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to address the theory of Jacobi algebroids and bialgebroids, following mainly the previous
works of Iglesias-Marrero [9] and Grabowski-Marmo [10]. This formalism is efficient to
define the Jacobi-Gerstenhaber algebra structure associated to a Jacobi algebroid, to define
its Poissonization, and to express the compatibility condition defining Jacobi bialgebroids.

]I;eg:)vg(i)gz:nifolds It also yields a simple description of the Jacobi bialgebroid associated to a Jacobi structure,
Lie algebroids and conversely, of the Jacobi structure associated to a Jacobi bialgebroid.
Lie bialgebroids © 2011 Elsevier B.V. All rights reserved.

Supermanifolds

1. Introduction

We consider a Poisson structure & on a manifold X and an Euler vector field (i.e., a vector field & on X such that
L¢P = P). AlLie-Poisson structure, taking for & the usual Euler vector field, is an example of that situation. More generally,
any weight homogeneous Poisson structure [1], of weight k # 2, together with the weighted Euler vector field divided by
2 — k gives an example. In this situation, for every hyper-surface M C X transversal to &, i.e., such that

TuM ® RE, =TpX, Vme M,

there exists, on the submanifold M, a unique bivector field 7z and a unique vector field E such that:
Pn =Tm+ En ANEn, VYme M.

It turns out that the pair (7, E) satisfies the following two relations,
[m,m]=—2EAm and [E,7]=0.

A bivector field and a vector field on a given manifold M satisfying these conditions form what is called a Jacobi structure on
M [2]. It can be shown that any Jacobi structure can be obtained out of a Poisson structure (called “Poissonization”) by the
above procedure (see [2], or [3] for a more general presentation). Now, it is well-known [4,5] that the cotangent bundle T*X
of a Poisson manifold (X, #) is endowed with a natural Lie algebroid bracket with anchor £# : T*X — TX, whose restriction
to exact one-forms is given by [df, dgl, = d(P, df A dg). Also, the pair (TX, T*X) is what is called a Lie bialgebroid over
X (one can consult, for instance, [5] for a detailed introduction to these matters). A natural question, first addressed in [6],
is to determine whether a similar construction can be carried out for Jacobi structures on M. The answer goes as follows:
the restriction of T*X),, — M to M can again be endowed with a Lie algebroid structure (which is not a Lie subalgebroid of
T*X — X), that forms a Jacobi bialgebroid structure, when paired with some natural Lie algebroid structure that appears on
the restriction to M of TX. All these constructions can be extended from Poisson structures on Poisson manifolds to Poisson
structures on Lie algebroids without any difficulty.
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In the continuation of [7,8], and in the same spirit of unification and simplification, the purpose of the present short
note is to redo, by means of the big bracket, the theory of Jacobi manifolds and Jacobi (bi)-algebroids, exposed mainly in
two articles, [9] by Iglesias and Marrero, [10] by Grabowski and Marmo, and continued in [11] by Caseiro et al.. The big
bracket is the canonical Poisson structure on the graded cotangent bundle of a given vector bundle (considered itself as
a graded manifold, see below) which has been defined and studied by Roytenberg [8], following previous works [12-14]
which correspond to the particular case of vector spaces. It is a unifying tool of a remarkable efficiency when it comes to Lie
algebroids or one of the many closely related objects (i.e., for instance, bialgebroids, quasi-Lie bialgebroids, triangular Lie
bialgebroids, Courant algebroids, to mention a few), yielding both a nice interpretation of their definitions and mechanical
proofs of the theorems that they satisfy. More precisely, our claim is that the big bracket reduces to mechanical (but
somewhat cumbersome) computations most known results about Jacobi manifolds, once the objects that these articles deal
with have been translated in terms of supermanifolds, a translation that we present herein. By mechanical, we mean that
it reduces proofs to a play of substitutions involving the Jacobi and Leibnitz identity of the big bracket: we do not claim,
however, that the big bracket was the adequate context to guess them.

2. The big bracket

2.1. Definitions

Let A — M be a vector bundle. There is a natural structure of graded 2-manifold on T*I7A (i.e., the cotangent space of the
supermanifold I7A) [8,15]. Moreover, the (sheaf of) algebra of functions #; := F (T*ITA) is equipped with a graded Poisson
bracket which is called the big bracket and denoted by {-, -}.

We do not intend to give the complete construction of this Poisson algebra, and refer to [8] for a more involved
introduction, but we recall a few facts on these structures. First, the (sheaf of) algebra %, admits a (N x N)-valued bi-degree:

Fa = @k lenxn ﬂk’l
and is graded commutative w.r.t. the total degree, i.e., F1F, = (—1)*1t&e+)E E forevery F; ?Akl‘ll andF, € ?Akz‘lz.The
big bracket is a (local) bilinear map £, x F4 — Fa, denoted (F;, F,) — {F;, F,}, mapping }‘Ak“ll X }‘Akz‘lz to J-"Akﬁkr]’lﬁ'r]
for all kq, ko, I1, I, € N, (with the understanding that T‘A"’l = 0ifk < Oor!l < 0)and which satisfies the following relations
forevery F; € }’A’"l", i=1,2,3,

(F, B} = —(=D*tlethip ‘£ (graded skew-symmetry)

(F1, BF;) = {F, B)F; + (=1)®tetp (p EY o (Leibnitz rule) (2.1)

{Fi, (P2, F3}} = {{F1, 2}, Fa} + (=D, (|, F)) (Jacobi). (2.2)
Explicitly, upon fixing local coordinates x;, p', &, ¢ (withi=1,...,nandj =1, ..., d), of respective bi-degrees (0, 0), (1,
1),(0, 1) and (1, 0), the algebra of functions %, is the graded commutative algebra in those variables, admitting a polynomial
dependence in the even variable py, ..., p, (by skew-symmetry, the dependence in the variables &1, 01, ..., &, 69 is also
polynomial). The big bracket is given in coordinates by:

oy =10. 5 =1 i=1,....,nj=1,....d

while all the remaining brackets of coordinate functions vanish.
In this article, we shall use mainly the following points:

1. There is a natural identification between the algebras ?’AO’O and F(M).

2. There is a natural identification of graded algebra between ), 57/\’"0 and >,y I" (AFA). The restriction of {., .} to this
subalgebra is trivial.

