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JORDANIAN DEFORMATION OF THE OPEN XXX SPIN CHAIN

© P. P. Kulish,* N. Manojlovié, and Z. Nagy*

We find the general solution of the reflection equation associated with the Jordanian deformation of
the SL(2)-invariant Yang R-matrix. A special scaling limit of the XXZ model with general boundary
conditions leads to the same K-matrix. Following the Sklyanin formalism, we derive the Hamiltonian
with the boundary terms in explicit form. We also discuss the structure of the spectrum of the deformed

XXX model and its dependence on the boundary conditions.
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1. Introduction

The quantum inverse scattering method (QISM) [1]-[4] as an approach for constructing and solving
quantum integrable systems led to creating the theory of quantum groups [5], [6]. A particularly interesting
feature of quantum groups is a transformation that is called twist [7] and allows constructing new quantum
groups from already known ones. Although the twist transformations generate an equivalence relation
between quantum groups, they produce different R-matrices. These new R-matrices can in turn lead to
new integrable systems [8].

The twist of a quantum group or, more generally, a Hopf algebra A is a similarity transformation of
the coproduct A: A — A® A by an invertible twist element

Ala) — Ar(a) = FA(a)F~L, ac A (1.1)

To guarantee the coassociativity property of the coproduct, the element F must satisfy a certain compati-

bility condition, the so-called twist equation
Fi2(A @id)F = Foz(id @A) F, (1.2)

where
Awid) Y Mo = ZA Mo P edn A A
J
Moreover, the transformation law of the coproduct also determines how the corresponding universal R-
matrix changes:
R — R® 2.7:2173.7:71, Fo1 = ij@) ®fj§l). (1.3)
J
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This new R-matrix allows building and studying new integrable models [9].

A particular solution of the twist equation is provided by the Jordanian twist element for the enveloping
algebra of the sl(2) Lie algebra, which was introduced in [10], [11] and was extended to the sl(N) case
in [8], [12]. Here, we consider the example of the twisted algebra sl(2) and the corresponding deformation
of the Yangian Y (sl(2)) [9], [13]. Because the twist preserves the regularity of the R-matrix (i.e., R(0) = P,
where P is the permutation map of the neighboring spaces), we can write the deformed version of the
integrable Heisenberg XXX spin chain with periodic boundary conditions [9]:

N
1
H= Z<2(crfaf+1 +ofol +oioi)+ 0(0';-r — cr;Zrl) + GQUJJTU;-Zrl).
=1

We note that this operator is non-Hermitian, which results in additional difficulties in applying the algebraic
Bethe ansatz to this model. Although it can be seen that the extra terms added to the XXX Hamiltonian
do not change the spectrum of the model [9], [14], the explicit form of the Bethe states is not obvious.

Here, we study the deformation by the Jordanian twist of the XXX model with nonperiodic boundary
conditions, which are described by reflection matrices K*()) [15]. The result is a classification of reflection
matrices compatible with the twisted Jordanian R-matrix. We obtain the general solution of the reflection
equation by direct calculation; it is also confirmed by the singular scaling limit from the known reflection
matrix of the anisotropic XXZ model. Using the general solution for K (\) and following the Sklyanin ap-
proach [15], we construct the Hamiltonian with the general nonperiodic boundary conditions. We conclude
with some remarks on the influence of the boundary conditions on the system spectrum.

2. Solutions of the reflection equation
The main QISM relation [1], [3]
Rip(A = )Ty (N T2 () = To(p)T1 (M) Raz (X — p) (2.1)
can be used to define a special infinite-dimensional quantum algebra, the Yangian. The Yang R-matrix
Ri2(A) =M + 1P € End(C" ® C") (2.2)

determines the Yangian Y (sl(n)) with the elements of the nxn matrix T'(\) as generating functions of the
Y(sl(n)) generators (see [16]). We use I for the identity operator and P for the permutation in C" x C",
Plvew)=w®v, v,w € C", and the standard QISM notation 77 =T ® I and T> = I ® T'. The Heisenberg
XXX spin chain is related to Y (sl (2)), and the universal enveloping algebra of sl(2) is a Hopf subalgebra
of the Yangian, U (sl(2)) C Y(sl(2)). The two generators h and X of si(2),

[h, X%] = £2X %, [XT, X" =h, (2.3)
yield the Jordanian twist element
F = ®0s040XT) ¢ [ (51(2)) @ U (s1(2)), (2.4)

which satisfies Drinfeld twist equation (1.2). The matrix form of F in the spin-1/2 representation p is
Fis € ]'__“/Ild((c2 ® (C2),

