
Vector partitions and representations

AZULEJO, ALCÁZAR DE SEVILLA. MERCEDES Rosas

Universidad de Sevilla




1.  The lie group U(1) and the notion of weight.

2.  The lie group SU(2)  and its lie algebra

4.  Representations of sl(3, C)


5.  Kostant partition function and 

vector partition functions.

6.  Linear symmetries for the sl(3,C)

  triple multiplicities.  

Index

3.  Representations of sl(2, C)




U(1)  THE UNITARY GROUP   A A* = A* A = I 

— A 1-sphere (circumference) 


                U(1)={ (eiθ) |  θ∈R} 


— An (abelian) group.


                eiθ  eiθ’ = ei(θ+θ’)


Euler

complex numbers of norm one


LIE GROUP:



A LIE GROUP representation is a differentiable group morphism


Π : G → GL(V) 


We ask that V is a finite dimensional vector space (real/complex).

An action of U(1) on the real plane

The matrix of a rotation


On the real plane GL(2,R)

Representations / ACTIONS

G acts —linearly— on V

No real eigenvalue



eX : A complex 1-dim REPRESENTATIONs:


Π(exp iθ) = (exp inθ) 


the weight of the representation, n,  is always an integer.

ThM : Given Π : U(1) → GL(V), There exists a basis of 
simultaneous eigenvectors in which:

Spectral theorem: unitary matrices are diagonalizable,  
and its eigenvalues are complex numbers of norm 1.


(* with orthogonal eigenvectors).



Let V a space on which a group G is acting


A subspace W is invariant if, For all  g IN THE G:

                                                                  

SOME BASIC NOTIONS

In this situation we say that g acts on W. 


The restriction of the representation Π : U(1) → GL(V)


to W is a representation of G on GL(W).

A representation is irreducible if it does not have any

Nontrivial invariant subspace.



Commuting diagonalizable matrices are 


simultaneously diagonalizable.

weights of the representation


theorem

Given  Any representation of U(1), there always exists a BASIS OF


SIMULTANEOUS EIGENVECTORs such that, for all      real

Integers



I) ANY REPRESENTATION OF U(1) CAN BREAKS AS A SUM OF IRREDUCIBLE 
REPRESENTATIONS.


             Find an invariant subspace W, then its orthogonal complement is also invariant

PROOF

WE NEED AN INVARIANT HERMITIAN PRODUCT

(Done in the blackboard)



2) ANY irreducible REPRESENTATION OF U(1) HAS DIMENSION ONE.


SCHUR’S LEMMA 


— SIMULTANEOUS DIAGONALIZATION


Complex numbers


PROOF

(Done in the blackboard)

3) finally, WEIGHTS ARE Always INTEGERS. 

for one dimensional representations, it suffices to observe 
that 1 should be sent to 1 by any representation.


Then, argue by restriction to the invariant subspaces.



EX:        two reducible representations:

WEIGHTS diagram

A direct sum of three irreducible representations of U(1)

Another direct sum of three irreducible representations of U(1)

WEIGHTS diagram
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UNItary:


sU(2)    THE special UNITARY GROUP  

Special:

— A 3-sphere. 

  COMPACT DIFFERENTIABLE MANIFOLD.


Simply connected


— A non-abelian group under matrix multiplication.

LIE GROUP:



Let  su(2) by the REAL VECTOR space GENERATED BY THE QUATERNIONS : 


thus su(2)  is the space of anti-hermitian matrices   X + X* = 0

SU(2) a 3-sphere inside the  4-dimensional space of 
LINEAR COMBINATIONS

Unit quaternions 

Theorem 


 su(2)  is the tangent space to SU(2) at the identity.

su(2)  is a real 3-dimensional vector space



theorem.    The space su(2)  is the tangent space 
to SU(2) at the identity. 

With 

Then 

One parameter group in SU(2)



Neither the sum nor the product of matrices in su(2) 
can reflect the group structure of SU(2)

su(2) is not closed under matrix multiplication:

Hamilton’s group      


 Wanted: an operation on the lie algebra that 

reflects the  non-commutative group operation  




THE LIE BRACKET


Two One-parameter groups in SU(2)

 Differentiating and evaluating at o, twice we obtain the lie bracket

Set

The action by conjugation of SU(2) on itself.




