GIVEN v INNV(®), WHEREX(V) LIVES ?

X K X
D N

siNce [HX] = HX - XH. . . s

¥ T T

HCX(V)) =X(H(Vv)) + [H, X](v)
= (ot V) + 2 X(v)

= (o + 2) X(v)
SIMILARLY,

HOVY (V)= (x - 2)Y(v).



THE IRREDUCIBLE REPRESENTATIONS OF su(2)

@  ANY IRREDUCIBLE REPRESENTATION OF SU(Z) 15 1SOMORPHIC TO
A SYMMETRIC POWER. OF THE STANDARD REPRESENTATION

@

Sym*V

FOR SOME K NON-NEGATIVE.

SYMMETRIES OF THE WEIGHT SPACES

WEIGHT SPACES
ARE ONE
DIMENSIONAL

CENTRAL
SYMMETRY



€& DECOMPOSING A REPRESENTATION INTO IRREDUCIBLES

Sym*V @ Sym'V

(DONE IN THE BLACKBOARD)
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REPRESENTATIONS OF sl(3, O)

THE CARTIAN SUB-ALGEBRA OF SL(3, C)

DIANGONAL 3X3 MATRICES OF TRRACE ZERO.

‘la, 0 O )
b=<(0 a, O0):a,+a,+a3;=0
V0 0 a;

7

DUAL

b* = C{L,, L,, Ly}/(L, + L, + L; = 0)},

a;, 0 O
0 a, 0 |=a,.
0 0 ai

L.



THNA: ANY COMPLEX FINITE DIMENSIONAL REPRESENTATION OF sl(3, O)
CAN BE DECOMPOSED AS A FINITE SUM OF WEIGHT §SPACES

V=@V,

THE SUM IS TAKEN OVER A FINITE SUBSET OF b*

IN PARTICULAR, THE ADJOINT REPRESENTATION CAN BE DECOMPOSED
AS

5[3C = b @ (@ga):



THE STANDARD REPRESENTATION

exp 161 0 0
0 exp 105 0
0 0 exp —i(61 + 0)

THE DUAL OF
THE STANDARD REPRESENTATION

X — w(X)
X* = —n(X)*




THE FUNDAMENTAL CALCULATION FOR. sl(3, Q).

[H, [X, Y]] =[X,[H Y]]+ [[H, X], Y]
= [X, p(H) Y] + [a(H) X, Y]
= (x(H) + p(H))- [X, Y ].

ad(ga): gﬂ . ga+ﬂ

THE DIRECTIONS OF THE
THREE LONG DIANGONALS
OF THE KHOMBI




Z
a
a
£
O
Y




THE STANDARD REPRESENTATION

exp 161 0 0
0 exp 105 0
0 0 exp —i(61 + 0)

THE DUAL OF
THE STANDARD REPRESENTATION

X — w(X)
X* = —n(X)*




THE ADJOINT REPRESENTATION OF sl(3, O).

ALCAZAR DE SEVILLA

THE ROOTS ALLOWS US TO
MOVE IN THE DIRECTIONS OF THE
THREE LONG DINGONALS
OF THE RHOMBI



SYMMETRIC POWERS OF THE STANDARD REPRESENTATION

13
2
., Sym-V
2
3
33
27 7% .
Sym*V

LONG DIANGONALS
OF THE RHOMBI




THE IRREDUCIBLE REPRESENTATION OF sl(3, Q).

Sym"V =1,, and Sym"V*=1Ij,.

TRIANGLES

2 @ P(1’2)

OUTER SHAPE
HEXAGON




GELL-MANN AND NEEMAN €EIGHT-FOLD WAY

. S 3 3 3
®W®w CCeCeC

4 P Pl o) o000/1458

Richard Feynman, Murray Gell-Mann, Juval Ne'eman: Strangeness
Minus Three (BBC Horizon 1964) |


https://www.britannica.com/biography/Murray-Gell-Mann
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KIONSTANT PARTITION FUNCTION

POSITINVE ROOTS

aq,

— THE N\UNMNBER OF WAYS OF

Pipt)
WRITING M AS A S\UNA OF POSITINVE ROOT

N1 + Ng Qg

M:

*
L]

POINTED CONE

-NEGATIVE REAL COEFFICIENTS.

NON

2~
O
=
®)
Z A
D
Fu
Z
O -
_“..
T.
WAn.
P.
S
2
T
)
O
4

LATTICE CONDITION

NEGATIVE INTEGER COEFFICIENTSS

NON

p(nia; +nsas) = 1 + min(nq, ns).






KKONSTANT PARTITION FVOUNCTION

FIX A S€T OF POSITIVE ROOTS

aq, 9

WRITE

nioq -+ no o

L4
THEN

ni1oq -+ ’nzag)

(

POINTED CONE

D

L 4
L]

NECGATIVE REAL COEFFICIENTS.

