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KEYS AND EVACUATION VIA VIRTUALIZATION

OLGA AZENHAS, NICOLLE GONZALEZ, DAOJI HUANG, AND JACINTA TORRES

ABSTRACT. We prove that the key map on crystals can be reduced to the simply-laced types by using
virtualization of crystals. For this we use the original definition of virtualization coming from the dilation
of crystals by Kashiwara. As a direct application we obtain algorithms to compute orthogonal evacuation,
keys and Demazure atoms in type Bj, in terms of Kasiwara—Nakashima tableaux. In particular, we are
able to use type A, and C, methods. For type C), we apply the results obtained by Azenhas—Tarighat
Feller—Torres, Azenhas—Santos and Santos.
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1. INTRODUCTION

Let g be a finite-dimensional Lie algebra and A a dominant integral weight. To the corresponding irre-
ducible finite-dimensional complex representation of g of highest weight A is associated a crystal B(\), which
can be thought of as a combinatorial skeleton of the representation V' (\). To each crystal B(\) is associated
a so-called crystal graph, namely a weighted, directed coloured graph with as many vertices as the dimension
of V().

The classical Borel-Weil theorem establishes a connection between representation theory and the geometry
of flag varieties. It is well-known that the theory of crystals is closely related to standard monomial theory on
flag varieties. Demazure modules were originally described as the spaces of global sections of a suitable line
bundle on a Schubert variety embedded in a flag variety Paragraphe 5, Théoréme 1]. This description
exhibits the natural correspondence between Schubert varieties and Demazure modules. Let W be the Weyl
group together with its strong Bruhat order <. For any 7 < w in W, let X and V;()\) denote the Schubert
variety, respectively the Demazure module corresponding to 7: X, C X, means V- (\) C V,,(A) C V(A). To
a Demazure module V,, () is associated a Demazure crystal B, (). It seems natural to ask whether a given
vertex b € B(A) belongs to a certain Demazure crystal B,,(\).

The answer to this question is provided by the right, respectively left key map, in the case of an opposite
Demazure crystal, which associates to each vertex b € B(\) an element in the W-orbit of the highest weight
element in B(\) called its right key respectively left key. This so-called extremal element indicates the
smallest possible Demazure crystal, respectively opposite, containing the vertex b.These so-called extremal
elements indicate the smallest possible Demazure crystal, respectively opposite Demazure crystal, containing
the vertex b. A Demazure atom consists of the elements of a crystal with the same right key (cf. [LS90D,
Theorem 3.8] for the type A, description). The left key map detects opposite Demazure atoms. The
study of various properties of Demazure crystals and atoms is an extremely active topic of research today
[ADG23, [AA24, (AGL24, (AS?4, [Ava08, BBBC2L, [CK17, [FK13, FL94, JL206, Kou20, KRSKV24, KVI6,
[LLO3, Lam19, Mas09, PR99), [San21a).
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The effective computation of the key map has captured the interest of many mathematicians over the last
few decades. In type A,, that is, when g = sl(n + 1, C), there is a well-known algorithm for semi-standard
Young tableaux due to Lascoux—Schiitzenberger [LS90a]. Now there are various algorithms for computing
the key map in type A, [Ava08, BBBG21, [KRV23| Mas09, Will3], as well as a recursive procedure for
Kac—Moody Lie algebras using combinatorial R-matrices [JL20al, which generalizes the original procedure
by Lascoux—Schiitzenberger. In the case of type C),, Kashiwara—Nakashima tableaux, there are two known
procedures due to Santos [San21bl [San21al.

The Lusztig-Schiitzenberger involution is defined as the unique set involution £ : B(\) — B(\) such that
for all i € I, where I is the Dynkin diagram associated to g. and b € B()\):

ezg(b) = é—fé’(z) (b)u
fi€(b) = Eeqa (),
wt(§(b)) = wowt (D),

where 6 is the automorphism of I defined by applying the longest element wy € W to the simple roots. (see
Section [Z4]). In type A, the Lusztig—Schiitznberger involution is easily computed on semi-standard Young
tableaux by the well-known procedure evacuation. For type C,, Kashiwara—Nakashima tableaux, a similar
procedure was obtained by Santos [San21b]. The relevance of keys stems from standard monomial theory.
In the crystal model of Lakshmibai-Seshadri paths for B(A) the initial and final directions of a path exhibit
the right key respectively left key. The left and the right keys of a vertex of B(\) are interchangeable by
Lusztig —Schiitznberger involution.

1.1. Main results. In this paper, we introduce a new technique for computing the key map and the
Schiitzenberger—Lusztig involution using wirtualization of crystals. In particular, it reduces the compu-
tation of these maps for non-simply laced complex finite-dimensional simple Lie algebras to the simply-laced
cases, where the former is obtained from the latter via folding of the corresponding Dynkin diagrams. Let
X C Y be an embedding of Dynkin diagrams as in Figure [Il and let B be a gy-crystal, where gp is the
complex simple Lie algebra associated to the Dynkin diagram D. A virtual gx-crystal is a subset V C B
such that V has a normal gx-crystal structure is given as in Section Additionally, if a gx-crystal B is
isomorphic to a virtual gx-crystal V C B, we call the associated isomorphism B — V the virtualization map.
In Proposition we show that the Schiitzenberger—Lusztig involution commutes with virtualization. In
Section [3.4] we show that vitualization commutes with dilation and consequently with the right and left key
maps (cf. Corollary B2T)). Our results constitute a type-independent generalization of the results obtained
in [AS24] [AFT22| for the embedding C,, < As,_1. A more general version of Proposition [Z9]in the con-
text of the cactus group was obtained in [Tor24] for Littelmann paths and the virtualization map from [PS1§].

1.2. Applications. In general, if the virtualization map at hand has a well-defined left inverse which can be
computed effectively, then our results indeed reduce the computation of keys, atoms and the Schiitzenberger—
Lusztig involution to the simply-laced types. In Section Ml we pursue these applications for Kashiwara—
Nakashima tableaux in type B, using different virtualization maps, for instance due to Baker [Bak00a] and
Pappe—Pfannerer—Simone—Schilling [PPSS23]. In particular we obtain an algorithmic description of the key
map and an evacuation algorithm for Kashiwara—Nakashima tableaux of type B,.

1.3. Organization of the paper. In Section 2] we introduce normal crystals and their tensor products, the
Lusztig—Schiitzenberger involution, and virtual crystals. In Section [3] we first introduce Demazure crystals
and atoms, followed by the dilation of crystals. We then state and prove Theorem [3.9, which allows us to
recall the definition of the key map (cf. BI0). In Proposition BI85 we show that the Lusztig—Schiitzenberger
involution exchanges the left and right key maps. In Theorem we show that virtualization and dilation
of crystals commute. We conclude that virtualization commutes with key maps (cf. Corollary B21)). In
Section M we present applications of our results to Kashiwara—Nakashima tableaux. In the appendix [Al we
collect larger examples for the comfort of the reader.
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2. CRYSTALS

2.1. Normal crystals. Let g be a finite complex semisimple Lie algebra with weight lattice P, simple roots
a; € P with ¢ € I, simple coroots oy € PV = Homg(P,Z), and canonical pairing (-,) : P¥ x P — Z. The
fundamental weights w; and coweights w;" are defined via (ay,w;) = (w), ;) = d;;. We denote the corre-
sponding Weyl group as W; it is generated as a Coxeter group by simple reflections s;,7 € I and relations
defined by the associated Dynkin diagram. For u,v € W, we say that u < v in the strong Bruhat order if, for
every reduced expression for v, there exists a subexpression that is a reduced expression for v [Hum97, [BB05].

