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THE KRONECKER FUNCTION

What kind of function is the Kronecker function?

Can we compute it?

What is its asymptotical behavior?

Can we bound the Kronecker coefficients?



POLYTOPES AND QUASIPOLYNOMIALS

rational 

bounded (Polytope) 

dimension

Non-negative solutions



POLYTOPES AND QUASIPOLYNOMIALS
The one dimensional polytope [0,1/2] and its first four dilations.

The “volumen” of the k-th dilation is a quasipolynomial in k





A vector partition is a way of decomposing   
as a sum of nonzero vectors with nonnegative coordinates.

Where the parts belong to a fixed multiset S

The vector partition partition function

is the function that evaluated at v gives the  
number of partitions of v with parts in S.



Cauchy’s definition of a Schur function / Weyl character formula:

The comultiplication formula for the Kronecker coefficients:

polynomialpolynomialRational
Function



The quotient simplifies to

After a change of basis we obtain the vector partition function



This is the vector partition function of our example.





A TYPICAL EXAMPLE OF A DILATION  
OF THE 

KRONECKER FUNCTION



KRONECKER CONE

What we want to know about 
the Kronecker cone?

Saturated?

Dimension

Equations of the walls

Chamber complex

Quasipolynomial in each 
chamber

The cone generated by the nonzero Kronecker coefficients



The Kronecker coefficients  
do not count 

integer points in a polytope.

There are holes in the  Kronecker cone



What we want to know about the 
Kronecker cone?

Dimension

The degree of the Kronecker vector partition 
function equals the dimension of the null space. 

The degree of the Kronecker function can be 
smaller, due to cancelations in the signed sums.

Quadratic !!



What we want to know about the 
Kronecker cone?

Equations of the walls

This problem has been considered by Bravyi in the 2-2-4 case 
where he computed a list of 3 inequalities known as 

Bravyi’s inequalities.



What we want to know about the 
Kronecker cone?

Quasipolynomial in each chamber

Meinrenken and Sjamaar,  
Singular reduction and quantization.  

Topology, 1999.



Briand-R-Orellana

What we want to know about the 
Kronecker cone?

Chamber complex

https://arxiv.org/pdf/0812.0861.pdf
177 maximal cell

74 quasipolynomial formulas Pσ of the form:

Chamber complex 
for the reduced case.



What we want to know about the 
Kronecker cone?

Location of the zeroes

What we want to know about the 
Kronecker cone?

An upper bound for the Kronecker 
Coefficients?

The atomic Kronecker 
coefficient is  

an upper bound for the 
case 2-2-4

Walls (Manivel)
+ monotonicity



THE REDUCED KRONECKER COEFFICIENTS

Briand-R-Orellana

Murnaghan If 

Then the reduced Kronecker coefficients are 
equal to the Littlewood-Richardson coefficients. 

https://arxiv.org/pdf/0907.4652.pdf



Some Kronecker coefficients are Littlewood-Richardson  
coefficients. Where do they sit in the Kronecker cone?

2-2-4: These are very easy instances of LR coefficients, they are described by 
Pieri’s rule. Indeed they are all atomic Kronecker coefficients.



The chamber complex for the reduced Kronecker coefficients indexed by three one-row partitions. 

Quasipolynomial formulas for computing the reduced 
Kronecker coefficients.

Linear growth



Some Kronecker coefficients are atomic Kronecker  
coefficients. Where do they sit in the Kronecker cone?

By Stefan Trandafir (now at Sevilla)



Final comments

Many of the results of this paper have been extended  
to larger dimensional situations by 
Stefan Trandafir ( SFU PhD 2024).

Stefan has computed that the number of chambers for the Kronecker 
vector partition indexed by 2-n-2n grows quickly: 

3, 34, 4328, …
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