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STRUCTURAL COEFFICIENTS

The symmetric group S,,.

The complex general lineal group
GL(n,C) = GL(V)

Indexed by partitions
A of n, SA

Indexed by partitions A
of length n, W*

The trivial The symmetric
representation Powers of V
The sign The exterior

Representation

Powers of V




STRUCTURAL COEFFICIENTS

Irreducible
Representations

The symmetric group S,,.

Indexed by partitions
A of n, S*

The complex general lineal group
GL(n,C) = GL(V)

Indexed by partitions A
of length n, W

The solution of
A branching problem

WH @ WY = @it us W
L(A)<n

Kronecker coefficients

o Ko = @)\I—n Cﬁ,VSA

The solution of a
branching problem.




Littlewood-Richardson coefficients

S\ X +Y] = Zcﬁ,ys“[X]s,,[Y]

Kronecker coefficients

SAXY] = (@11, 2102 TaYm) = ¥ Guw SulX]su[Y]
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THE KRONECKER FUNCTION

e i) = R il o e by b ) =g

What kind of function is the Kronecker function!?




POLYTOPES AND QUASIPOLYNOMIALS

A polyhedron P is the set of solutions of a (finite) system and inequalities:
P = {x € R%: Ax < b},

for a fixed matrix A and vector b, where the “<” sign is to be understood componentwise.

{a:3+a:4§n

Non-negative solutions s

rational
g\ bounded (Polytope)
kn | s, dimension




POLYTOPES AND QUASIPOLYNOMIALS

The one dimensional polytope [0, 1/2] and 1ts first four dilations.

®
T
0 1 2

The “volumen™ of the k-th dilation I1s a quasipolynomial in k

b (k) [kJ-I—l {’“;2 if k=0 mod 2
»(k)=|= -

2 % if k=1 mod 2

A function ¢ : N — Q is a (one-variable) quasipolynomial if there exist polynomials
Do, P1, - - -, Pr—1 in Q[t] and a natural number m > 0, a period of ¢, such that

o(t) = p;i(t), for t =4 mod m.



Example 2. Let pg(n,m) count the number of vector partitions of b = (n, m) with parts
in S = {(1,0),(0,1),(1,1),(1,2)}. Equivalently, this is the number of nonnegative integer
solutions x to the system Ax = b, where

I 01 | n
L [0 i 2] o [m]
The linear system is equivalent to the system of inequalities

{x3+a:4§n

chamber complex
T3+ 2x4 <M
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The resulting piecewise quasipolynomial is then:

Region ps(n,m)
I m<n m—2+m+§+%
I1 2n < m "7-|—37“—|—1

2

Il n<m<2n np-—Z_mpnm 7 CO"



A vector partition Is a way of decomposing
as a sum of nonzero vectors with nonnegative coordinates.

(1,2,1) = (1,1,0) + (0,1,0) 4+ (0,0,1)

Where the parts belong to a fixed multiset S

The vector partition partition function

-pS:Nd—)N

s the function that evaluated at v gives the
number of partitions of v with parts in S.



Cauchy's definition of a Schur function / Weyl character formula:

A
a')\+5(x17 L2, ... 7xn) . det(xz

S 4 — P
[ ] aJ(xla L2y 7$n) H1§i<j§n(x": i 33])

The comultiplication formula for the Kronecker coefficients:

XY= 3 guwn 54X, [Y]

as, | X]as,,[Y]
as,,.. [X Y]

Rational polynomial
Function

Ot XY = 3 G s, [X s, [Y]

pov
polynomial




as, [ X|as, [Y]

[ XY =D Guwr @i, [X]ay s, [Y]

as,,.. [XY] v
The quotient simplifies to
s, [X ]a’62 [Y] a 1

a5,[XY] 22y (1-—y/z)(1-=zy)(1-=2)(1 —y)

1

P ¥) = T A = e = o)1 =)’

After a change of basis we obtain the vector partition function

FQ,Z(SO, 81) — Z gu’u’)‘sg2—)\3—)\48/1.L2+V2—)\2—)‘3_2)‘4
. 1
(1= 50)(1 — s1)(1 — s081)(1 — s057)




This is the vector partition function of our example.