16 0 0

. 0 1 0 0
Flgz(p@)p)}':e” ®00+:1+90z®0+: 00 1 -8 y (25)

0 0 O 1
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where 0 and o0& = (6% +i0Y)/2 are the Pauli sigma matrices.
Hence, the R-matrix of the twisted Yangian Vs (sl(2)) has the form [9]

A1 =X A0 NG?
) 1 ) 0 A n =\
RY (/\) = F21R12(/\)F12 = \RY + 77P = 5 (26)
0 n A b,
0 0 0 A+n
where Fb; = PF12P. This R-matrix is also a solution of the Yang—Baxter equation
Riz(A — p)Riz(A) Ras(p) = Ras(p) Ris(A) Riz(A — p). (2.7)
The unitarity of the R-matrix is unaffected by the twist,
Riz(A)Ra1(=A) = g(A) (2.8)
with g(A) = (—=A\? +n?), but the PT symmetry is broken,
Ro1(N) # Ria (M), (2.9)
where Ra1(\) = PR12(\)P and the indices #; and to denote the respective transpositions in the first and

second spaces of the tensor product C2 ® C2. The R-matrix also does not have the crossing symmetry, but
it does satisfy the weaker condition

to1—11t2 -1 gA+1) 1
{{{ng()\) } } } —g(/\+2n)M2R12()\+27])M2 (210)

(1 —29)

M = .

0 1

M= Lo 2.12
1o (2.12)

with the matrix

(2.11)

We note that the more general matrix

commutes with the R-matrix,
[M & M,R()\)] =0. (2.13)

As a general remark, we note that for our purposes, it suffices that the matrix {{{R12()" }_1}t2 }_1
exists. The fact that this matrix can be written in form (2.10) only implies that we can establish a bijection
between solutions K~ () and KT ()) of the left and right reflection equations, as we later show.

A way to introduce nonperiodic boundary conditions compatible with the integrability of the base model
was developed in [15]. The boundary conditions at the left and right sites of the system are expressed in
the left and right reflection matrices K~ and K. The compatibility condition between the bulk and the
boundary of the system takes the form of the so-called reflection equation [17], [18]. For the left reflection

matrix, it is written in the form

Riz(A — ) Ky V)Rt (A4 ) Ky (1) = Ky (1) Riz(A + p) Ky (V) Ry (A — p). (2.14)
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The compatibility at the right site of the model is expressed by the dual reflection equation [15], [19]-[21]
Ao\ — WK OV BraOA+ ) K (1) = K3 (1) Cra 0+ ) K () Diz (A — o), (2.15)

where the matrices A, B, C, and D are obtained from the R-matrix of reflection equation (2.14) as
Aa(A) = (Ria(NV)f2) " = Doy (W), (2.16)

Biz(\) = ((RE (V) 7)™ = Car(M) (2.17)
or, explicitly,

A=n 0 0 0
1 A0 A —n 0
A(N) = 2.18
W M=n2 [ X0 —n A o |’ (2.18)

A2 N M A—1

A+n 0 0
=Y A+2n - 0
BO) = O . (2.19)
A+ 2n) M\ -7 A+2p 0

—(BA+2n)02  —X0 A A+7
Using property (2.10), we can write dual reflection equation (2.15) in the equivalent form
Rig(—=A+ ) K (\)MaRoy (=X — pp— 2) My ' K5 (1) =
= K3 (1) My Rig (=X — pp = 20) My K (A) Ror (=X + p). (2.20)
It can then be verified that the map
KtO\) =K (-A\—n)M (2.21)

is a bijection between solutions of the reflection equation and the dual equation.

The solutions are classified using the standard, but somewhat tedious, approach. We first note that if
K (M) is a solution of this equation, then obviously f(A)K()) is also. We use this freedom to fix k11 (A) =1
(and it can be easily verified that the assumption k11 (A) = 0 leads to a noninvertible, rank-1 solution). We

ko= ( ! F12(3) 2.29
)= kor(A)  kaa(N) ) (2:22)

seek the general solution in the form

Substituting this K-matrix in (2.14) and writing the equations for the matrix elements, we see that by
adding elements 21 and 31 of the resulting matrix equation, we obtain

le(/\) (kQQ(ILL) — 1) = le(ILL) (kQQ()\) — 1) (223)
This is a functional equation of the form

FN)g(p) = f()g(N). (2.24)

We recall its general solution. The equation is obviously satisfied if either function is identically zero. If
one of them is not identically zero, then they are proportional to each other. According to this, the solution
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of (2.23) splits into two cases:
1. kaa(A) = ¢kar(N) +1, ¢ € C, or
2. k21(A) =0.