3. There is a natural identification of graded algebra between ), J’?AO"‘ and )", I'(A¥ A%). The restriction of {., .} to this
subalgebra is trivial.

4. There is therefore a natural inclusion of I'(/\(A ® A*)) ~ I'(/A\A ® /\ A*) in F4. From now, this inclusion shall be
implicitly done, and no notational distinctions shall be made between an element in I"(/\ (A @ A*)) and its image in Fj.
Also, the wedge product of two elements P, Q € I"(/\ (A & A*)) shall be denoted by PQ instead of P A Q.

5. The big bracket between a section of A and a section of A* is given by the natural pairing; in equation {£,0} = {6, &} =
£(9), forevery 6 € I'(A), & € I'(A).

6. There is a canonical isomorphism of graded Poisson algebras @ : ¥4 >~ %4+ mapping ?Ak" to 3«7{;" forallk,l € N,

7. Let F € F' withk > 1.If {{{F, a1}, ...}, @} = Oforallay, ..., a € I'(A), then F = 0.

There exists a unique function in %, that we shall denote id4, which corresponds to the identity map of the vector bundle
A, seen as an element of I"(A* ® A) C Fa. It is explicitly defined by the global section of I" (A* ® A) given by

d
idy = ) &0, (2.3)
j=1
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where &, ..., & and 01, ..., 6% are local basis of A* and A dual to each other (see [16]). Taking the bracket with id, is a
manner to count the bi-degree, more precisely, for every P € I'(A¥A), ¥ € I'(AlA%),
{PW,ids} = (k — DPW. (2.4)

Of course, one can also consider the function ids+ € Fa+. Under the canonical isomorphism @ : #4 >~ F4+, both functions
are related by:

@ (idy) = —idas. (2.5)

2.2. Preliminary results

For future purposes, we shall establish several facts about the behavior of the big bracket when one adds a copy of R
either to the base or to the fibers.
A. Enlarging the base. Let A — M be a vector bundle. Denote by p*A — (M x R) the pull-back of A — M under the
projection onto the first factorp : M x R — M.We denote by t € (M x R) C F,+4 the projection onto the second factor.
There is a canonical inclusion i : 4 <> F,+4. There exists a unique function at e Fp+a such that

{0',i(F)} =0 forallF € F4and (3", t} = 1. (2.6)
The bi-degree of this function is (1, 1). With a slight abuse of notations, we shall consider #; as a subset of F,«4, erasing
therefore the canonical inclusion i. )

Notice that 8¢ is an even function, and that, for every Fy, ..., F, € F,, the relation Z;‘:O F;(3")" = 0 holds if and only if
Fp=---=F=0.
B. Enlarging the fibers. Let B — M be a vector bundle. We callA = B@® R — M the direct sum of B with the trivial bundle
R x M — M. There is a natural inclusion j : 3 C F,, which preserves the big bracket. We define ¢ € I'(A*) C %4 to be
the projection onto the second factor, i.e., the section of A* = (B & R)* defined by ¢ (b, f) = f forallb € I'(B), f € F(M).
The following is immediate:

{¢,i(F)} =0 forallF € Fzand {¢, €} =1, (2.7)
where ¢ is the section of A := B@® R — M givenby m — (0, 1) € A, = By, @ R (in the previous 0,, is the zero element
in the vector space B;,). With a slight abuse of notations, we shall consider #3 as a subset of %4, omitting the canonical
inclusion j.

3. Lie and Jacobi algebroids, Lie bialgebroids and Jacobi bialgebroids
3.1. (Pre-)Jacobi algebroids

Lie algebroids and pre-Lie algebroids are in general introduced through brackets and anchors, however, it is well-
known [8,17] that the supergeometric point of view is strictly equivalent to those more classical ones.

Definition 3.1 ([18]). Let A — M be a vector bundle. A pre-Lie algebroid (on A) is a function in 3«'A1‘2 (i.e., a function of
bi-degree (1, 2)).

The bracket of a pre-Lie algebroid p is the R-bilinear endomorphism of I'(AA) = @en I'(A¥A) defined, for all
P,Q € I'(\A) by
[P.Ql. = {P, n}, Q}. (3.8)

The differential of a pre-Lie algebroid u is the linear endomorphism of I"(/\ A*) := ®ken (A% A*), of degree +1, defined,
forall¥ € I'(AA*),byd,(¥) = {u, ¥}.

Recall that the restriction to I'(A) x (M) — F (M) of the bracket [-, -],, is of the form

@ f) = pu(@If] VYaeTI'@A), feFM),
for some vector bundle morphism p,, : A — TM (over the identity of M) called the anchor map. In the previous, the notation
f +— X|[f]is used to denote the derivation of # (M) associated to a vector field X on M (a notation that we shall also use for
multi-vector fields).

A pre-Lie algebroid w (on A) is said to be a Lie algebroid (on A) if {it, u} = 0.1t is a classical result (see, for instance, [7,8])
that a pre-Lie Algebroid is a Lie algebroid if and only if one of the following equivalent conditions is satisfied: (i) (3.8) satisfies
the Jacobi identity (hence is a Gerstenhaber bracket) (ii) di = 0 or, (iii), the restriction of [, -], to I'(A) x I"'(A) — I"(A) is
a Lie algebra bracket.

We now define pre-Jacobi algebroids, following ideas introduced (for Jacobi algebroids) in [19,10,9]. In particular, the
definition of the bracket of a pre-Jacobi algebroid below is similar to equation (9) in [19].

Definition 3.2. Let A — M be a vector bundle. A pre-Jacobi algebroid (on A) is a function of F, of the form u + ¢, with
[T ﬂl'z and ¢ € ?Ao’l (i.e., u is a pre-Lie algebroid while ¢ is a section of A*).!