We review Kashiwara’s theory of g-crystals but refer the reader to [Kas91l, [Kas95 [Kas02] for details. A
(normal) g-crystal is a nonempty finite set B with maps:

wt: B — P, €y i B— 17, e, fi : B— BU{0},
where 0 ¢ B is an auxiliary symbol, subject to the following conditions for all i € I and b,b' € B :
(C1) @i(b) - i(b) = (o, wt(D));
(C2) wt(e;(b)) = wt(b) + «; if e;(b) € B and wt(f;(b)) = wt(b) — oy if fi(b) € B;
(C3) b =e;(b) if and only if b = f;(b);
(C4) &;(b) = max{k > 0leF(b) € B} and ;(b) = max{k > 0|fF(b) € B}.
We call the maps ¢; and ¢; the string operators, wt the weight map, and e; and f; the crystal operators.

For any ¢ € I, an i-string of length k is any subset of the form {f*(b) # 0 | n > 0} C B(\) for some
b € B(\) satisfying e;(b) = 0 and ¢;(b) = k.

Definition 2.1. Given any B,C € g-crystals, a map ¢ : B — CU{0} is a erystal morphism if for all b € B
and ¢(b) € C and any i € I the following conditions hold:

(a) wt(b) = wt(e(b)),

(b) €i(b) = ei(o(b))

(c) wi(b) = i(a(b)),

(d) if e;(b) € B and ¢(e;(b)) € C then e;(¢(b)) = ¢(e;(b)), and

(c) if fi(b) € B and 6(f:(b)) € C then fi((b)) = S(i(b)).
Moreover, we say ¢ an isomomorphism (resp. epimorphism, monomorphism) if the underlying set map
¢ : B — C is a bijection (resp. injective, surjective).

The category of g-crystals is endowed with a monoidal structure that is compatible with the tensor product
structure of Uy(g). Thus, given By, Ba € g-crystals the tensor product Bi ® Bz is defined as the set

B ® By = {b1®b2 | b1 € B; and by EBQ}
with wt and string operators given by

Wt(bl ® be) = Wt(bl) + wt(be), (1)
Ei(bl ® bg) = max(ai(bl),ai(bg) — Wti(bl)),
@i(b1 ® b2) = max(p;(bz), pi(b1) + wti(b2)),
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where wt; (b) = (), wt(b)), and with crystal operators defined by [
‘ . ei(bl) X b2 if Sﬁz(bl) Z (b2)7
b o) {fn & eilbs) it pilhr) < ei(bo); .
} _ S filb1) @by i @i(b1) > €(b2),
fi(b1 @ b2) = {bl ® filba) if i(by) < ci(ba). 3)

Definition 2.2. Let £ and F be the semigroups generated by {e;}icr and {f;}icr, respectively. We say a
element b € B is a highest weight vector (resp. lowest weight vector) if £{b} = 0 (resp. F{b} =0).

It is a classical theorem that the irreducible finite-dimensional integrable highest weight modules V()
of Uy(g) are indexed by the set of dominant weights P*. Thus, given A € PT we denote by B()\) the
normal crystal associated to V()), whose highest weight vector by is the unique element in B()) satisfying
the property that wt(by) = A and

E{br} =0 and F{br} = B(\).
More generally, we have that b; ® by is a highest weight vector of By ® Bs if and only if
ei(b1) =0 and g;(ba) < p;(by) for all i € I. (4)
Theorem 2.3 ([Kas95],[Kas02]). For \,u € PT, B(\) ® B(u) is the crystal for V(A) @ V(u).
The following decomposition formula is well known.
Theorem 2.4 ([Kas95],[Kas02]). For \,u € PT,

BB~ @ BA+wtb).
beB(x)
ei(b)<pi(bx) i€l

The action of crystal operators on By ® --- ® B, can be computed using signature rules. As noted in
[BS17, p.23], these rules are obtained by assigning to each factor b; in by ®- - - ®b,. the sign (—)&(%) (4)#i(%i)
and then successively bracketing any pair of the form (+—) until all unbracketed symbols are of the form
(—=)*(+)°. Tt then follows that

Ez(b1®®br):aandgpz(b1®®br):b, (5)

so that e; will act on the factor associated to the rightmost unbracketed (—) and f; will act on the factor
associated to the leftmost unbracketed (+) .

2.2. Virtual crystals. For any Dynkin diagram D, denote by Pp the corresponding integral weight lattice
and by w? the corresponding fundamental weights. Let X and Y be two Dynkin diagrams and let aut be
an automorphism of Y such that distinct nodes of Y in the same aut-orbit are not connected by an edge.
We say there is an embedding ¥ : X < Y if there exists a bijection ¥ : X — Y/aut inducing a map

Px — Py
given by the assignment

with v; given as in the table in Figure [
Consequently, we have a natural embedding of the Weyl groups WX into WY, identifying WX with the
set of elements WX in WY that are fixed under the Dynkin symmetry:

WX 2 WX = (eyé |1 € IX) WY =(5; | jeIY),
via the group isomorphism s; +— IL;cy;)8;. We abuse notation and use ¢ to also denote the induced maps

on weight lattices, Weyl groups, and indices 1 : IX — IY. In particular, ¢ preserves strong Bruhat order
and reduced expressions for elements.

LThis article follows the Kashiwara convention for crystal tensor products which differs from the Bump-Schilling convention
[BS17] by exchanging the order of the factors.
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X Y Vi

C, Asp_1 ’}/1:1,1§Z<7’L,’}/n:2
B, Dp+1 7vi=21<i<n,y=1
Iy
Gs

Es m=7m=2,13=m=1

D, 71=1,7%=3
B, Ay v=11<i<n

FiGURE 1. The cases when X = B,,,Y =C,, ,and X = B,,,C,,,Y = A, 1 were considered
respectively in [PPSS23| and [Kas96, [Bak00c]. The rest appear in [BS17].

Definition 2.5. Suppose X and Y are Dynkin diagrams with an embedding ¢ : X < Y as above. Let
(Bséj, fj» ¢j,€j)jerv be a normal gy-crystal. A wirtual gx-crystal is a subset V C B such that V has a
normal gx-crystal structure where for any i € IX the crystal operators are given by:

c=Ta r= T8 ©

J€W(i) J€(i)
and for any choice of j € 1(7), the string operators defined as:
g =& pi= @ (7)

Additionally, if a gx-crystal B is isomorphic to a virtual gx-crystal V C B, we call the associated isomor-
phism Py : B — V the virtualization map.

A priori, it is not clear that a virtual crystal is well-defined; hence a few important observations are in
order.

(1) As noted in [BSI7, Rem. 5.2] the elements 7, j' € 1(i) are not connected in Y, hence the associated
operators fj, fj/ commute, so that their order in (@) does not matter. Thus, €Y and fY are well-
defined.

(2) For any b € B and i € IX, the string operators £;(b) are constant with value a multiple of ; over
all j € ¢(¢). Thus, the string operators in (7)) are independent of the choice of j € (i) and thus
well-defined.

(3) A proof that the operators (e}, fY,ei, ;) in (@) and (@) endow V with the structure of a normal
gx-crystal is given in [BS17, Prop. 5.4].

(4) For any b € V, the weight map for V as a virtual gx-crystal is given by:

wt(6) = 3 (9ib) — =i ()X

el X

and satisfies the property that ¢(wt(b)) = wt(b) where wt(b) = Yicrx (@5(b) — &;(b))w) where wt
is the weight map of B [BS17, Rem. 5.3].

Remark 2.6. In the literature various virtualization maps have been studied. In [Bak00d|, Baker introduced
virtualization maps corresponding to the embeddings B,,,C, < As,_1 directly on Kashiwara-Nakashima
tableaux, and in [PPSS23] Pappe-Pfannerer—Schilling have defined a virtualization map B, < C,. In
[PS18], Pan—Scrimshaw have defined a virtualization map for the Littelmann path model in arbitrary type.
The first appearance of virtualization known to the authors is [Kas96].

Remark 2.7. Notice that for any virtualization map, by (@) the highest weight vector of B gets mapped
to the highest weight vector of V, which in turn must coincide with the highest weight vector of B [BS17,
Proposition 5.7]. Consequently, for every choice of embedding ¢ : X — Y there is a unique virtualization
associated to it.
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2.3. Weyl Group Orbits. Suppose B()\) € g-crystals with A € P*. There is a natural action of the Weyl
group W on the set of weights P, determined by the action of the simple reflections s; on any p € P:

si(p) = p— (o, way.
Given A € PT, we call the weights o\ in the W-orbit of A the extremal weights of B(\).