From a lie algebra to its lie group

The exponential map

A Lie group homomorphism induces a

Unique real Lie algebra homomorphism satisfying

Indeed,
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A Direct sum of copies these irreducible representations.   


Ex:


EXAMPLEs OF REPRESENTATION OF the

lie group SU(2). 


The trivial representation : 

sends all elements of SU(2) to 1.


The standard representation V :  

sends any element of SU(2) to itself.




The adjoint representation of SU(2) 


The Lie group SU(2) acts on its lie algebra su(2) by conjugation: 


         SU(2) —> GL(su(2))                   su(2) is a real vector 3- space.


Theorem


If A = cos θ + u sin θ Is a unit vector in SU(2),  then conjugation 
by A  defines a rotation in su(2)


              around axis u and of angle of 2θ


It is a 2-1 map because  A and -A induce the same rotation.




THE restriction to the torus OF THE standard lie group REPRESENTATION

Weights: (1) and (-1)


Weight diagram:


To understand a lie group representation of SU(2) 

We first analyze its restriction to the torus (diagonal matrices) 

In the language

Of symmetric 

Functions



restriction to the torus OF The symmetric square of the

 Standard representation


DIAGONAL ACTION


Lie group

Weight diagram:


Weights:  (2), (0)  and (-2)

Character



From the representations of a Lie group 

to the representations of its Lie Algebra

Lie group representation

Lie algebra representation.

 (Linear map that respect the bracket)

Theorem

A lie group representation defines a unique lie algebra homomorphism

 

That can be computed as

If G is connected it is equivalent to ask about irreducibility and equivalence in Either setting, If G 
is simply connected a lie algebra representation can be lifted To a lie group representation.



Representations of the lie algebra su(2) (real Lie 
algebra).                

The image of Hθ, the cartan sub algebra of su(2), under the exponential map


 is the torus of su(2)

Basis for sl(2, C)  

sl(2, C)    Space of Matrices of trace zero. 


                             comPLEX  Vector space of Dimension 3


Move to sl(2, C) (fundamental theorem of algebra).




The adjoint representation of sl(2, C).


The action of conjugation of a lie group translates to  the adjoint 
representation of its lie algebra: 


                Ad : sl(2, C) —-> GL(sl(2, C))

           Ad( X) = [X,   ] 





                                    
Then     

                       Ad(H)(H) = [H, H] = 0 

                                       Ad(H)(X) = [H, X] = 2X 

                                       Ad(H)(Y) = [H, Y] = - 2Y

weights -2, 0, 2.           

the roots

X and Y


the nonzero 
eigenvectors 

of the adjoint 
representation

Character



The fundamental calculation for su(2).

The action of X and Y on the weight spaces.


Let V be any representation of su(2). given v in V(α),  where X(v) lives ?


Since [H,X] = HX - XH. 


H(X(v)) = X(H(v)) + [H, X](v)

       = X(α v) + 2 X(v)


  = (α + 2) X(v)

Similarly,   

                     H(Y(v))= (α - 2) Y(v).



The irreducible representations of su(2)

Any irreducible representation of su(2) is isomorphic to 


a symmetric power of the standard representation

For some k non-negative.

Symmetries of the weight spaces
Central

Symmetry

weight spaces

Are one 
dimensional



Decomposing a representation into irreducibles

(Done in the blackboard)
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The Cartan sub-algebra of sl(3, C)    

Diagonal 3x3 matrices of trace zero.

representations of sl(3, C)

Dual



THM: Any complex finite dimensional representation of sl(3, C)

Can be decomposed as a finite sum of weight spaces  

The sum is taken over a finite subset of 

In particular, the adjoint representation can be decomposed

As 



The standard representation

The dual of 

the standard representation



The fundamental calculation for  sl(3, C).


The directions of the

Three long diagonals 


Of the rhombi



Alcázar de Sevilla


SECOND DAY



The standard representation

The dual of 

the standard representation



The adjoint representation of sl(3, C).