1 Since w and ¢ belong to vector spaces with trivial intersection, we can recover both © and ¢ by knowing only their sum, so that we could also denote
the pre-algebroid u + ¢ as a pair (i, ¢). However, we prefer the notation y + ¢, which is more consistent with Definition 3.4.
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The bracket of a pre-Jacobi algebroid v is the bilinear endomorphism of I'(AA) = @ren I'(A*A) defined, for all
P,Q € I'(/\A) by

(see Section 2.1 for the definition of ids ). The differential of a pre-Jacobi algebroid . + ¢ is the linear endomorphism d,, 4 of
I'(\A*) = ®ren I'(A¥A*) defined, for all ¥ € I'(/\ A%), by d.o (W) = {i, ¥} + ¢W.

Lemma 3.3. The bracket of a pre-Jacobi algebroid is given explicitly by the following formula, forallP € I'(A¥A), Q € I'(ALA):
[P, Qlug = [P, Qly + (k— DP(1y Q) + (=" — 1)(14 P)Q. (3.9)

Proof. Using the definitions of the pre-Lie brackets [-, -1, 4 and [, -], we obtain:

[P, Qlue = {{P, u}, Q} + {{P, ida¢}, Q} — P{¢, Q} + {P, ¢}Q
= {{P, u}, Q} + {{P, ids0}, Q) — P15, Q — (=) (15 P)Q
= [P, Q1. + {{P, idag}, Q} — P15 Q — (=1*(14 P)Q.
By making several use of the Leibnitz identity (2.1), one computes

{{P, ida}, Q} = {{P, ida}¢, Q} + {{P, ¢}ida, Q}
= k{P¢, Q} + {{P, #}ida, Q} by (2.4)
= kP{¢, Q} + {{P, ¢}ida, Q}
= kP{¢,Q} + {P, #}{ids, Q}
= kP{¢,Q} — l{P, ¢}Q by (24)
= kP15 Q + I(—=1)* (14 P)Q.
This completes the computation. O

Example. When ¢ € I'(A*) is exact, i.e., when there exists a function f such that ¢ = {u, f}, then the Lie bracket of the
pre-Jacobi algebroid [., .],..¢ is isomorphic to the Lie bracket of the pre-Lie algebroid [., .],.: the isomorphism consists in
mapping P € I'(AKA) to ek~ p,

Remark. In Theorem 3.5 [9] or Equation (25) [10], a bracket is constructed out of the data defining a Jacobi algebroid.
Comparing these two brackets, given by quite explicit formulas, with formula (3.9) above proves the coincidence of our
bracket with these (more precisely, the match is exact with [10], but is only up to signs with [9] where the Gerstenhaber
bracket of a Lie algebroid is given by P, Q — {{u, P}, Q} and not by (3.8)).

We also easily deduce the following properties from those of the big bracket, for alla € I'(A*¥A),b € I'(AlA), ¢ €
r'(A™A):
[b, alup = —(=D"[a, b4
[a, bl = [a, blg¢ + (=D™[a, clupb — (@, a}bc.

Definition 3.4. A pre-Jacobi algebroid u + ¢ (on A) is said to be a Jacobi algebroid (on A) when {u + ¢, u + ¢} = 0.

Spelled out, the condition {¢ + ¢, u + ¢} = 0 yields the two conditions {u, u} = 0 and {u, ¢} = d,¢ = 0. The
first of these conditions means that wu is a Lie algebroid, and the second one means that ¢ is a cocycle of this Lie algebroid,
i.e,that¢([a, bl,) = pu(@)[¢(b)] — pu.(b)[¢(a)]foralla, b € I'(A) (o, : A — TM being the anchor map defined above). In
conclusion, a Jacobi algebroid is a Lie algebroid endowed with an algebroid 1-cocycle, which is the usual definition (compare
with [9], where such an object is called “Lie algebroid in the presence of a 1-cocycle”).

The next result appeared in both [9,10]: we prove it here by means of the super-geometric formalism.

Proposition 3.5. Let A — M be a vector bundle. For every pre-Jacobi algebroid i + ¢ on A, the following are equivalent:

(i) m + ¢ is a Jacobi algebroid on A;
(ii) the operator d,, 4 squares to 0;
(i) [+, -1, satisfies the graded Jacobi identity:

(=1)""[[a, bly.g» L + (=D™[Ib, clyig, alup + (=1D™[[c, g, bl = O,
for all homogeneous a, b, ¢ € I"(/\ A) of degrees k, I, m respectively.

Proof. The equivalence of (i) and (ii) follows from the relation d? ’¢(l1/) = ’71 {u+o, u+ ¢}, @}, together with item seven
in Section 2.1. Let us prove the equivalence of (i) and (iii). A direct computation using usual properties of the big bracket
gives the following expression for the Jacobiator of the bracket [-, -], 4:
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(=D™[la, bl,.4, lup + €. = (=1)™[[a, bl,, cl, + c.p.
+ (—1)""(m — D @yla, bl — [1p a, bl,, — [a, 14 bly)c + c.p.
(where +c.p. indicates that we add all the terms obtained by permuting the variables a, b, c). Now, the Jacobi identity of the
big bracket implies that:
1pla, bl, — [1y a, bl — [a, 14 b, = 19{{a, u}, b} — {1 a, u}b} — {{a, u} 14 b}
{¢,{{a, u}, b}} — {{{¢, a}, u}, b}, — {{a, u}, {#, b}}
= {{a, {¢, ul}, b}.

Asa consequence:

(=D"™[[a, bl..4, €l + p. = (—=1D™[[a, bl,, cl, + (=1)™(m — D{{a, {¢, u}}, b}c + c.p.

If  is a Lie algebroid, the first term on the right hand side vanishes, and if {¢, «} = 0, the second term vanishes as well, so
that the graded Jacobi identity is satisfied. Conversely, if the graded Jacobi identity is satisfied for all homogeneous a, b, c,
then, choosing ¢ = 1, it follows from the previous identity that

{ta. {¢. u}}. b} =0

for all homogeneous a, b. Since {¢, u} € ﬂo‘z, this implies {¢, u} = 0 (see item seven in Section 2.1). In turn, this implies
that the bracket [, -], satisfies the graded Jacobi identity, a property that holds true if and only if i is a Lie algebroid. O

Given a pre-Jacobi algebroid i + ¢ on A — M, we define a family, indexed by a parameter ¢ € R, of pre-Lie algebroids
on p*A — (M x R), denoted 5, by
¢
W = e (+ ¢ (3" + cidy)

where we use the notations of Section 2.2-A. These anchors and brackets correspond, for c = 0, 1, to (4.16-4.19) in [9].
The pre-Lie algebroid ,u;) (on p*A) is called the Poissonization of the pre-Jacobi algebroid u + ¢ (on A). Notice also that

ny = p+ pd.