The W-action on P, in turn, induces an action of W on B(\) given by flipping an element b € B(\) across
the associated i-string; more precisely, for each i € I:

FEO O @) i (b)) — ei(b) 2 0
=1 ey
e;’ (b)Y if @i (b) — (D) < 0.
Setting b,y := o(by) for any o € W, the W-orbit of by is the set

(®)

OA) :={bsr € B(A) |0 € W}. 9)
Let fi**(b) := ffi(b)(b) for any b € B, and for any w € W with reduced expression rex(w) = s;, ... $;,, let
T o= flhax | fmex ¢ F, (10)
then
O(N) = {fim fioes .- gfax(b,\) | 8iy8i, .. 85, = rex(w) with w < wp} = U Fr{br}, (11)
w<wo

where the union is taken over all w € W, with wq the longest element in W. As before, we call the elements
box € O(N) the extremal weight vectors or keys of B(\).

Evidently, for any A € P™ and w € W, if v € wW), with W) the stabilizer subgroup of A in W, then
v\ = wA, so that b,y = b,x. Hence, there is a natural correspondence from O(A) and the set of minimal
coset representatives of W/W.

2.4. The Lusztig—Schiitzenberger involution. Given any A € PT, the Lusztig—Schiitzenberger in-
volution § = {p(y) @ B(A\) — B(A) is defined as the unique set involution such that for all i € I and
be B(\):

e ¢;(b) = Efoga (D),

o fi§(b) = Eegay (),

o wi(£(b)) = wowt(b),
where 6 is the automorphism of I defined by applying the longest element wy € W to the simple roots:

Wot; = —ae(i).

For example, in types B, and C,, we have § = Id, whereas in type A, 6(i) = n — i (see [AFT22]).
Moreover, the Lusztig—Schiitzenberger involution exchanges the string length operators as follows:

€(j) (b) = ¢;(£(b)), for j € I, b e B(A). (12)
Thus, given any normal g-crystal B we can define {5 : B — B by applying the appropriate {z(y) to each
connected component B(\) of B.

Remark 2.8. The Lusztig—Schiitzenberger involution £ acts on O(\) as £(byx) = buyox because
Wt (E(bon)) = wowt(byn) = wooA.

In type A, all fundamental weights are minuscule. In type B,,, respectively C,,, the minuscule fundamental
weights are the spin weight w?~ and respectively wf” [BS17, Section 5.4]. For the crystals corresponding to
those fundamental weights, the weights form a single W-orbit i.e. they are all extremal weights. For types B,
and Cy,, wo = —1I, and &b, \ = b_,» . For the spin case in type B, we get, as sets, B(w?) = O(w?) = Wb,z
with max = 0 or 1 in ([I)).

Proposition 2.9. Given a gx-crystal B and virtualization map V : B —V C B, with B a gy -crystal, we
have that:
T(Es(B)) = £5(T(B)),
Thus, virtualization commutes with the Lusztig—Schiitzenberger involution.
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Proof. Since any virtualization maps highest weights to highest weights and lowest weights to lowest weights
(see Remark [Z7)), the result follows. O

Given any B,C € g-crystals, it is well known that although B ® C is isomorphic to C ® BB, the isomorphism
is nontrivial. In [HKO06] Henriques and Kamnitzer defined this isomorphism oz ¢ : B®C — C ® B in terms
of the Lusztig—Schiitzenberger involution as follows:

o5.c(b®@c) = Eean(ée(c) @ (D). (13)

Proposition 2.10. Let A € PT and m be a positive integer. Consider any connected component B(u) C
BM\)®™ with € PT. If B(u) appears with multiplicity one in B(X\)®™, then for any by @ -+ @ by, € B(p)
we have that

€8y (01 ® -+ @ bim) = &p(x) (bm) @ - -+ ® Ep(x) (b1).

Proof. We begin by noting that B(A\)®* @ B(A\)®(™~F) is equal (not just isomorphic) to B(A\)®™ for any
k < m. Since 0 = ook gyem-n : BN = B(A)®™ is a crystal-morphism, it follows from Schur’s
lemma that o preserves isotypic components. Thus, if B(x) has multiplicity one in B(A\)®™, it follows B(1)
is mapped to itself under . Thus, for any b1 ® - -+ ® by, € B(u) we have:

@ @b =01 @ @bm) =EE(bpg1 @+ Qb)) REDL ® -+ @ b)) (14)

Hence, £(b1 @ -+ @ by) = E(bgt1 @ -+ - @ b)) ® E(b1 ® -+ - ® by) for any 0 < k < m. If we then consider the
connected components B(v1) 3 bgy1 ® -+ - by, and B(r2) 3 by ® - - - Q by, notice that if either were in isotypic
components with multiplicities higher than one in B(A\)®* and B(A\)®(™%) respectively, this would in turn
imply that B(u) had multiplicity higher than one in B(A\)®™, a contradiction. Thus, recursively applying
([I4) we get the desired result. O

3. DEMAZURE KEYS, DEMAZURE ATOMS AND VIRTUALIZATION

In this section we give a type-independent proof that left and right keys are preserved under virtualiza-
tion. We refer the reader to [Kas96], [Kas02, Chapitre 8] and [BS17, Section 5] for additional background
information.

3.1. Demazure crystals. Let V()\) be an integrable highest weight module with highest weight A € PT
and w € W. The Demazure module V,,()\) is a b-module generated by the one dimensional weight space
V(A)wy of weight wA under action of any Borel subalgebra b C g [Dem74, Paragraphe 5, Théoréme 1].
Littelmann [Lit95] proved in all classical types and Kashiwara [Kas93] generalized to any symmetrizable
Kac-Moody Lie algebra that V,,(\) admits a crystal basis that arises as a certain subset of B(\), which we
now describe.
For any w € W with reduced expression s;, ... s;, define,

Fuw = U i iy F o and Ew = U {eit el CE.

mi€Zs0 mi€Zxo
Definition 3.1. Given A € PT and w € W, the Demazure crystal B, ()\) is given by,
B (N) = Fu{ba} C B(N).
Similarly, we define the opposite Demazure crystal BY()\) as
BY(A) := Ep{buwer} T B(A).
In particular, we have F.5(by) = by and U Fr{ba} C By(N) with By, (A) = B(A) and Be(\) = {bx}.

v<w
Hence, Demazure crystals can be seen as certain subsets of B(\) with lowest weight vector by, that interpolate
between the highest weight by and the complete irreducible crystal B(\).
Moreover, by definition B,,(\) admits a filtration by Demazure crystals, so that for any chain in W,
wy < wy < -+ < wy, we have
Thus, any g-crystal has filtration by Demazure crystals.
7



In a similar fashion, Demazure crystals can be decomposed into smaller constituents called atoms,

Bu(N) = Bu(M)\ |J B.(N).

vew
v<w

In particular, each atom l%w(/\) uniquely contains the extremal weight vector by, .

Remark 3.2. Demazure modules were originally described as the space of global sections of a suitable line
bundle on a Schubert variety [Dem74, Paragraphe 5, Théoréme 1]. This description exhibits the natural
correspondence between Schubert varieties and Demazure modules so that for any 7 < w in W, X, C X,
means V;(A) C V,(A) CV(N).

Remark 3.3. The term Demazure atom has been used in the literature to mean both the crystal subset
Bw(A) C B()\) and its corresponding polynomial character A,y € Z[z], with the notation B, ()) used by
Kashiwara to denote this subset instead [Kas02, Ch. 9.1], [Mas09]. In this article, we will only refer to the
crystal subset by this name and never discuss its character.