We start with case 1 and substitute koa(A\) = @ka1(A) + 1. Entry 21 of (2.14) then yields

ka1 (N) (20 + nopkar (1) + 201%ka1 (1)) = ka1 (1) (20X + ndAkar (A) + 2007 ka1 (V) (2.25)

which is an algebraic equation for ko1 (\), whence

2nA
ko1(N) = 2.26
where £ € C is an arbitrary constant.
We have now the expression for two elements, the second being
2¢nA
koo(A) =1 . 2.27
2N =14~ onn (2.27)
Substituting these expressions in (2.14), we obtain an equation for k12(\),
Aki2 (1) (€ — (n¢ + 20p)) = pki2(AN) (€ — (n¢ + 200)0), (2.28)
which has the solution VA
kia(A) = 2.29
with an arbitrary constant ¢ € C.
We now turn to case 2, where ko1 (A) = 0. Substituting this assumption in (2.14) leads to
A1+ k2o (V) (k2(p) = 1) = p(1 + kaz(p)) (k22(A) — 1). (2.30)

We can assume that koo # 1 without loss of generality. Then the general solution depends on one arbitrary
parameter &,

4+ A

koo () = . 2.31
22(A) £ A (2.31)

Substituting this expression in the reflection equation leads to
Mera (1) (1 = &) — pka2 (M) (A — &) = 0, (2.32)

which has the solution depending on one arbitrary constant 1:

YA

k12(A) = . 2.33
12(A) £ (2.33)

We can thus identify two families of reflection matrices compatible with a Jordanian R-matrix in the
base model. The first family depends on three arbitrary parameters,

(2.34)

€ — ¢ — 202 YA
K~ () =
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and the second family depends on two,

(2.35)

—A A

0 £+

The obtained form of the solutions after rescaling and redefining the parameters can be transformed
into one family with a more familiar form, reminiscent of the general XXX solution,

Ki(A7§_7¢_,¢_) = K)_(XX(A7§—,¢_,¢—) - ¢—9A21 =

TRt VoA 2.36)
B né_\ EE+A—¢_0N2) '

As previously mentioned, because of relation (2.10), the general solution of the dual equation is given by
bijection (2.21),
K+()\,€+,¢+,1/)+):K_(—A—U,§+,¢+,1/)+)M. (237)

Many relations of the XXX spin chain can be obtained from the XXZ model by a simple scaling, i.e., a
degeneration of trigonometric functions to rational ones. It is known that the Jordanian deformation of the
XXX chain can also be obtained by a scaling limit with an additional (singular) similarity transformation
of the XXZ model [9]. For this, we start from the R-matrix related to the quantum algebra U, (sl(2)),

g 0 0 0

. 5 » 3§ 00 1 0

R(u,q) =uk(q) - R (a),  Rlg)= 01 wig) 0| (2.38)
00 0 g

where we use the multiplicative parameter u = e in Yang Baxter equation (2.7) and in reflection equa-
tion (2.14). After the transformation

R(u,q) — Ad J(z) ® J(z)R(u, q) (2.39)
with the 2x2 matrix
O (2.40)
x) = , .
0 1
we consider the scaling limit
e € ¢
u=e, q=e", r= , e€—0. (2.41)
ne

In the limit, the transformed R-matrix given by (2.39) becomes proportional to the R-matrix of the twisted
Yangian Yy (sl(2)) [13],
R(A\,m,0) = ARY(6) + n1, (2.42)

and hence yields a deformed XXX model [9], [14].

Being interested in the solution of reflection equation (2.14), we naturally apply the scaling also to the
K-matrix. Although the K-matrix for the XXZ model is well known [22]-[24], the solution corresponding
to the R-matrix R(u,q) differs from that matrix (see [25], [26]),

K () = (( f+uia  (u?— u‘z)b> | (2.43)

u?—u?)c  f+u?a

649



where the parameters a, b, ¢, and f are arbitrary. To obtain a finite solution after the similarity transfor-
mation with matrix (2.40),

K(u) — Ad J(2)K (u), (2.44)
we must transform the parameters as
0
f=—-a+eC, ¢ = neco, b= , (a+0co) + bo. (2.45)
€
The limit solution is then
+ 2X(a + 20¢ 4\b
KO\ = ¢ 2N ) 0 . (2.46)
0 ¢ —2X(a+ 20c¢)

Comparing it with solution (2.34) found previously, we can see that there are still three terms missing.
But the scaling approach allows concluding that the spectra of the deformed models with (restricted)
K-matrices (2.46) coincides with the spectra of the corresponding nondeformed XXX models.