Lemma 3.6. Define ad; iq, to be the linear endomorphism of #, defined by F > {tida, F}. Forallc, x € R, the following relation
holds:

exp(ad i) g = pg .

Proof. A direct computation gives
ady jg, iy = tpg — ¢ids  and  ad; o, pida = tepidy.
Now, it is a general fact that for every vector space E, every L € End(E, E) and every a, b € E,if L(a) = ta — band L(b) = tb,
we have exp(—cL)a = e “a + ce “b. Applied to E := %4, L := ad; i4,, 0 == ug, b := ¢idy, this gives
exp(ad_c g g = e g + ce " idagp = .
Applying exp(ad_y iq,) to both sides of this relation gives:
exp(ad_y ia,) exp(ad_ ia,) gy = exp(ad_y ia,) 14

The relation

exp(ad_ig,) exp(ad_c ia,) i1 = exp@d_gerop iay) 1§ = 1§

gives the required result. O

The next lemma is dealt with in [9] for the cases ¢ = 0, 1.
Lemma 3.7. Let A — M be a vector bundle, i 4+ ¢ a pre-Jacobi algebroid on A — M. The following are equivalent (p*A, ,ug)
being as defined above):

(i) m + ¢ is aJacobi algebroid on A;
(ii) There exists ¢ € R such that the pre-Lie algebroid “fb is a Lie algebroid on p*A;
(iii) For all c € R, the pre-Lie algebroid u; is a Lie algebroid on p*A.

Proof. Using the usual properties of the big bracket, one computes
{1y, ngy = {1+ @', u + ¢d'}
= {1, 1} +2{. $}9".
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The vanishing of {ug, ,ug} is therefore (in view of Section 2.2-A) tantamount to the vanishing of both {u, u} and {u, ¢}.
Hence ug is a Lie algebroid if and only if ;« + ¢ is a Jacobi algebroid. Now, in view of Lemma 3.6, we have for all c € R

{1, g} = {exp(ad_ ig,) ey, exp(ad e ia,) g} = exp(@d_cr iay) ey, 1g}-

In particular, ,u,; is a Lie algebroid if and only if ,ug, is a Lie algebroid. This completes the proof. O

Remark 3.8. The assignment from Y, I"(AKA) to X", I'(A¥ p*A) mapping P € I'(AKA) to e=*~DIP is a Lie algebra
morphism, when ), AKA is equipped with the bracket [-, Jue while Y, I'(A¥p*A) is equipped with the bracket of
the Lie algebroid ,ug. This claim can be proved directly, and can also be found in [19]. A more general fact is that, for every

¢ € R, mapping P € I'(A¥A) to e"*=Di=<kp js 3 Lie algebra morphism, when }_, _ I (A¥ p*A) is now equipped with the
bracket of the Lie algebroid .

Example 3.9. When M is a point, A becomes a Lie algebra with bracket [., .]4 equipped with a cocycle ¢ € A*, and sections
of p*A — R can be identified to smooth maps from R to A. The Lie algebroid ;Lf;) is then the Lie algebroid with anchor

pX (1)) = ¢(X(t)) S and with bracket

dY (t) dX(t)
[X(6), Y(O] = [X(0), Y(O)]a + ¢>(X(t))7 - ¢(Y(t))7

where X(t), Y (t) are arbitrary maps from R to A, identified with sections of p*A — R.

3.2. Jacobi bialgebroids

Upon identifying ¥4 and F4+ by @, it is possible (since @ exchanges the spaces ?Ak’l and ?A';k forallk, | € N, see Section2.1)

to consider pre-Lie algebroids on A* as elements of SL‘AZ"] and pre-Jacobi algebroids on A* as functions in %, of the form v + X,
withv € F7' and X € F,"°.

Definition 3.10 (/7]). Let A — M be a vector bundle. A pre-Lie bialgebroid is a pair (i, v), where

1. w is a pre-Lie algebroid on A,
2. v is a pre-Lie algebroid on A*,

such that d,, is an odd derivation of the bracket [, -], i.e.,

dyla, bl, = [dya, bl + (=1)*'[a, d,b], Yae I'(AkA), be T (/\A) : (3.10)
where [+, -], d, are as in Definition 3.1. A Lie bialgebroid is a pre-Lie bialgebroid (., v) such that  and v are Lie algebroids.

Proposition 3.11 ([7]). Let A — M be a vector bundle, ;« and v be pre-Lie algebroid on A and A*, respectively.

1. The pair (u, v) is a pre-Lie bialgebroid if and only if {u, v} = 0;
2. The pair (u, v) is a Lie bialgebroid if and only if {u + v, u + v} = 0.

Following the same idea, Jacobi bialgebroids are introduced in [10] as follows.

Definition 3.12. Let A — M be a vector bundle. A pre-Jacobi bialgebroid is a pair (1 + ¢, v + X), where

1. i + ¢ is a pre-Jacobi algebroid on A,
2. v + X is a pre-Jacobi algebroid on A*,

such that d,, x is an odd derivation of the bracket [, -], 4, i.e.,

dyxla, by = [dyxa, bluy + (=" '[a,d, xbl. s Vae I'(A*A), ber (/\A) , (3.11)

where [+, -],..¢, dy x are as in Definition 3.2. A Jacobi bialgebroid is a pre-Jacobi bialgebroid (i 4+ ¢, v + X) such that u + ¢
is a Jacobi algebroid and d, x squares to 0.

We can now give the main result of this section, which is a characterization, in terms of the big bracket, of Jacobi
bialgebroid structures.

Theorem 3.13. Let A — M be a vector bundle, i + ¢ a pre-Jacobi algebroid on A and v + X a pre-Jacobi algebroid on A*. Set

&= 1{¢. X} =0 (X)
&= {un. X} +{v.¢}

&= {p v+ uX+vp—idy (—¢X+

X1 001 (312)
—dy,
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1. The pair (u + ¢, v + X) is a pre-Jacobi bialgebroid if and only if
C=8=60=0.