3.2. Dilation of crystals.

Definition 3.4. [Kas02, Chp. 8],[Kas96] Given a positive integer m and A € P, the m-dilation of B()\)
is the unique embedding:

D, : BO\) < B(mA)

mapping the highest weights to each other, by + by, and extending to any b = f;, --- fi,(bx) € B(\) as
follows:

Jiv - Ji (x) = fi - fiT (b))
It follows directly from the definition] that for any vertex b € B (M) and i €1,
Dy, (fib) = "Dy (b), Dyy(eib) = €Dy, (b) and (16)

(D (b)) = mepi(b), €i(Din (b)) = mei(b), wt(IDim (b)) = mwt(b). (17)

Moreover, for m,n positive integers D,,,, factors through D,, and D,,,

B(mA\)
N,
B(X) B(nmA).
) D
n /
\B(n/\)

Recall @) and Theorem 2.4l Thus, more generally, for any crystal B, the m-dilation D,, acts by dilating
each connected component individually.

Proposition 3.5. [Kas02, Lem. 8.1.2], [Lec03, Cor. 2.1.3] For any A\, € PT and positive integer m, the
dilation map D,, preserves highest weight vectors, so that for any u € B(u) with p;(by) > &;(u),

b)\ert(u) — bm)\erwt(u)'
Thus Dy, : B(A+ wt(w)) — B(mA + mwt(u)) and consequently,
D (B(A) ® B(1)) € D (B(A)) @ Do (B(1))-

Thus, Dy, @ Dy, : B(p) @ B(A) <= B(mp) ® B(mA) is an m-dilation map. More generally, Dy, (&), B(\:)) C
R, Dy (B(Xi)) for any family \; € PT.

2The original definition introduced by Kashiwara used (I8) and ([7) since it was given in the more general context of
Kac-Moody algebras.
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Now, let F{b$™} C B(A\)®™ denote the unique connected component with highest weight m\ in B(A\)®™
and let
Gm : B(m\) — F{6™}
be the induced crystal isomorphism mapping b,y — b%m. Thus, we have a canonical embedding;:
Om = G 0 Dy : B(A) = F{B™} € B(N)®™. (18)
Thus, for any positive integers m, n we have:
B(\) 28 Fb§™) = B(mA) 5 F(B$™) = B(mn)).
Proposition 3.6. [Kas02, Prop. 8.3.2] Given positive integers m,n, A € PT, and w € W, then
(1) for any extremal weight vector b,y € O(N), we have O, (byy) = bEY. In particular, ©,,(O(\)) =

O(mA), and
(2) ©pn =0,,00, =0, 00,,.

Corollary 3.7. For b € B(\) and wy, ..., wm € W, if ©,,(b) = buyr @+ @ by, x € ON)®™ then, up to
repetitions, Opm(b) = ©,0,,(b) = bg:& R ® bSZA produces the same sequence wi, ..., Wy € W.

Remark 3.8. Let us consider the g¢-dilation of B(\). By Proposition B and Proposition 3.6l (2), Corollary
B implies that

B4t (b) = ©10¢ (D) = Or(buyn @ -+ @ by,2) = b, @--- @5,
and up to repetition the sequence wy, ..., w, is the same in W as the one produced by ©,(b).

It was also shown in [Kas02, Prop. 8.3.2] that for any b € B(\) if m is adequate then there exist w; € W
satisfying wy > - -+ > wy, in W such that

Om(b) = by r @ byyr @ -+ @ by, x € O(N)O™. (19)

This proof, however, is inductive and does not provide explicit bounds for how large such an m must be. In
the following theorem, we generalize Proposition[3.6(1) for any b € B(X) by providing sufficient and necessary
conditions for when the decomposition

O (D) = byr @V @ byry exhibiting the extremal end weights occurs for some b’ € B(\)®(m=2),

Theorem 3.9. Let m € N. For all b € B()\), there exist b € B(\)®(™=2) and fired w > w' € W such that
Om(b) = byr @Y @byx  if and only if m > £ = max{length(p) | p is an i-string for i € I}.

Proof. Fix i € I. Let m be given and suppose p = (by — b1 — ... = by) C B()\) is any i-string of
length k. Now, for any i-string there exists a filtration by Demazure crystals of B(\) (see ([I3)) such that
{br} C Buw(N) C Bs,w(A) C B(X) for some sjw > w € W. In particular, w may be chosen such that
the i-string connecting the Demazure lowest weight b, € Bs,w(A) to By (A) is the i-string of maximal

i(bs;w

length in B(\). Since by, is extremal, it follows that e;" "’ (bs,,) = by, is also extremal. Hence, if by in

p=(bo 5 b = ... 5 bg) is not extremal then p can be replaced with another i-string p’ of length &’ > k
such that by € O(X). Thus, without loss of generality we can assume that by is an extremal weight vector.

Now, since by € O(A), then so is by. Hence by Proposition O, (O(N)) C O(mA), implies that
Om(p) Cp®6Ou—_1(p) C B(N)®™. Thus, by 20) below

fi1(b1) ® bo if i(b1) > €i(b2) +n,
fz‘(bl ® bz) — f;ﬂi(bl)*ii(lm)(bl) ® fin*tpi(bl)Jrsi(bz)(bz) if Si(bz) < Sﬁi(bl) < Ei(bg) +n, (20)
by @ f(b2) if €i(b2) > pi(b1).

one has
B fr(bo) @ bt o < k,
"On(bo) = fl(bg@bE™ 1) ="
fz ( 0) fz( (0] 0 ) {bk ®fir—k(b?m—l) > k.

Thus, if m < k < £ then ©,,(b1) = f™(bo) @ b™ " with fI"(by) & O(N).
Conversely, if m > ¢ > k and b € B()) lies in an i-string with by extremal, then it follows that ©,,(b;) =
br® IR for all 1 < i < k with b, € O()). If however, b does not lie on an i-string with by extremal,
9
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let by € O(A) be such that b= f"* ... f**(by). Moreover, since m > ¢ then by ([2I)) there exists some subset
{ja} C {ig} such that

Om(b) = [ FTODWT) = [ L) @ U € O @ BO)EY.
Setting by, x = f}*... fi7*(bp) the first claim follows.

The proof that any b € B(\) satisfies b = V' ® by, if and only m > £ follows similarly to the first part by
considering ©,,(b) € B(\)®(™~1 @ B()\) and noting that for any i-string with by extremal we have:

b?m_l ® el (bg) s <k,

22
effk(bgmfl) ®Rby ;7> k. (22)

€] Om(br) = €] (b7 ® by) = {

O

Definition 3.10. For any b € B()) let m be large enough so that by, x, b,y € O(N) exist as in Theorem
The right key K+ (b) and left key K~ (b) of b are defined to be the unique vectors,

Kt (D) = by, » and K~ (b) = by,

Evidently, it immediately follows from Proposition 3.6 that KT (b) = K~ (b) if and only if b € O(\), with
Kt (bywx) = K~ (bya) = by for any w € W. Observe that one always has K+ (b) > K~ (b) for any b € B(\).

Remark 3.11. Conceptually, if we view B(\) as a ranked poset, then the right (resp. left) key of b is the
closest extremal weight vector to b that lies below (resp. above) it and is connected to b via some sequence
of lowering (resp. raising) operators and these vectors are unique.

Remark 3.12. Lascoux’s original definition [LS90b], based on the tableau model, does not fit with the
positions of by, x and by, x in O, (D) (by, x i left-most while b, 5 is right-most). Nonetheless, we choose to
keep Lascoux’s terminology in order to stay consistent with the literature.

Remark 3.13. Originally, Lascoux-Schiitzenberger [LS90b] termed an atom standard basis. Keys in type
Ap—1 have its origin in the GL(n, C) standard bases to detect the semistandard tableaux which are standard
(in the sense of standard monomial theory) on a Schubert variety. In each Demazure crystal atom there
exists exactly one key tableau and the right key map detects the Demazure crystal atom that contains a
given semistandard Young tableau [LS90b, Theorem 3.8].

3.3. Demazure atoms and keys. The right (left) key assigns to each vertex of a crystal an extremal
weight to indicate the smallest (opposite) Demazure crystal containing the given vertex.