F2,2(30, 81) — Z gu,u,)‘sgz—)\3—)\48;11,24-1/2—)\2—)\3_2)‘4
- 1
(1 —80)(1 —81)(1 —s081)(1 — 8032)'

as, | X]as,, Y]
as,,.. [X Y]

Ot XY =D Gur O, [X]avss,, [Y]

JTRY



as, | X]as,, Y]
as.,... [X Y]

Ot XY = D G G, [ X5, [V

A ITRY

the following 7-term linear combination of vector partition functions ps(n,m):

Gu,v,x =Ps(v2 — (A3 +Ag),v2 — (A3 + Aq) + p2 — (A2 + Ag))
—ps(va — (A3 + Aq),v2 — (A3 + Aq) + p2 — (A2 + A3 + 1))
=polva (A8 F Ad) e — (Agef Ag)id Ba = (A3 | X4+ 1))
+ps(va — (A3 + Ag),v2 — (A3 + Aq) + p2 — (A1 + Az + 2))
—ps(vz2— (A2 +Ag+1),v2 — (A2 + A4+ 1) +p2 — (A3 +Aq — 1))
+ps(vz — (A2 +Ag+1),v2 — (A2 +Ag + 1) + p2 — (A2 + Az + 1))
+ps(vz — (A2 +Ag+1),ve — (A2 +2g +1)+p2 — (A1 + A4 +1)) (13)




ATYPICAL EXAMPLE OF A DILATION
OF THE
KRONECKER FUNCTION

A = (132,38,19,11), p = (110,90), and v = (120, 80).

ps(50k,91k) — ps(50k,83k — 1) — ps(31k — 1,91k — 2) + ps(31k — 1,64k — 2).

25 3
oix = D2k% 4 B
Gkp kv e = 02k zk 1




KRONECKER CONE

The cone generated by the nonzero Kronecker coefficients

What we want to know about
the Kronecker cone!

(4,7, k) is black if giaa—; i)(24—j j)(24—k k) 1S monzero (assuming, j < i < k < 24/ 2).



There are holes In the

9(k,k),(k,k),(k,k) — [mkyk]@?k — 2zt 4 $k+2)F2,2(33, y)
= [sgs'f](l — 281 + s%)Fg,z(so, S1)
= pg(k, k') — 2p5(k, k — 1) —|—ps(k, k — 2)

)1, keven
10, % odd,

The Kronecker coefficients
do not count _
integer points in a polytope. a e L

(4,7, k) is black if ga4—i ;)(24—j j)(24—k k) 1S monzero (assuming, j <1 < k < 24/2).



Quadratic !

The degree of the Kronecker vector partition
function equals the dimension of the null space.

The degree of the Kronecker function can be
smaller; due to cancelations in the sighed sums.



What we want to know about the
Kronecker cone?!

Proposition 5. The atomic Kronecker coefficient g, , x s nonzero if and only if

Ao+ A3+ 20 < ps + v,
>\3+)\4SV2.

Moreover, the value of g,.,.» is given by a quadratic quasipolynomial:

gu,u,)\ = pS(V2 = ()‘3 i )‘4)7 o s (>‘2 T ’\4) o ()‘3 a5 )‘4))7

where pg s the vector partition function of Example 2.

This problem has been considered by Bravyi in the 2-2-4 case
where he computed a list of 3 inequalities known as
Bravyr's inequalities.



Meinrenken and Sjamaar,
What we want to know about the Singular reduction and quantization.

Kronecker cone! Topology, 1999.

the following 7-term linear combination of vector partition functions ps(n,m):

Gu,v,x =Ps(v2 — (A3 + Ag),v2 — (A3 + Aq) + p2 — (A2 + Ag))
—ps(va — (A3 + Aq),v2 — (A3 + Aq) + p2 — (A2 + A3 + 1))
—ps(v2 — (A3 + Ag),v2 — (A3 +2q) +u2 — (A1 + Ag 4+ 1))
+ps(v2 — (A3 +Aq),v2 — (A3 + Aq) + p2 — (A1 + Az + 2))
—ps(va — (A2 +Ag+1),v2 — (A2 +Ag + 1) + p2 — (A3 + A4 — 1))
+ps(vz — (A2 +Ag +1),v2 — (A2 +Ag + 1) + p2 — (A2 + A3 + 1))
+ps(vz2 — (A2 +Aa+1),v2 — (A2 +Ag+1)+p2 — (A1 + 24 +1)) (13)



What we want to know about the
Kronecker cone!