NON-

VECTOR PARTITION FOUNCTION

p(p) =

1 < ng, formula

0<n

chamber 1

1 -|: ’I’Lz"?

.N.
m..
= :
O ;
2
=%
FH
2
O
=
T.
mnn..
o {
.T
ANn.
L
(7p)
O
A’

:'.:":"

PO 30X

X

33
X “Z‘?“ LY 2

S

O
AN

(1)

is-.‘;\z»‘ro

.

o < nq, formula

0<n

chamber 2



SYMMETRY AND STABILITY

= Q1 + Q2

REFLECTION AROUND THE LINE
CYCLIC GROUP OF ORDER TWO

GENERXATED BY
a3

SYMMETRY
STABILITY

‘8,%. 0
y

o

.... ... A ‘.
E .artl




KIOSTANT MULTIPLICITY FORMULA

mult(p) = 3 (—1) @ p(w- (A + p) — (4 + p)).
weW

ITI1S ANDAUNTING TASK TO DeEAL WITH THIS SIGNED SUM.
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€T 0 = (l1,42), m = (mq1,m2) and n = (n1,n9).
THE LITTLEWOOD-RICHARDSON COEFFICIENTS

THE MULTIPLICITY OF V,, IN THE TENSOR PRODUCT

Vi V., IRREP OF sl (3, O)

SCHURI FUNCTIONS

ENEENEY

THE TRIPLE MULTIPLICITIES

DIMENSION OF (V; ®V,, ® V;)SU(B’)



THE TRIPLE MULTIPLICITIES
elbn —dim (V. 9V,. 00 Vn)SU(‘?)

A
THUS Cu, €QUALS c(f;m;n*)

THE SUPPORT OF THE TRIPLE MULTIPLICITIES

SET OF DYNKIN LABELS WITH  ¢(f;m;n) # 0

GENERATES A SUB LATTICE Ay OF 7P

/i1 +mq1+ny=4,+mo+ny mod 3

ATM



A LINEAR SYMMETRY FOR THE TRIPLE MULTIPLICITIES
LINEAR AUTOMORPHISM OF I\

c(0(¢,m,n)) = c(€;m;n)
PERMUTATIONS OF THE DYNKIN LABELS
ellbimin) —dim (V0 V. 9 Vn)SU(‘?)

DUALITY SYMMETRY

*

(4,m,n) < (£*,m*,n*)

GROUP OF SYMMETRIES OF THE TRIPLE MULTIPLICITIES SU(k)

Sy X 63 ORDER 12 k>3



LITTLEWOOD-RICHARDSON COEFFICIENTS
O RATHER TRIPLE M\ULTIPLICITIES

Berenstein & Zelevinsky, 1991 Alcizar de Sevilla, 1090

Triple Multiplicities for s/(r + 1) and the
Spectrum of the Exterior Algebra of the Adjoint
Representation

A.D. BERENSTEIN AND A.V. ZELEVINSKY
Department of Mathematics, Northeastern University, Boston, MA 02115.

Received May 23, 1991, Revised October 10, 1991

(2,3,0 (1'?'1) 0,3,2)
/ ",
(3,2,0) (2.2.1} (1.2.2)/ : (0,2,3)

4
g ( >\\/ , (113)
4l1oo 3'1'1 1'1'3 (0,1.4)
R ' (212 \A
/ \
VAN

/ 3
(5,0,0) m, (4,01 (3,02 m, (203  (1,0,4) m. (0,0,5)

We fix a natural number r and put T =T, = {(i,5,k) € Z3:i+ j+ k = 2r — 1}.
Put also H = H, = {(i,j,k) € T,: all i,j,k are odd} and G = G, = T, — H,.
Thus T, is the set of vertices of a regular triangular lattice filling the regular
triangle with vertices (2r - 1,0,0), (0,2r —1,0), and (0,0,2r — 1); this triangle is
decomposed into the union of elementary triangles having all three vertices in
G, and of elementary hexagons centered at points of H, (see Figure 1).