Definition 3.14. [Kas02 [LS90b] Given A € PT and w € W, define the Demazure atom By, ()\) as the
set,

Buw(\) : = {be B) : K*(b) = byx}
and the opposite Demazure atom B”()\) as
BY(\) : = {beB(\) : K~ (b) = by}

It is classical fact [Kas02l [LS90Db] [San21b|, and evident from Definition B0, that (opposite) Demazure
crystals can be built from (opposite) atoms,

Bu(\) = | | B.(N) ={be B(\): KT(b) = by, v < w}.
v<w
We now turn our attention to how the Lusztig—Schiitzenberger involution interacts with dilation and

consequently with right (left) keys, and (opposite) Demazure crystals. (See also [San21al [San21b].)

Proposition 3.15. For any A € P* and positive integer m, the Lusztig-Schiitzenberger involution commutes
with m-dilation; namely, for any b € B(\),

E8(mx)Om(b) = Omép(n)(b).
10



Proof. Suppose b = f;, -+ f;(bx) € B()A). Then, by Proposition BB(1) since Oy, (bwyr) = b5, it follows
that
E8(mn)Om (D) = Eamn) (F1 - FIM(OS™)) = €iny - - i) (Do)
= Om(e(iy) - €o(ir) (buwor)) = Om&(D).

Theorem 3.16. For any A € P™ and b € B(\),
KT (&(b) = €K (b)-
Proof. Suppose b € B()), then by Proposition 3.6l for m adequate we can write ©,,(b) = byyr @ -+ & by, 2

for some w; € W, so that KT (b) = by,». Now, by Proposition and Proposition applied to the
connected component F{b$"} = B(m\), as well as Remark 2.8 it follows that

Om&B(x) (0) =EB(mA)Om (D) = EB(ma) (buyr @ = @ bu,,x) = EBA) (Bw,r) @ -+ @ Ep(n) (buwy2)
=buguwnr @+ @ bugu, A- (23)
Thus, K1 (£(b)) = €bw,, » = buwgw,,x = EK (D). O
As an immediate consequence we also obtain the equalities,
EBuy(N) = BY(\)  and  BYY(\) = £By(N). (24)

Remark 3.17. Left and right keys in a g-crystal are shown in Theorem to be mapped to each other
through the Lusztig-Schiitzenberger involution. For the next g-crystal models it translates as follows. The
sequences in W ([23]) produced by Theorem B.I6lare Lakshmibai-Seshadri (L-S) paths (see also [Lit94, Lemma
3.1 (b)]). Indeed Theorem induces an action of the Lusztig-Schiitzenberger involution on the crystal
of L-S paths B(A). More precisely, {(m;a) = &(10 > -+ > 730 < a1 < -+ < ap < 1) = (worp > -++ >
woT0;0 < 1—ar < -+ <1—a; < 1) where (7;a) is an L-S path of B(\). Within the Lenart—Postnikov
alcove path model [LP08], [Len07, Definition 5.1, Remark 5.3, Corollary 6.2] the initial key and the final key
are interchanged by the Lusztig-Schiitzenberger involution.

3.4. Commutation of virtualization and dilation. We are now ready to prove that virtualization pre-
serves left and right. To do this, we first need to show that dilation and virtualization commute.

Lemma 3.18. [BS17, Thm. 5.8] Given a Dynkin diagram embedding ¢ : X — 'Y and associated virtualiza-
tion maps Ty : B =V C B and‘T’ib C—oWCC, themap PRV : BRC = VW is a virtualization
map.

The following results were proven by Azenhas-Santos [AS24] for X = C,, and Y = Ay, using Baker
virtualization [Bak00d. We now generalize these results to any virtualization map associated to a Dynkin
diagram embedding ¢ : X — Y.

Theorem 3.19. For any any virtualization map Py : B(A) — V C B(y(\)) and any positive integer m,
the induced map ‘T’ffm :Om(B(A) = ©0,(V) is a virtualization map. Consequently, the following diagram
commutes,

B(\) — 2 B(mA) — Sy F{HO™} C B(A)®™

Ty ﬂm jﬂr’fm

B(N) < Blmp(N) —2 F{b90} € Bp(A)=™
and thus 0,y = ‘T’ffmGW.

Proof. We begin by noting that the underlying Dynkin diagram embedding 1 also induces a virtualization
map Py, : B(mA) = B(my(N)) sending b = fi, ... fi, (brux) = f3 . [ (bmy(n)). Hence, letting T = Ty,
for any b = fi, ... fi, (bx) € B(\), we see that
Ty (b) = VC(fi - fi (bma)) = (F5)™ - ()™ by n) = D (S -+ fi5 (byn))) = D P (D).
Thus, D,, T = TD,,
11



Consider the map

PE L FOFY = UG5 C F{OI0)

where fv{b;‘f(";)} is the induced subset ]-'{bff(";)} NYe™ c B(y(N\)®™. By Lemma BI8 we know that
P BT > B

is a virtualization map. Since a virtualization map descends to the corresponding subsets, it follows that
PE™ L FHE™) — fv{b;‘f(";)} is a virtualization.

Now, recall that any virtualization is a crystal morphism and thus commutes with the crystal operators.
Hence for any fi, ... fi, (bmr) € B(mM),

PV v (1.0m
=fy... ik(bmw(A))
=Gn(fi - fi (bmygn) = G T (fir - - - fir (bn))-
Thus, ©,, 0 P =T 6 Q,,. O

Recall that for any Dynkin diagram embedding 1 : X — Y we have an induced Weyl group embedding
P WX WX = (5= [ siliel®)cwy =(liel”).
J€P(9)

Denote by OX (A) the W¥-orbit of by and by OX ()())) the WX _orbit of by(n)-

Lemma 3.20. For any Dynkin diagram embedding v : X — Y with virtualization map Vy : B(A) =V C
B((N)), we have that

TyO*(N) = 0% (W) = {buyr) | w € WF} C O ((N)).
Proof. Suppose b,y € OX () for some w € WX, Then for any reduced expression s;, ... s;
max - fmax(py) = by. Hence,

i1 ik

Py (buwr) = (f3)™ . (fi )" (byry) = H fimax H F2 by 3)) = by(wys(n)»
JEP(i1) JE€P (ix)

, of w, we have

where the last equality holds since, by definition, s; = Hjew(i) S; € WX c WY, in which case Siy - .. 84, Is a

reduced expression for ¢(w) in OX ((N)).
O

We now conclude that a virtualization map preserves left and right keys and thereby embeds type X
Demazure crystals and atoms into those of type Y.

Corollary 3.21. Let : X — Y be a Dynkin diagram embedding with virtualization map V' = Ty : B(A) —
B(¥(X)). Then, for any b € B:

P () = K (P(b)) and T(K~ (1)) = K~ (T(3)).

Thus, virtualization embeds Demazure crystals and atoms correspondingly, so that for any w € WX we have

r o ~ o TR
Buy(A) = By ) (¥ (A)) and — Bu(A) = By(w)(¥(A))
and similarly for their opposites.

Proof. Let b € B(\) and m be such that ©,,(b) = by,\ ® -+ @ by, x € O(N)®™ with wy > -+ > w,,. Then
by Theorem [3.19 and Lemma [3.20
O T(b) = (T)®m®m(b) =T (bwyr) @+ @ V(bw,,2) € @X(w()‘))@)m

where (w3) > -+ > t(wpn). Thus, K+ (T(5)) = P(byyr) = TE*+(b) and K~ (T(5)) = P(bu,») = PE~(b)
as desired.
O



3.5. Computational application to standard monomial theory. Lakshmibai-Littelmann [LL03] iden-
tify the standard monomials of Richardson varieties X’ with certain L—S paths. This allows an identifica-
tion of a standard monomial of degree m of a Richardson variety with an ordered sequence of m elements
in the corresponding crystal, satisfying certain conditions on their left and right keys. This condition,
from a crystal-theoretic point of view, can be obtained by characterizing when the tensor of m elements in
BY(X) = B,(A)NBY(N\), w < v, is an element in BY (mA). Furthermore, since keys are not manifest in every
model of crystals and dilation is not an effective way to compute keys, one can use virtualization to reduce
the computation to simply-laced root systems.