2. The pair (i + ¢, v + X) is a Jacobi bialgebroid if and only if
C=8=O={ut+¢,u+¢)=+Xv+X}=0.

Proof. We prove the first item. The idea is to express with the big bracket the quantity
Hi.10(@,b) :=Dla,b] — [Da, b] = (~1)*"'la, Db, ae F(A*A), be T (/\A)

where D stands either for ad, := /\ A — /\ A or for the left-multiplication by X, i.e., mx (b) := Xb, and |a, b] stands either
for the derived bracket [a, b],s := {{a, '}, b}, with i’ := u + ida¢, or for the assignment ((a, b))4 = {a, ¢}b — a{¢, b}.In
fact, by definition, d, x := ad, + my, while [, 1,4 = [+, -1x + ((., .))¢, hence
dax¢[a, blag — [dax ¢a, blag — (=D [a, dax.¢blag
= (Hp..3,.ad, +Hime + Hoygaady +Hioygamy) (@ b). (3.13)

A cumbersome but straightforward computation, involving only the Leibnitz and Jacobi identities of the big bracket (and
valid for arbitrary p’ € f"'Al‘Z, v e }‘/f‘],X € ?Al‘o, ¢ € }‘AO‘]), yields the following results:

Hi. 1,20, (@, b) = D(a, (=D)"{v, '}, b)

Hy.1,.my (@ b) = D(a, (=1)*wX, b) + &(a, (=1){X, 1}, b)
Hi(.))p.a0, (@ b) = €(a. (=) {v. ¢}, b)

Hi(.p)gmy (@, b) = F (@, 2(=1)""{¢. X}, b) + &€(a, —(—1)X¢. b)

where, for all a, b € /\ A, for all functions F € F; of bi-degree (1, 2),
D(a,F,b) = {{a, F}, b}, &(a,F,b) :={a, F}b — a{F, b}, F(a, F,b) := Fab.
Introducing these results in (3.13) yields

das 1@, bly — [dax 4@, blg — (=¥ '[a, dax ybly = (—=1)¥D(a, ®, b) + (—1)*E(a, &, b) + (—D¥F (a, S, b)  (3.14)

where

&= X =8- %idml-
&= (X )+ 0. 0) = X = (. X} + (v, $) +idalX. §) = & +ids© 3.13)
&= —2{¢, X} = —20.

From these expressions, it follows that, if & = & = # = 0, then ® =& =S =0, hence (3.11) holds true, and the pair
(u 4+ ¢, v 4+ X) is a pre-Jacobi bialgebroid.

Let us prove the converse. First, notice that D(a, 6 b) =0ifa=1orb = 1, and &(a, é b) = 0ifa = b = 1. Hence,
if condition (3.11) is satisfied, one sees by plugginga = b = 1in (3.14) that & = 0. Then plugging a = 1 and letting b be
an arbitrary section of A, we conclude that {ﬂ, b} = 0forallb € I'(/\ A). Since & is of bidegree (1, 1), according to item
seven in Section 2.1, we have & = 0. For similar reasons, we deduce from {{a, 6}, b} = 0, valid for a, b arbitrary sections of
A, that @& = 0.In view of (3.15), we have <& = & = & = 0 which completes the proof.

The second item is an immediate consequence of the first and of Proposition 3.5. O

Example 3.14. Let A be a vector space of dimension 4. Denote by Y, Y_, H, I a basis and by Y7, Y*, H*, I* the dual basis.
Define

po=—2H*YIY, +2H*Y*Y_ —YIY*H ¢ =1

vi= 1YY =20 - H)YIY, +2Y* (I +H)Y- X :=H.
Then (u + ¢, v 4+ X) is a Jacobi bialgebroid. Note that that the Lie algebra that corresponds to u is the Lie algebra of 2 x 2
matrices (I has to be interpreted as being the identity matrix, H is the diagonal matrix with (41, —1) on the diagonal, Y., Y_

are the upper triangular and lower triangular matrices whose only non-zero term is 1) and that, under this correspondence,
I* is half of the trace map. An interpretation of this structure shall appear in Example 4.7.

In the Eq. (3.12), the roles of A and A* are symmetric, i.e., applying the canonical isomorphism @ : 4 >~ Fx+ (and using
(2.5)), one obtains equations of the same form, which yields the next corollary, which already appears in both [9,10].
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Corollary 3.15. Let A — M be a vector bundle, i + ¢ a pre-Jacobi algebroid on A, and v + X a pre-Jacobi algebroid on A*. The
pair (u + ¢, v + X) is a pre-Jacobi bialgebroid on A if and only if the pair (v + X, i + ¢) is a pre-Jacobi bialgebroid on A*.

In Lemma 3.7 we constructed, out of a Jacobi algebroid © + ¢ on a vector bundle B — M, a family indexed by ¢ € R of
Lie algebroid on the pull-back vector bundle p*B — M x R (p : M x R — M being the projection on the first factor). We
denoted these Lie algebroids by /L;,. Hence, given a pre-Jacobi algebroid 1 4+ ¢ on a vector bundle A — M and a pre-Jacobi
algebroid v + X on the dual bundle A* — M, we construct, for every ¢, d € R:

1. Lie algebroid M;, onp*A - M x R,
2. Lie algebroid v)‘z on the dual bundle p*A* — M x R.
Since the vector bundles p*A* >~ (p*A)* are dual one to the other, it is natural to ask whether one can pair these Lie algebroids

to form Lie bialgebroids. The next corollary gives an answer to this question, and generalizes results obtained in [10,9] for
c=0,1.

Corollary 3.16. Let A — M be a vector bundle, i + ¢ a pre-Jacobi algebroid on A, and v + X a pre-Jacobi algebroid on A*. Choose

an arbitrary c € R.

1. The following are equivalent:
(i) the pair (u + ¢, v + X) is a pre-Jacobi bialgebroid on A;
(ii) the pair (p,;, v;_c) is a pre-Lie bialgebroid on p*A;

(iii) {uf, g} =0.