JOIN WORK WITH EMMANUEL BRIAND AND STEFAN TRANDAFIR

BERENSTEIN-ZELEVINSKI TRIANGLES

Y>=(0,3,0) Yo
o/ N\
Z4:(O’2,1) Z3=(1’270) R4——=23
Z5=(0,1,2) Z2=(2,1,0) <5 <2
Y3=(0)073) / -/ Y1=(3?O’O) y3 my z6 Z]_ mo yl

Z6=(1,0,2)2,=(2,0,1)

S$IDES OF THE HEXAGON SUM AS§ MUCH AS THE OPPOSITE SIDES

ot T G == OF T L0 == 09 =00,

0/0\0 /O\ .
0 1
0 0 0—1 11/_\(())
l A\ / \ / N
0 0 0 0 0 1
0f / \1 0/ \ / \0 0o/ \ e N
05 0—0+1 0+1—0-40 0—1—0—0




VECTOR SPACE

BZ CONE

BZ TRIANCGLE

Lo, REALLABELLING OF BZ TRIANGLES

THE CON€ OF ALL POINTS WITH
NON-NECGATIVE LABELINGS

AN ELEMENT OF
LATTICE OF INTEGRAL POINTS
IN THE BZ CONE




fi(t) =0, fa(t) =41 — ma —w(t), fa(t) = la —n1 + w(t),
g1(t) = —ma, g3(t) =01 —mo —ne —w(t), g5(t) =—n1+w(t),
go(t) = —n1, ga(t) = —mao — w(?), ge(t) =Lla —my —ny + w(t)

Withtd(t)=%(€1 + mg +n1—€2—m2—n2).

A PARAMETRIZATION s
OF THE SPANCE OF Vi, z > g;(t).
BZ-TRIANGLES

fa(t)—x

r—gs(t) x—ga(t)

fa(t)—x @, ) fi(t)—=
r—ge(t) x—g1(2)



THE RAYS OF THE
BZ CONC

RELATION

Al—)—l>+Al—)—3>+Al—)-;=A?+A3>.

FUNDAMENTAL
BZ TRIANGLES

GENERATE AS VECTOR SPACE
AND AS LATTICE

FUNDAMENTAL BZ TRIANCGLES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ / \
0 0 0 0
0o/ \ £aN1 0/ \ / \0 1/ \ / \0
OTO—OTI OTO—OTO ITO—OTO
. AC—,; . A@) & AE;
Cy = (00]01/|10) Cy = (10]00|01) C3 = (01]10/00)
0 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 1—0
/ \ / X / \
0 0 1 1 0 0
0o/ \ / \0 1/ \ / \1 0/ \ / \0
OTI—OTO OTO—OTO OTO—lTO
— A5, — A, — A,
D3 = (00]|10[01) Ds = (01[00|10) D; = (10|01]00)
0 0
0/ \1 1/ \0
0—1 1—0
/ \ / \
1 0 0 1
1/ \ / \0 0/ \ / \l1
OTO_IT OTI_OT
A A
< = (01/01]01) T = (10[10[10)




BERENSTEIN-ZELEVINSKY

SYMMETRIES OF THE BZ TRIANCGLES

GENERATED BY

A

(6;m;n) <> (m*;£%;n%)

(£;m;n) < (£5;n*;m*).

A NOT THE GROUP OF PERMUTATIONS OF
THE DYNKIN LABELS
(IT 1S ISOMORPHIC TO IT)

DOES NOT CONTAIN THE DUALITY SYMMETRY



A LINEAR SYMMETRY OF THE SPACE OF
BZ TRIANGLES PERMUTES

MINITMAL RAY GENERATORS
FOR THE CONE BZ

ANY LINEAR SYMMETRY
SHOULD STABILIZE

{A—> A—> A—>}
AND  {Az,Ap}

A51>-|—A53>+A55>=A?+A3>

THUS, IT SHOULD ALSO STABILIZE

{A—> Az A—>}

GROUP OF LINEAKR
SYMMETRIES OF ORDER 72

FUNDAMENTAL BZ TRIANCGLES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ \

0 0 0 0 0 0
0/ \ / \1 0/ \ / \0 1/ \ / \0
050—0+1 050—050 1-0—050
- AE; — AE; —_ AC—';
Ci = (00]01|10)  C3 =(10/00j01)  C3 = (01|10|00)

0 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 1—0

/ \ / \ / \

0 0 1 1 0 0
0/ \ / \0 1/ \ /\1 0/ \ / \0
0+1—0-50 050—0-0 05-0—1-0

A—) A—> AE{
P (00|10|o1) Di (01|00|10) D} = (10]01/00)
0 0

0/ \1 1/ \0

0—1 1—0

/ \ / \

1 0 0 1
1/°\ / \0 0/ \ /\1
0-0—1—-0 0+1—0—0

A3 Ap

< = (01/01|01) (10|10|10)

G{ACT{’AC_'%’AC_’;;} 2 G{Alﬁ’Alﬁ’Aﬂ} A G{A?7A_’}




ALINENRRMAP  pr : Lo, — RS

biy=y2+24, Mmi=ys+25, N1=9Y + 2o
bo =ys+ 25, Mmo=y1+21, No=1y2+ 23

0 0 0
0/ \0 0/ \1 1/ \0
0 () 0—1 1—0
‘ A\ / \ . \
0 0 0 0 0 1
0/ \ %N 0/ \ / \0 0/ \ 7€ WV
00 U | 0—1—0-50 0.1 0.0

THE LATTICE OF INTEGRAL POINTS OF THE BZ CONE
1§ SENT ONTO A,

IT SENDS THE BZ CONE TO THE CONE OF THE TRIPLE
NMULTIPLICITIES

c(l;m;n) = # (pr~'(¢; m;n) Nlat(BZ))