3.6. Computational consequences of our results. Let ¢ : X — Y be a Dynkin diagram embedding
with virtualization map P = Py : B(A\) — B(¢(\)). Assume that one has a combinatorial model for
B(X), B(¥(\)) and that we have an algorithm for computing P and its inverse

P PBN)) — BN).

Additionally, assume that the model for B(1())) includes algorithms for computing £(b) as well as K (b)
and K~ (b) for any b € B(x(\)). Then Corollary B2T and Proposition 0 imply that, to compute &(b)
as well as KT (b) and K~ (b) for any b € B(\), it suffices to compute the virtualization map P, apply the
corresponding existing algorithm, and apply the inverse map et

4. APPLICATIONS TO KASHIWARA—NAKASHIMA TABLEAUX OF TYPE B

In this section we follow [Bak00al, KN94, [Lec03] and [HK02|]. Let g = s02,,+1 and consider A € P*. Then,
we may write A = Y. a;w”" where

wBn — €1+ - +¢€ 1#n
! e+ te) i=n

denote the fundamental weights of g. Hence, we have a decomposition for each part \; of A,

n—1 n—1

1 1 1

)\j:E ai+§anzg ai+§(an—£)+5§
i=j i=i

with e = 1 or 0 depending on the parity of a,, so that to every dominant integral weight A\ we can associate
a diagram obtained by concatenating a special “half width” column of height n and the Young diagram of
shape p with i-th part A\; — 5% € N. In particular, (1") = 2w5».

As a consequence, any highest weight representation V() arises as a summand of tensor products of the
standard representation V(wy) and the spin representation V(wBn).

In particular, observe that,

B(wB)®? ~ B(0) ® B(2wP) & n@ B(w?m), (25)

B((1%)) ® Bw?) ~ Bwl") © @ B((1Y) + wlr), 1<k < n. (26)

n

For g = sp,,,, and A € P, we write A = Ei:l aiwic", where wic" =€+ ---+¢ forall 1 <i<n. In this
case, dominant weights A may be identified with partitions with at most n parts, and any highest weight
representation V() arises as a summand of tensor products of the standard representation V(wy).

In order to combinatorially model these representations for g = s095,41,5P,,, We need to define certain
fillings of A, which we proceed to explain in the next section.
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4.1. Kashiwara-Nakashima tableaux. Consider the alphabets for Lie types B, and C,, below,
B, ={l<---<n=<0=<n--<1}
Chi={l<---<n=<n---<1}.
Given any filling T' of shape A = (A1, A2, ..., Ax) in an alphabet A, the reading word of T, denoted w(T),
is the word in A obtained by reading the entries of 7" down each column, from left to right.
Definition 4.1. A type B, column Kashiwara-Nakashima (KN) tableau of height k is a filling C
of the shape (1’“) for some 1 < k < n with entries in B,, such that

(i) all entries in C' are strictly increasing from top to bottom with the sole exception that 0 may be
repeated, and

(ii) if both z and z appear in C with z in the p*" box from the top and z in the ¢** box from the bottom,
then N(z):=p+¢q < z.

Denote by KNZ (1) the set of all type B,, Kashiwara-Nakashima tableaux of shape (1¥).

We define the weight of a type B,, column Kashiwara-Nakashima tableau C' to be the integer vector

wt(C) = (b1,...,bn),
where b; equals the number of i’s in S minus the number of 7's.
Whenever both z and z appear in C we say that C' contains the pair (z,z) and consider each individual

0 a pair with itself, sometimes written (0,0) for convenience.
Given C' € KN?(1%), consider the subset

I(C):={z1,...,2s} C{1,...,n} (27)
consisting of all letters z; < 0 such that (z;,z;) is a pair in C with z; > 2,11 for all 1 < i < s. Similarly, set
J(C) = (tr,- 1 ts) (28)

where we let t; = max{t € B,, : t < z1,t € C}, and recursively for i = 2,--- ,n define

t;=max{t € B, :t£C,t & C,t <t;_1,t < 2}
In particular, the definition of a column guarantees the existence of the set J(C') [Lec03].
Definition 4.2. Given C' € KNZ(1¥) with J(C) as in 28), let 7C and IC be the columns obtained from C
by replacing z; with #; and z; with ¢;, respectively. The splitting of C is the tableau of shape (2*),
split(C) := ICrC,
with entries [C' in the left column and rC' in the right column.

Example 4.3. Let n = 9 and C be a column with w(C) = 246900942. Then I(C) = (0,0,9,4,2), J(C) =

Remark 4.4. Conventionally, spin tableaux are denoted by half-width columns to represent their half integer
weights. In this article we choose to denote spin tableaux as shaded columns of regular width instead for
legibility of the labels. That is, the fundamental weight w5 is represented by the shaded Young diagram of
shape (1™), called n-height spin column Young diagram, while 2w5" is identified with the usual non-shaded
Young diagram of shape (1™). For instance, for n = 2, it means that wf ™ is represented by the shaded Young

diagram of shape (12), while QwQB " is represented by the regular non shaded Young diagram of shape

(1%).
Definition 4.5. A spin Kashiwara-Nakashima (KN) tableau of height n is a filling S of shaded
shape (1) with entries in C,, such that

(¢) all entries in S are strictly increasing from top to bottom, and
(#4) S contains no pairs (z, z) for any z € C,,.
14



We define the weight of a spin Kashiwara-Nakashima tableau S to be the vector
1
wt(S) = 5(1)1, ooy b)),

where b; equals the number of i’s in S minus the number of i’s. Note b; is 1 or —1. Denote by sKNf
= KNP (wBn) the set of all such spin tableaux. Since w?» is minuscule, the elements of sKN” are completely
characterized by the 2" weights (+1,...,+3), and sKNZ = O(wBm).

Example 4.6. Let n = 2, then the set of all spin Kashiwara-Nakashima tableaux KNZ (w#) with shaded
shape (1,1) and corresponding weights (+1,+1) are:

Gy B G- B 5.3 (~5—3)
2°2 2" 2 2°2
From the discussion above, for any A € PT we can write either A = p a partition, or A = (uo|p) with
1o = (1) a height n column.
We will refer to the shape A = (uolp) as a spin partition represented by the spin Young diagram of shape
A consisting of the n-height spin column Young diagram, shaded, followed with the Young diagram of shape
1.

Example 4.7. Let n = 3. Then the spin partition A = ((1%))|(4,2,1)) is represented by the following spin
Young diagram of shape A:

Let i be the conjugate partition of x. Then the i-th column of the Young diagram of u has height fi; the
i-th entry of fi. Putting Definitions 1] and together we arrive at the following.

Definition 4.8. A type B,, Kashiwara—Nakashima tableau of shape partition A is a filling T with
entries in B,, of shape A\ = (uo|p) with pg either empty or (17)
and 4 a partition, such that if C; denotes the i*" column of T, then:
Cy is a spin KN-tableau of height n,
C; is a column KN-tableau of height fi;,

every row is weakly increasing but with no repeated zeros, and
split(T) = split(Co) split(Cy) - - - split(C) is a semistandard tableau.

The split of the spin column Cj is just itself, un-shaded. We denote by KNE (M) the set of all type B,
Kashiwara-Nakashima tableaux of shape A.

Given a partition u, a type C, Kashiwara-Nakashima tableau of shape p is a type B, KN-tableau
with entries exclusively in C,, and no spin column. Henceforth, for T € KNZ()\), split(T) € KNS (2)).

Definition 4.9. We define the weight of a type B, KN-tableau T to be the vector

k
wt(T) = > wt(Cy).
1=0

In type C), the weight is defined analogously (with no spin part). Consequently wt(split(T")) = 2wt(T).

