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Comprehensive factorisation and non-commutative Stone duality

Lawvere [4] introduced comprehension schemes as a categorical approach to compre-
hension in set theory. We present them as a possible way of axiomatising the notion
of covering and obtain a general correspondence between comprehension schemes and
factorisation systems. Street and Walters’ [3] comprehensive factorisation of a functor
between small categories is a special case, but similar factorisation systems exist for
topological spaces, groupoids and simplicial sets, cf. [2].

The whole setup is applied to the theory of idempotent semigroups, also known as
bands. Surprisingly, many special classes of bands studied in literature get a nice inter-
pretation. For instance, the rectangular bands are precisely the discrete objects and the
normal bands are those regular bands whose semilattice reflection is a covering. We intro-
duce distributive bands as those bands whose semilattice reflection is an “étale” covering
of a distributive lattice, and obtain a contravariant equivalence between the category of
right distributive bands and the category of sheaves over spectral spaces. This duality
can be considered as a non-commutative version of classical Stone duality between dis-
tributive lattices and spectral spaces, resp. Priestley spaces [6]. By restriction we get
a duality between Leech’s [5] strongly distributive skew lattices and complete spectral

sheaves, resp. Priestley sheaves, cf. [1].
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