BERENSTEIN-ZELEVINSKI




A LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES

= S = =
Cl+02-|—03=D1-|—D3—|—D5=?—|—B)

t New

PROJECTIONS

THERE ARE NO OTHER RELATIONS
WITH ALL COEFFICIENTS POSITIVE

ANY LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES
STABILIZES THE TN CONE

THUS, PERMUTES ITS RAYS.

{C]/.7 Cé’ C:;’ ‘D{)Dé’ Dé) ?’ B>}'

MINITMAL RAY GENERATORS

TRIPLE MULTIPLICITIES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—20 0—0

/ \ / \ /

0 0 0 0 0 0
0/ \ AN 0/ \ / \0 1/ \ / \0
OTO—OTI OTO—OTO lTO—OTO

Aa Aa . Aa;
C3 = (01[10/00)

C; = (00/01/10)

Cy = (10[00]01)

0 0 0

0/ \1 0/ \0 1/ \0

0—1 0—0 1—0
/ \ / \ / \

0 0 1 1 0 0
0/ \ / \0 1/ \ / \1 o/ \ / \0
04+1—050 050—050 050—1+0
= AB; = Ab_; = AB{

D3 = (00/10]01) D5 = (01]00[10)  D; = (10/01|00)
0 0
0/ \1 1/ \0o
0—1 1—0

/ \ / \

1 0 0 1
1/°\ / \0 0/ \ / \1
0—0—1—0 0+1—0-0

Az A
< = (01]01/01) T = (10]10|10)




A LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES

STABILIZES {?

v
- |

STABILIZES —-OR SWAPS THEM!

{C1,C3,C3} and {D1, D3, D5}

THUS STABILIZES

{? >} and {{01,02,03} {Dl,D3,D5}}

ISOMORPHIC &g X (63 0 6s)

ORDER. . 9

x (2 x (3)2)

TRIPLE MULTIPLICITIES

0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ / \
0 0 0 0
0/ \ £\ 0/ \ / \0 LAaN / \0
D= 0=el D=0 O=() 1==0 " O==(
A= A A
s 1 L 52> Sy (73)
Cy = (00[01|10) Cy = (10/00|01) C3 = (01/10/00)
0 /\ 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 —
/ \ £ X 74 \
0 1 1 0
0o/ \ / \0 1/ \ / \1 0o/ \ L3NG
0—1—0-50 050—050 050—1+0
D3 = (OO|10|01) Ds (()1|OO|10) D; = (10/01|00)
0 0
0/ \1 1/ \0
0—1 1—0

/ \ /\ / \

1 0 0 1
1/ \ / \0 0/ \ / \1
=010 el 0

A3 A
< = (01/01|01) T = (10[10/10)

SYMMETRIES OF
THE OUTER TRIANGLE

SYMMETRIES OF THE
INNERN HEXAGON



THE SUPPORT OF THE TRIPLE MULTIPLICITIES 1§ A CONE.

[vie{1,2,3}, z < fi(t)
\‘v’j €{1,2,3,4,5,6}, x> g;(t)

max ¢,(t) < z < min f,(¢)
q p

SYSTEM OF 18 INEQUALITIES:

Vi € {17273}3 = {17273743576}7 gj(t) < fz(t)

THE QUASI POLYNOMIAL:

c(t) = 1 + max(0, mpin Jo(t) — max 94(%)).



THE 18 CHAMBERS ARE FULL DIMENSIONAL

THE GROUP OF SYMMETRIES OF THE BZ TRIANGLES ACTS
TRANSITIVELY ON THE CHAMBER COMPLEX

CHAMBERS ARE SIMPLICIAL,

HAVE 6 RAYS, 5 EXTERNAL T1,...,1T5

INTERNAL RAY  (11[11[11)
S R G )

fundamental domains of the lattice have volume 1

RANK GENERATING FUNCTION

(1+3g+3¢9)°(1+29)(1 + q)°.



»
'
-
o
»
-
;
r
)

Y ICEET IO - YA

1€ EOAYY

AETIEVWLM

AD UTRUMQUE



Grant PID2020-117843GB-100 funded by MICIU/AEI/10.13039/501100011033.

@SlD,q

. <
;A ) [n nstituto de matematicas 5"
) [ e B oo

Ministerio de Ciencia, Innovacién y Unlver3|dades Unlve rSIdad de SeVI lla u

/\