2. The following are equivalent:

(i) the pair (u + ¢, v + X) is a Jacobi bialgebroid on A;
(ii) the pair (p,;, v;_c) is a Lie bialgebroid on p*A;

(iii) {1l + vy < G +vy ) =0.
Proof. The equivalence of items 1.(ii) and 1.(iii) follows from the first item of Proposition 3.11, and the equivalence of items

2.(ii) and 2.(iii) from the second item of Proposition 3.11. For the remaining equivalences, item 2 is clearly a consequence of
item 1, so we only include a proof of item 1. First:

exp ad*Cf idg {/’L;s v;(*C} = {exp adfct idg M;a exp ad*Ct idg v;(*C}
= {expad_t iy K. €XP adc idyy vy}
= {ug.vx} (byLemma 3.6)
so that the vanishing of {u;, v)l(’c} is equivalent to the vanishing of {/,Lg, v)}} = 0. In view of Theorem 3.13, it suffices to
prove that the conditions & = <> = # = 0 are satisfied if and only if {ug, v}(} = 0. By a direct computation, we obtain:

(g, vx) = {n + 3¢, e7" (v + (" +ida)X)}
= e o, X}(@)? + e 0" ({1, X} + (¢, v} +idac{¢p, XD) + e ({1t v} + X — pv + idas ({1, X} — $X))
et ((af)2<> +0' (M +idpsO) + - %idA*&> :

Now, a function F € F,x4 of the form F = (3*)?F; + 9'F, + F3, with Fy, F,, F3 € Fais zeroifand only if F; = F, = F3 = 0
(as stated in Section 2.2-A). We can therefore conclude that {Mg, v)}} =0ifandonlyif & = & +idg«> = @ — %idA*& =0,
i.e.,ifand only if ® = & = < = 0, as was to be shown. O

We call the pair (,ug, v)}) the Poissonified Lie bialgebroid of the Jacobi bialgebroid (u + ¢, v + X).

Remark. Corollary 3.16 shows that the conditions listed in item 2 of Theorem 3.13 are equivalent to the single condition
{1g + vg, ng + vg} =0.

4. Poisson-Jacobi manifolds and their Jacobi bialgebroids

Notations. Throughout this section, we shall use the following conventions.

Let B — M be a vector bundle endowed with a Lie algebroid g € #3.As in Section 2.2-B, we denoteby A := BOR — M
the direct sum of B with the trivial bundle R x M — M, € the section of A=B® R — M givenbym — (0,,, 1) € Ay, =
B, @R, and ¢ the section of A* given by ¢(b+fe€) := f foreveryb € I'(B), f € ¥ (M). As mentioned in Section 2.2-B, there
is a natural inclusion 3 C ¥, that preserves the big bracket. In particular, g, seen as an element in %, is a Lie algebroid
onA — M. To avoid confusion, we shall denote by w this Lie algebroid on A.

Itis clear that ¢ € I'(A*) is a cocycle for the Lie algebroid , so that u + ¢ is a Jacobi algebroid on A — M. By Lemma 3.7
therefore, /,Lg = i + ¢d" is a Lie algebroid on p*A — (M x R), where 3" € F«4 is as in Section 2.2-B, and t € F (M x R)
stands for the parameter on R (as in Section 2.2-A).
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Remark. Explicitly, the Lie algebroid associated to i on A = B & R is the Lie algebroid (which appears in [9]) with bracket
and anchor:

[b1 + fie, by + fo€la == [b1, balg + pa(b1)[fale — pa(b2)[file

pa(b, f) == pg(b) Vb1, by, b € I'(B), f1,fo,f € F(M).

4.1. Poissonization

By a Jacobi structure on the Lie algebroid g on B — M, we mean a pair (7, E) withw € I'(A? B) and E € I'(B) such that:
[w, 7], =—2Er and [E, 7], =0.
The coefficient —2 is a convention and it could be turned into 1 by replacing E by —2E.
Example. As explained in the introduction, given a Poisson structure P on a manifold M and a vector field & such that

L¢P = kP with k € N*, a Jacobi structure can be induced on the tangent Lie algebroid TM — M for all submanifold M C N
transverse to &.

Example 4.1. Let B be the Lie algebra sl,(R). Recall that sl,(R) is generated by elements H, Y., Y_ that satisfy [H, Y, ] =
2Y,,[H,Y_] = —2Y_,[Y;, Y_] = H.The pair (Y_ A Y4, H) is a Jacobi structure.

Lemma 4.2. We use the notations introduced at the beginning of this section. For every w € I' (A% B) and E € I" (B), the following
are equivalent:

(i) (s, E) is a Jacobi structure for the Lie algebroid 3 on B,

(ii) Py := e '( + €E) is a Poisson structure for the Lie algebroid N«g onp*A — (M x R).

Proof. Recall that, by definition, P, € I'(A?p*A) is a Poisson structure for the Lie algebroid //Lg if and only if
[Pr E, P”f]ug = 0. A direct computation gives the following:

[PJT,Ea PJT,E]/J,‘[;J = {{Pn,E7 ﬂg}v PJT,E}

= {{e™" (7 +€E), u + ¢3'}, e (;w + €E)}

= {e Ym, u} +e"elE, u} + {e7", 0" (w + €E) — e 'Ed", e~ (7w + €E)}

(e m, u) +e "elE, u} —e "p(m + €E) — e 'Ed", e (m + €E)}

= e 2 {{m, u} + €{E, u} + ¢(m + €E) — Ed', (r + €E)} 4+ e {—Ed", e~} (;r + €E)
= e ([, wly, + 2Em + 2€[E, 7],p)-

Now, a section of A% A of the form @; + €@, = 0, with @; € I'(A>B) and @, € I"(A? B) vanishes ifand only ®; = &, = 0,
so that [P, , P”f]ug =0ifandonlyif [w, 7], + 2Ex = [E, 7], =0. O

Remark. We could also prove this lemma as follows. It is routine to check that (i, E) is a Jacobi structure if and only if 7 +€E
is a Jacobi element for the Jacobi algebroid u + ¢ on p*B, (i.e. [ + €E, w + €E], 4 = 0). Now, according to Remark 3.8, this
implies that P, ¢ := e~ (7 + €E) satisfies [P, g, P”’E]MS,'

Remark 4.3. In general [10,9], the Poissonization is constructed on the direct product of the Lie algebroid B — M with
the tangent algebroid TR — R. But this Lie algebroid is indeed canonically isomorphic to p*(B & R) — (M X R), and our
construction matches the usual one.