Remark 4.10. [Lec03] The previous definitions extend to skew shapes. A skew orthogonal tableau ¥ is a
skew Young diagram (potentially with shaded leftmost column) filled by letters of B,, whose columns are
admissible of type B and such that the rows of its split form split(¥) (obtained by splitting its columns) are
weakly increasing from left to right.

Example 4.11. Let n = 3 and A = wP + w8 + 3wP, which corresponds to the spin partition (133,2,1),
and let T € KNZ(\) with wt(%) = 1/2(1,-1,1) + (0,0,0),
15



T — (¢, 7] = | L] 2] 0] 3] 20 oot () = fsplit(e), split(T)] = [ L[ 1]2]2[3[3 ]3] kNC(209),
3(3]0 3[3]3]3]2
2|2 2121

2\ = 2w{ + 20§ + 3w§, wt(split(T)) = (1,—1,1) = 2wt(T).

4.2. Kashiwara-Nakashima crystal operators. The crystal graph B(\) of a highest weight representa-
tion V(A) has a realization on KN-tableaux.

Example 4.12. The type B,,, n > 2, and type C,, crystals, B(w?) and B(w{), corresponding to the standard
representations of 509,41 and sp,,,, respectively, are given below:

T PSS s [ N 1 R s S s R N

N S O e E N R I | RSN - Ry
where wt () =€;, wt () = —¢; forall 1 <i<n and wt (@) = 0 (for type B,, only).

Example 4.13. For n = 1, the By-spin crystal B(w?) is given by:
and for n = 2, the Ba-spin crystal B(w?) is given by:
2 BB E

The B,, spin crystal is

tq

B(wB) = | t; € Cp,ty < -+ < tp,i,1 do not appear together ,1 <i <n (29)

tn

where the action of the crystal operators f;, 1 < i < n, is given by

1+ 1 i

otherwise is 0.

We define the crystal structure on the set KNE (M) by first defining it on the crystal of reading words of
KNZ()\), reading the columns from right to left and top to bottom.

Suppose T is a type B,, KN-tableau of shape A = (uo|u) with reading word w(T') = 1+ &pm|21- - 2n
with 2 ...z, the reading word of the (potentially empty) spin column of shape po and 2 ... 2, the column
reading word of the non-spin part of T' of shape pu.

Given such a word, define the signature of w(T) = 1 - -z |21 - - - 2, to be the sequential assignment o;
for each i € I of some of its entries with expressions in {+, —}, determined by the following rules:
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oi(i) = + and 0;(i) = — for i #n
(B) For non-spin entries x;: { 0;(i +1) = — and 0y(: + 1) = + fori#n
on(n) =++,0,(0)=—+ and o,(R) = ——

oi(i) =+ and 0;(i) = — for all ¢
oi(i+1)=—ando;(i+1)=+ fori#n

(C) For spin entries z;: {

where o; assigns nothing to an entry y # 4,4 + 1,4,4 + 1 (or y # 0,n,7 in the case of i = n).

We note that the signature rule for spin entries above is nothing more than the type C), signature rule.
Thus, for a type C,, KN-tableau T we can define the signature of w(7T") similarly but use (C) instead of (B)
for every entry.

Definition 4.14. For T' € KN?(\) and i € I, define the i-pairing of entries w(T) = 21 ... Zm|21 ... 2, as
follows. Provided the sequence of +’s and —'s given by oy, iteratively i-pair any unpaired + with a — to its
right whenever all signs +, — between them are already i-paired.

If, after i-pairing, there exists an entry y in w(7T) with signature + such that this sign is not i-paired with
any — to its right, we call y an unpaired entry of w(T).

Definition 4.15. For each i € I and T € KNZ()), define the lowering operator fF on each w(T) =
X1 ... Zm|21 ... 2n as follows:
e if w(T) has no unpaired entries (with respect to o;), then f(T) = 0.
e otherwise, ff will act on the leftmost unpaired entry y of w(T) via the following assignment:
— if y lies in a nonspin column then fZ will send y =i+ i+ 1ory =i+ 1+ i if i # n or send
y=n—0ory =0+ nifi=n, and leave all other entries unchanged.
— if y =i # n lies in a spin column with an entry z =i + 1 below it, then f£ will simultaneously
sendy=i—i+land z=1%+ 1+ . Ify=1+#nbuti+ Iisnot contained in the spin column,
then fP(T) = 0. If i = n then f2 maps y = n + 7, leaving all other entries unchanged.

Similarly, for T € KN (1) the lowering operator f€ acts on the leftmost unpaired entry of w(T) as in the
nonspin case above with the only change being that for i = n, f¢ maps n ~ 7. In the non-spin case,

FR () = f7 (n).
Example 4.16. Let n = 8 and let us consider a word without spin part,

pairing

B 0_71
800 25 4 — 4 —+ U0 Ly B T 000

o 12
000 == 008 — —(+—)(+—)— =0

For n =7, f£(2470074) = £§(2470074) = 2470064, where fE(77) = f§ (77) = 76,
‘B
(T S ]

Thus, define the lowering operators f; on T € KNE (A) as the induced operators from those on w(T),
where if the entry y in w(T) is modified under the action of f;, then the corresponding entry in T is modified
in the same way. It is a theorem of Kashiwara and Nakashima [KN94] that this endows KNZ(\) (resp.
KN (X)) with the structure of an 509, 41-crystal (resp. sp,,,-crystal).

Example 4.17. Let n = 3 and A = wP + wf + 3wP = wP + (3,2,1) be a spin partition and let T € B(\)
with wt(%) = 1/2(1, —1,1) + (0,0,0),

g —[1]2]0[3] s, [1]2]0[3] % [1]2]0[3] % [1]2][0]3] 5 [1]2]0]3]c g
313]0 3133 3[0]3 3133 3133
2|2 2|2 2|2 2|2 2|2

Remark 4.18. The rectification map, defined by the B,,-spin insertion or By, (C,, )-insertion scheme, w®@w’
[0 + w + w'] is a B, (Cy)-crystal isomorphism [Bak00al [Lec03]. In type C,, it coincides with the rectification
defined by SJDT on the diagonal skew tableau with reading word w ® w’.

4.3. Symplectic jeu de taquin.
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4.3.1. Lecouvey—Sheats symplectic jeu de taquin. In this section we briefly recall the symplectic jeu de taquin
procedure [She99, [Lec02] [San21a.

Let T be a punctured symplectic KN skew tableau with two columns C; and C3 with the puncture in C4
and split form spl(T) = IC1rC11CorCs. Let a be the entry under the puncture of rCy, and § the entry to
the right of the puncture of rCy, that is, locally, the tableau spl(T) = IC17C11CarCsq looks like:

«

3

where « or 8 may not exist. The elementary steps of the symplectic jeu de taquin, or SJDT for short, are
the following:

A. If a < 8 or 8 does not exist, then the puncture of T" will change its position with the cell beneath
it. This is called a vertical slide.
B. If the slide is not vertical, then we say it is horizontal. So we have o > § or a does not exist. Let C
and C4 be the columns obtained after the slide. We have two subcases, depending on the sign of j3:
(1) If B is barred, we will have an horizontal slide of the puncture, getting C, = Cy \ {8} U {*} and
Cl = & 1 (@(Ch) \ + U {B}).
(2) If B is unbarred, the we have Cf := C; \ * U {8} and C} := &~ 1(®(Cs) \ {8} U *). However,
in this case it may happen that C] is no longer admissible. In this situation, if ¢ is the lowest
entry such that i,i appear in Cf and N (i) > i,
we erase both i and 7 from the column and remove a cell from the bottom and from the top
column, and place all the remaining cells in order.

If one applies elementary SJDT slides successively, the puncture will eventually be a cell such that o and 8
do not exist. In this case we redefine the shape to not include this cell and the jeu de taquin ends.

Given a symplectic KN skew tableau T, the rectification of T' consists of applying the SJDT, until we get
a tableau of shape A, for some partition A\. The rectification is independent of the order in which the inner
corners are filled [Lec02, Corollary 6.3.9].