Briand-R-Orellana

https://arxiv.org/pdf/0812.086 | .pdf
| 77 maximal cell

/4 quasipolynomial formulas Po of the form:

e tla 0 F 2l L A i

1245 12456 02456 0245

e L o Chamber complex
for the reduced case.

\

12345 123456 023456 02345
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1345 13456 3456 03456 0345

\
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1235 12356 02356 0235

\

135 1356 356 0356 035



Wialls (Manivel)
+ monotonicrty

The atomic Kronecker
coefficient Is

an upper bound for the
case 2-2-4




THE REDUCED KRONECKER COEFFICIENTS

8S2.2*% 822 =84 1+81,1,1,1 + 822 S50 N

890 K850 — 85k S 1 r 8300 b dan b 80 04 g,u,,l/
S42 * 842 = S¢ +83,1,1,1 + 2822+ 851+ Sa1,1 + 28321+ 8222

S52*S52 = 87+ 841,1,1 + 2852+ 86,1 +551,1 + 28421 + 83,22+ 843+ 8331

S6,2 * Sg,2 = Sg + 85.1,1,1 + 2862 + 87,1 + S6,1,1 + 28521 + 8422 + S53 + 8431 + Sa.4
S7,2 % 872 = 89 + 86,1,1,1 + 2872+ 88,1 + 87,1,1 +286,2,1 + S5,2,2 + S6,3 + S5,3,1 + S5.4

Se2 * Se2 — S¢ 1 Se,1,1,1 T 25¢,2 + Se,1 + Se,1,1 + 25¢,2,1 + Se,2,2 + Se,3 + S¢,3,1 + Se 4

Briand-R-Orellana stab(a, 8) = |a| + |B] + o1 + b
https://arxiv.org/pdf/0907.4652.pdf
Murnaghan B || + |v| = | Al

Then the reduced Kronecker coefficients are
equal to the Littlewood-Richardson coefficients.



Some Kronecker coefficients are Littlewood-Richardson

coefficients. Where do they sit in the Kronecker cone?

Theorem 22. The Littlewood—Richardson cone coincides with the intersection of the hy-
perplane Ay = 0 and the face of the Kronecker cone defined by the first Bravy: inequality,
)\2+)\3+2)\4=/L2—|—V2.

2-2-4: These are very easy instances of LR coefficients, they are described by

Pieri’s rule. Indeed they are all atomic Kronecker coefficients.




Quasipolynomial formulas for computing the reduced

Kronecker coefficients.

Corollary 20. Fiz Ao, p2, and vy. Let a = max(Ag, o, v2) > b > ¢ = min(Ag, pg, v2) be a
total ordering of Ao, o, V5. Set £ =b+ c—a. Then

LLHCD L1410

0 -0 (25)

QM@M@=Q@@@={

The chamber complex for this quasipolynomial s illustrated in Figure 6. The walls are the
hyperplanes I) : ps+ve = Ao, II) : po+ Ay = v, I11) : Ao+ 1o = py. The reduced Kronecker
coefficient indexed by points on any of these walls always has value equal to one.

Linear growth

The chamber complex for the reduced Kronecker coefficients indexed by three one-row partitions.



Some Kronecker coefficients are atomic Kronecker

coefficients. Where do they sit in the Kronecker cone?

By Stefan Trandafir (now at Sevilla)




Final comments

Stefan has computed that the number of chambers for the Kronecker

vector partition indexed by 2-n-2n grows quickly:

3, 34, 4328, ...

M. Christand|, B. Doran, M.Walter https://arxiv.org/pdf/1204.4379.pdf
V. Baldoni, M.Vergne, https://arxiv.org/abs/1601.04325
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