Moreover [20], when B = TM is the tangent Lie algebroid of M, p*A is isomorphic to T(M x R), and, under the previous
isomorphism, € is the vector field % Specializing Lemma 4.2, one obtains that a pair (;r, E) (with 7 a bivector field and E a

vector field) is a Jacobi structure on TM if and only if e~ (7 + % A E) is a Poisson structure on M x R.

4.2. The Jacobi structure on the base of a Jacobi bialgebroid

Just as a Lie bialgebroid induces a Poisson structure on its base, a Jacobi bialgebroid induces a Jacobi structure on its base,
see [9]. Our formalism yields a convenient description of this Jacobi structure on the base.

Proposition 4.4. Let (1 + ¢, v + X) be a Jacobi bialgebroid on a vector bundle A — M, then
1. The assignment
FM) — F(M)
[ {{n, X}, f}
is a vector field E on M. This vector fields is also given by the assignment f +— —{{v, ¢}, f}.
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2. The assignment
FM) x FM) - F(M)
.8~ {{un. f} {v.g}}

is a bivector field w on M.
3. The pair (, —E) is a Jacobi structure on TM.

Proof. It is clear that both assignments are derivations in each variable for degree reasons. Let us prove that the second one
is skew-symmetric. A direct computation yields z[f, g] — =[g, f]1 = {{{«, v}, f}, g}, for every f, g € F(M). According to
Theorem 3.13, the quantity ®# = 0, therefore this relation can be written as:

, X} —{v,
zlf. gl —zlg.fl=— ”uﬂwp—im (—¢>X+ “‘}2{”’}) ,f} ,g},

a quantity that vanishes for reasons of bi-degree. This proves the first two items.
We now turn our attention to the third item. According to Corollary 3.16, the pair (Mg, v}() is a Lie bialgebroid. Hence,

according to proposition 3.6 in [21], the assignment F (M X R) x F (M x R) — F (M x R) given by
(.8~ {uy.f} g g}

is a Poisson structure on M x R, that we denote by P. In view of Lemma 4.2 (more precisely Remark 4.3), in order to complete
the proof'it suffices to check that P is precisely the Poissonization of the pair (7, —E). In fact, for any functions f, g on M x R:

PIf. gl = {({u§.f}. (vx. g}
={{u+0'¢.flie v+ @ + ndA*)x> gl

i)
{{u,f}+¢f,e ({v g+ x 8 )}

0
(). 0.0+ 00 25 o L e L+ oS v}

{Hw. f1 Av. ghh + . ) X}* i{¢ {v, g}})

<{{M f1Av, g}}+{{M,f},Xafg} {d’* {v, g}}) (since {¢,X} =< =0)

]+E(f)f—ff,( ))

(rr—{—a—/\( E)) [f, gl

This completes the proof. O

4.3. The Jacobi bialgebroid of a Jacobi structure

For every Poisson structure P on a Lie algebroid v defined on a vector bundle C, the function {P, v} is a Lie algebroid on
C*. Moreover, the pair (v, {P, v}) is a Lie bialgebroid. We refer to [21] for these classical results. We call the Lie algebroid
{P, v} (resp. the Lie bialgebroid (v, {P, v})) the Lie algebroid (resp. the Lie bialgebroid) associated to the Poisson bivector P. In
particular, it follows from Lemma 4.2 that, for every Jacobi structure (ir, E) on a Lie algebroid g on B — M, the function in
Fp+a (see Section 2.2 for the notations) defined by

Vo k= {Pr £, Mg} = {Pr g, 1+ $3'}
is a Lie algebroid on (p*A)* — (M x R) (which is isomorphic to p*A* — (M x R)). Moreover, the pair (ug, Vurp) is alie
bialgebroid on the vector bundle p*A — (M x R).

Lemma 4.5. We use the notations introduced at the beginning of Section 4. Let (7, E) be a Jacobi structure on the Lie algebroid
Mg on B — M. Define

vi={m, u} + ¢ + e{pn, E} — Eidg € F,%.

The Poissonization of the pre-jacobi algebroid v — E on A is the Lie algebroid v, » ¢ := {Pr, ug} associated with the Poisson
structure Py .
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Proof. We shall prove that the functions v!; = e~(v — E(3" +idax)) and v,  r = {Pr g, 4 + $3'} are equal. This follows
from a comparison between

Vu,mE = {8_[(7'[ + GE), 122 +¢8t}

e ' ({(m + €E), u} + ¢p( + €E) — 3'E)

= e '({r, u} + {€E, u} + ¢(r + €E) — 0'E)
= e '({m, u} + €{E, u} + ¢(r + €E) — 8'E)

and

vl = e (v + E@" —idg))
e '({m, u} + ¢ + €{u, E} — Eidg — E(3" — idp))
e ' ({m, u} + ¢ + €{u, E} — 0'E + (ida — idp)E)
= e ‘({m, u} + ¢ + €{E, u} — 0'E + ¢¢E)

where, in the last line, we have used the relation id4 = idg + ¢e. O

Remark. A direct comparison shows that the bracket and anchor of the associated pre-Lie algebroid v on A — M are
precisely the bracket and anchor of the Lie algebroids that appear in [6,10,9].

The main result of this section is an immediate consequence of Lemma 3.7 and of Lemma 4.5.

Theorem 4.6. We use the notations introduced at the beginning of Section 4. Let (;t, E) be a Jacobi structure on the algebroid g
on B — M. Then,

1. the pair (u + ¢, v — E) is a Jacobi bialgebroid on A, where:
vi= {7, u}+ ¢ +e{u, E} —Eidp € F'.

2. The Poissonization of this Jacobi bi-algebroid is the Lie bialgebroid (,ug, V.7 ) associated to the Poisson structure P, g (i.e., to
the Poissonization of the Jacobi structure (x,E)).