To obtain the complete K-matrix (2.36), we must use the scaling

f:—a—&—e@ a:a0—2ec, b:b0—|— 0 (ao— 90) (247)
ne ne ne

and also consider the first three terms in the expansion of u = e**. We then obtain

KOy = (g + 200\ — (40¢/n) N2 4boA )

4eN ¢ — 2ao\ — (46¢/n)\2 (2.48)

as the limit K-matrix. Obviously, K-matrices (2.36) and (2.48) coincide if { = £_, 2ag = —1, 4¢ = no_,
and 4b0 = ¢_.

3. Construction of open spin chains

To construct deformed integrable open spin chains, we follow the method proposed by Sklyanin [15].
Using two arbitrary solutions K~ (\) and K1 (\) of reflection equations (2.14) and (2.20), we obtain the

open chain transfer matrix
tA) = troK i (NTo (N Ky (NTo(N), (3.1)

where the monodromy matrices are given by
To(A) = Ron(u) -+ - Ro1(N), fo()\) = Rip(A) - -+ Rno(N). (3.2)

The index 0 refers to the auxiliary space C2, while the indices j = 1,2,..., N refer to the spin-1/2 spaces
at the chain sites.
The transfer matrices at different values of the spectral parameter commute,

[t(A), t(u)] =0, (3.3)
and the open spin chain Hamiltonian is obtained from #'(0) = dt(\)/ d/\‘ y—o- Normalizing the matrix
K~(0) =1, we write the derivative of the transfer matrix in the form (all arguments are zero)

N—-1
2 . 2 3
t'(0) o< (tro K'Y + (tro K K7 + ntro(KJRgvo) + ntroKJ SR (3.4)
j=1
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From this expression, we extract the Hamiltonian [15]

N-1 t por
trOKJ Ryo 1.
H = K. 3.5
; i+l T troK +2 1 (3.5)

Substituting the general boundary matrices in this expression, we obtain the open chain Hamiltonian

Z

—1

1
H:Z2( ofi1+ololy +oioi)+0(0f —o) )+ 070 of, +
j=1
+ 727( of +v_of +¢_o7) +
+ 22+ (1= 0y )ok — (02— 001) + 1 )ok — droy). (3.6)

This Hamiltonian has a general set of open boundary parameters compatible with the integrability of the
XXXy model in the bulk.

Because of similarity transformations (2.39) and (2.44) of the main QISM objects, the quantization
conditions (the Bethe equations) and the spectrum of the periodic Hamiltonian are unchanged. Hence, after
the passage to the limit of the rational XXX model, the spectrum of the deformed model is unchanged. But
this is not the case with the corresponding eigenvectors: some of them are transferred into adjoint vectors.

The obtained reflection matrix (2.36) can be diagonalized. Its eigenvalues are

V) =E— ¢ N EN/1+9% Y=o, (3.7)
and the matrix of the corresponding eigenvectors U is independent of A,

K(\U = U diag(e1(\), e2(N)), (3.8)

U= ( ! ! ) (3.9)
(z+1)/v- (—1)/¢-

with z = \/ 1+ ~2. But the approach used in [27], for example, to obtain the Bethe equations defining the
parameters of the spin Hamiltonian eigenvectors does not work in the case of the deformed model, because
the constant matrix KT is equal not to unity but to the triangular matrix M given by (2.11) and the
R-matrix is not SL(2) invariant.

The spectrum of the free-end deformed model with constant reflection matrices K~ (\) = 1 and
KT (\) = M coincides with the spectrum of the XXX spin chain because the corresponding Hamiltoni-
ans are related by the similarity transformation.

4. Conclusion

We have considered the XXX spin chain with nonperiodic boundary conditions deformed by a Jordanian
twist. The obtained solutions K *(\) of the reflection equation and its dual with the Jordanian R-matrix
turned out to depend explicitly on the deformation parameter §. We obtained the solution KT ()) of the
dual reflection equation using the generalized crossing symmetry of the Jordanian R-matrix and the relation
K*t(\) = K~ (=X —n)M(6). We thus obtained the transfer matrix of the model, the generating function
of integrals of motion. We wrote the Hamiltonian of the open spin chain with the general boundary terms
at the first and the last chain sites explicitly. The boundary algebra and possible symmetries of the model
can be studied using these reflection matrices.
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