Alcázar de Sevilla

The roots allows us to 


move in the directions of the

Three long diagonals 


Of the rhombi



Symmetric powers of the standard representation 

Maximal weights 

long diagonals 

Of the rhombi

11

12

13

23

33

13



The irreducible representation of  sl(3, C).

Triangles

Outer shape

Hexagon



  

Gell-mann and Neʾeman eight-fold way

https://www.britannica.com/biography/Murray-Gell-Mann
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The root lattice

Vector space (Real plane)

Lattice generated by the root vectors 

Positive roots

Positive simple roots



KONSTANT PARTITION FUNCTION

POSITIVE ROOTS


P(   ) = THE NUMBER OF WAYS OF


WRITING       AS A SUM OF POSITIVE ROOT


        

Pointed cone :

              Non-negative real coefficients.


Lattice condition

              Non-negative integer coefficients.


KOSTANT PARTITION FUNCTION





KONSTANT PARTITION FUNCTION

FIX A SET OF POSITIVE ROOTS


Write


then


        


Pointed cone :

              Non-negative real coefficients.


VECTOR PARTITION FUNCTION:


 


KOSTANT PARTITION FUNCTION

positives



Symmetry and stability

Symmetry


Reflection around The line 
generated  By 

Cyclic group of order two

stability



Kostant multiplicity formula 

It is a daunting task to deal with this signed sum.
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The multiplicity of In the tensor product

the littlewood-richardson coefficients

set

Schur functions

The triple multiplicities

Dimension of

Irrep of sl(3, C)



The triple multiplicities

EqualsThus

The support of the triple multiplicities

Set of dynkin labels with

Generates a sub lattice Of



A linear symmetry for the triple multiplicities 

Linear Automorphism of

Permutations of the dynkin labels

Duality symmetry

Group of symmetries of the triple multiplicities

Order 12



LITTLEWOOD-RICHARDSON COEFFICIENTS

O RATHER TRIPLE MULTIPLICITIES




Berenstein-Zelevinski triangles

Sides of the hexagon sum as much as the opposite sides

Join work with Emmanuel briand and Stefan trandafir 



Bz cone The cone of all points with 

non-negative labelings

An element of 

Lattice of integral points 


in the bz cone
Bz triangle

Vector Space Real Labelling of bz triangles



A parametrization

Of the space of

BZ-triangles



the rays of the 

bz cone  

generate as vector space 
and as lattice

Fundamental 

bz triangles

Relation

Fundamental bz triangles



Berenstein-zelevinsky 

Symmetries of the bz triangles

Generated by

Does not contain the Duality symmetry 

A not the group of permutations of

The dynkin labels 

(it is isomorphic to it) 



Fundamental bz triangles
A linear symmetry of the Space of 
bz triangles permutes

Minimal ray generators

For the cone BZ

Any linear symmetry

Should stabilize

And

Thus, it should also stabilize

Group of linear

Symmetries of order 72



A linear map

The lattice of integral points of the bz cone 

Is sent onto

Berenstein-zelevinski

It sends the BZ cone to the cone of the triple

Multiplicities



A linear symmetry of 
the triple multiplicities Triple multiplicities

New

Projections

Any linear symmetry of

the triple multiplicities

Stabilizes the TM cone

Thus, permutes Its rays.

Minimal ray generators

There are no other relations

With all coefficients positive



A linear symmetry of 
the triple multiplicities

Triple multiplicities

Symmetries of

The outer triangle

Symmetries of the 

Inner hexagon

Order

Stabilizes

Stabilizes —-Or swaps them!

Thus stabilizes

isomorphic



The support of the triple multiplicities Is a cone.

System of 18 inequalities:

The quasi polynomial:



The 18 chambers are full dimensional

the Group of symmetries of the BZ triangles acts 

Transitively on the chamber complex

Rank generating function

Chambers are simplicial, 


                   have 6 rays, 5 external


Internal ray



Ad Utrumque




Grant PID2020-117843GB-I00 funded by MICIU/AEI/10.13039/501100011033. 