Remark. A direct computation shows that the bracket of the Jacobi algebroid v — E of Theorem 4.6 coincides with the
bracket described in [19] corollary 4 applied to the Jacobi element w + €E € I'(A? p*A) and the Jacobi algebra A, equipped
with the Jacobi algebroid [, -], 4.

Example 4.7. Applying this construction to the Jacobi structure of Example 4.1, one finds the Jacobi bialgebroid announced
in Example 3.14.

We summarize the results of this section in a commutative diagram. Let up be a Lie algebroid on a vector bundle
B, equipped with a Jacobi structure (s, E). Recall that A stands for B @ R (and p is the natural extension of ug to
that bundle), while p*A stands for the pull-back of A — M on M x R (and can be equipped with the Lie algebroid
ug = 1+ 3'¢). Let P, ¢ be the Poissonization of the Jacobi structure (7, E) (defined on the Lie algebroid ,ug on p*A).
Letv := {m, u} + ¢ + €{u, E} — E idg be the Jacobi algebroid on A defined above. The following diagram commutes

(7(, E) Poi izati PJT,E
Jacobi structure olssomzation Poisson structure
on B for jup on p*A for i3
0' 1
( + ¢€’ v E) Poissonization . (’u.d” U*E) .
Jacobi bialgebroid Lie bialgebroid

on (A, A%) on (p*A, p*(A¥))
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5. Quasi-Jacobi bialgebroids
In [11], quasi-Jacobi bialgebroids are introduced, as follows:

Definition 5.1. LetA — M be a vector bundle. A quasi-Jacobi bialgebroid is a pre-Jacobi bialgebroid (1 + ¢, v+X), together
with a section Z of A3 A, such that « + ¢ is indeed a Jacobi algebroid, and such that the following compatibility conditions
are satisfied

dyx(@) =0 and (dyx)*(P) +[Z.Pluy =0 forallP el (/\A) (5.16)

where [+, -],..¢4, dy x are as in Definition 3.2.
As a slight modification of Theorem 3.13, we obtain:
Theorem 5.2. Let A — M be a vector bundle, . 4+ ¢ a pre-Jacobi algebroid on A, v + X a pre-Jacobi algebroid on A*, and Z a
section of A3 A. Define <>, & and @ as in (3.12). The triple (i + ¢, v + X, Z) is a quasi-Jacobi bialgebroid if and only if
C=8=O={u+¢,u+¢) =2} +XZ = {v. X} +{Z, ¢} =% =0,
with s = 2{v, v} +{Z, u} +ida{Z, ¢} + 2Z9.

Proof. According to Theorem 3.13, the pair (u + ¢, v 4+ X) is a pre-Jacobi bialgebroid if and only if & = & = & = 0. Also,
{4+ ¢, u+ ¢} =0ifand only if u + ¢ is a Jacobi algebroid. The condition d, x(Z) = 0is equivalent to {v,Z} +XZ = 0 in
view of the expression of the differential given in Definition 3.2.

Spelling out the condition (d, x)*(P) = [—Z, P] ¢ With the differentials and brackets introduced in Definition 3.2 gives:

which can be rewritten as
{= P} + ({v,X} +{Z, 9P =0.

This condition is therefore satisfied if {v, X} + {Z, ¢} = = = 0. Conversely, if this condition is satisfied for P = 1, then
{v, X} + {Z, ¢} = 0.If the condition is satisfied for all P € I'(/\ A) therefore, we have {&, P} = 0 for all P € I"(A), which,

in view of the seventh item listed in Section 2.1, since = € ﬂ3’1, implies that = = 0. This completes the proof. O

Recall [8] that a quasi-Lie bialgebroid on a vector bundle B is a triple of functions in, respectively, F, Al’z, F, Az’l , F A3’O, whose
sum commutes with itself. Theorem 5.2 admits the following corollary, to be compared with Corollary 3.16.

Corollary 5.3. Let A — M be a vector bundle, u + ¢ a pre-Jacobi algebroid on A, v + X a pre-Jacobi algebroid on A*, and
Z € I'(A3 A). The following are equivalent:

(i) the triple (u + ¢, v + X, Z) is a quasi-Jacobi bialgebroid on A;
(ii) the triple (1§, vy, e~*Z) is a quasi-Lie bialgebroid on p*A.

(Here, ug, v}( are the pre-Lie algebroids on p*A — (M x R) constructed in Lemma 3.7 and t € ¥ (M x R) is, as in Section 2.2-A,
the projection on the second factor.)

Proof. The triple (ug, vy, e~*'Z) is a quasi-Lie bialgebroid on p*A if and only if
{ug +vg +e ¥z, ud +vg +ez} =0.

For degree reasons, this condition splits into the four conditions:

{g. ng} =0 (%)
(1, vy =0 (s8)
{v. v} = —2{uf, e >z} ( * %)
{v)}, e %7y =0. (3% sk k)

It follows from Lemma 3.7 that condition () holds if and only if {t + ¢, u+¢} = 0.1t follows from item (1) in Corollary 3.16
that condition (*x) holds if and only if (u + ¢, v + X) is a pre-Jacobi bialgebroid, i.e., in view of Theorem 3.13, if and only
if & = & = @& = 0.1t follows from a direct computation that condition (* * *x) holds if and only if

{ve, e 2Z) = e ({v,Z} + 22X — 3ZX) = 0,
i.e,ifand only if {v, Z} + XZ = 0.



2266 P. Antunes, C. Laurent-Gengoux / Journal of Geometry and Physics 61 (2011) 2254-2266

In view of Theorem 5.2, we only have to prove that condition (« * %) holds if and only if {v, X} + {Z, ¢} = = = 0. First,
we compute:

(e (v + X (@ +idar)), €' (v + X' + idge)))
= e 2 ({v, v} + 2{v, X}ida + 2{v, X}3").

1 1
{v)(7 VX}

Second, a direct computation gives {/,Lg, e 27} = e 2 ({u, Z} — 2¢Z + 3'{¢, Z}), so that, reordering terms, we obtain that
(* * *) is equivalent to

w49 ({v, X} +{Z, ¢} =0,

which is itself equivalent to the vanishing of both = and {v, X} + {Z, ¢} (as noted in Section 2.2-A). The result follows. O
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