Remark 4.19. If the columns C7 and C5 do not have negative entries then the SJDT coincides with the
jeu de taquin on semistandard tableaux.

Example 4.20. The following computation shows an example of rectification using SJDT.

* 2] 2] 2 | 2] 2] 2] 2]
— 2 3 4

2 = 3 — |1
[1]3 %3 3]

2] 2]

[°]] C/J|

1
H
HE E

w [N

1
5 6
3 3 — | %] 3 —
3

wl | w »

|w\|w =

We spell out a few steps in detail. To compute step 1, first we perform the splitting

3 2|3
3|—>|2(3]|3]|2

3|2

|OJI w

and get a = 3, 8 = 2. This is in case B(2). Then O] = 233, C} = &~ 1(®(33)\ {2} Ux) = & 1(22\ {2} Ux) =
O 1(x2) = *2.
To compute step 4, first we perform the splitting

1
*

ol | | N |
[SUN I
il w | N

x|k

and get 3 = 3, « is nonexistent. This is in case B(1). Then Cf = ®~1(®(1x) \ * U {3}) = ®71(13) = 13 and
Cf = 23.
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4.4. Virtualization and jeu de taquin in type B. We build on the virtualization procedure described
in [PPSS23] where virtual crystals for spin and vector representation (or standard) of type B,, into type C,
are provided. The procedure for spin representation of type B, into type C,, that is, the virtualization of
the spin column tableau is just its un-shade or split, P : sSKNZ KNS (wS), € = P(€) = split(€) where
2wBn = wC and the virtual crystal operators are f = fic’"” o fic’"”, for 1 <i < nand f& for i = n
(Flgure @). One also has Dy : sSKNZ KNP (2wEr), € s Dy(€) = split(€) (cf. [LecO3, Proposition 3.1.9]).
Computationally V(€) = Dy () but yields a different crystal embedding.

Example 4.21. Let n = 1. Consider the Bj-spin crystal B(w - and observe its 2-dilation

Do(Bw?Ph)) embedded into the B; non-spin crystal B(2w’?) : . @ .

On the other hand, P(Bw?)) : [1] L5 [T]is the €1 crystal Bw?).
For n = 2, consider the Bs-spin crystal

I f2 I fl I f2 I
w2

and its 2-dilation embedded into the Bg non spin crystal B QwQB 2

2 1

On the other hand, V((B(w’?)) is embedded into the Csy crystal BW§) ,

B2 I Iflf1 I I<_>Bw2

The procedure on the non-spin part of an orthogonal tableau, is induced by the map defined by

i—ii,i— 1,0 anforalll <i<n (31)
on words, followed by symplectic insertion [Bak00bl [Lec02], or STDT on the diagonal skew tableau with that
reading word [Lec02, Corollary 6.3.9].

Remark 4.22. Observe that the assignment (3I) on the alphabet B, is exactly the splitting

spl: B(wP") < B(2wS™)
of the orthogonal tableaux (consisting of a sole letter) in the B, standard crystal B(w?"). The virtual
crystals for the vector and spin representations of type B, into C, defined in |[PSI§| coincide with the

splitting. Taking into account [Lec03, Proposition 3.1.9], one also has in those cases that the virtualization
map TV = spl = Dy

More precisely, let
¢:B;u{0} —C;u{0}
be the injection of monoids induced by (3II) and ((0) =
Clearly, for v € B}, one has

wt9(C(u)) = 2wtB (u). (32)
For T = €|T € KN?(\) with € the spin part and A = (uo|p), let w(T) = x1 - Zp = 21 @ - - - ® Ty, and

recall that T = () +— x1 <+ - -+ < x,, using the B,-insertion scheme [Bak00al [Lec03]. Now, by Remark E22]
(¢ is the virtualization map from the crystal of words B} into the crystal of words C;:

C(Il ®"'®$m) =01 Q- ® Vo :W”(xl)(g...@tp(xm) :cr:®m(x1 ®"'®Im) 63(20110)@7”
Then, from Remarks and 27 the virtualization of T is given by:
P(T) =04 v1 < -+ < voy, (33)

where () +— v denotes the C,, insertion [Bak00D| [Lec02].
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Remark 4.23. A word w € C; is a highest weight word if and only if the weight of all its prefixes (including
itself) is a partition [San21b]. A word u € B} is a highest weight word if and only if ¢(u) € C is a highest
weight word. Then, from ([B2]), a highest weight word in B}, is similarly characterized.

Theorem 4.24. Let €|T € KNZ(\) be a Kashiwara—Nakashima tableau of type By, with \ = (o, ). Then
(1) V(T) = split(T) € KNS (2u) the splitting of T, and V(T) = split(T) = Do(T).
(2) V(€|T) = split(€|T) € KNS (wC|2u) the splitting of €|T, and V(€|T) = split(¢|T) = Do(€|T).
(8) €|T is a By, key if and only if the columns of €|T are nested and the letters i and —i , for any i € B,,,
do not appear simultaneously as entries in a given column.

Proof. (1) Let T be a KN tableau of type B,, ( without spin part) and let w(T') be its word. Construct a
skew tableau of staircase shape, placing the entries of w(T') along the diagonal, in order, starting from
the top right-most corner, and call it 7”. Now, the rectification of T’ coincides with T' by Proposition
3.5.3 in [Lec03]. Recall that to rectify an orthogonal skew KN tableau, one needs perform type C
rectification to its splitting and then “unsplit” the obtained result. Note that the splitting of a
tableau consisting of one single letter coincides trivially with the virtualization map of [PPSS23].
Therefore, we conclude that the type C,, rectification of split(7”) coincides with split(T). Since the
type C rectification of split(7”) in turn coincides with V(T"), we may conclude the proof.

(2) From [Lec03| Proposition 3.1.9] and its iteration in PropositionB.5], we may also observe that V(T") =

split(T') = D2 (T"). Hence, from (1),
split(€|T) = splitT ® split€ =Dy (T) @ D2 (€)
P(T) @ T(C)
P(T®C)
= P(C|T) € KNY(2)).

(3) By Corollary B21] €|T is a B, key if and only if split(€|T) is a C,, key. A symplectic key in type

C, is a C,, KN tableau where columns are nested and the letters i and -i, for any ¢, do not appear

simultaneously as entries in a column [San21b]. Hence €|T is a B,, key if and only if the columns

of split(€|T") are nested. That is, the columns of €|T" are nested and the letters ¢ and —i , for any
1 € By, do not appear simultaneously as entries in a column.

O

Corollary 4.25. Let T’ be a orthogonal skew tableau potentially with a leftmost spin column. Then Y o
rectp(T") = rectc o V(T') which means rectp(T") = BIDT(T") = P! o rectc oP(T"), where V(T') =
split(T"), where here rectg(T") might be obtained by the By, spin insertion scheme.

4.5. Evacuation of KN tableaux. Let T € KNpg, (\) be a KN tableau of type B,,. We first compute
the type C,, evacuation to split(T), evac®(split(7)) as in [San2la]. That is, we perform 7 rotation on
split(T), and apply the longest element of the Weyl group (the hyperoctahedral group, consisting of signed
permutations) to each of the entries in split(7"), which means that we just bar, respectively unbar the entries;
and then we apply the type C,, rectification, using SJDT from Subsection E.3.1] or the type C,, insertion
[Bak0Ob, Lec02] to split(T). Lastly we unsplit evac® (split(7)). Let us call this final tableau evac?(T).
It follows from by Theorem and Proposition Z.0that evac?(T) is the result of applying the Lusztig
involution & to T.

Example 4.26. For n =2 and T = 0 |€ B(wf +wP),

2
L1

we have evacB(T) =| 1 2]

2

APPENDIX A.

A.1. Example for virtualization from B, into C,, and dilation. In this section we provide an example
for Theorem [3.19 and Corollary [3:2]] using virtualization from type B to type C.
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Example A.1. We give a full example of a By- crystal B(\) = KNZ(\) for A = wP? + wP?. The boxed
entries are the keys of B()), as defined in Section or in Theorem [£.24]

1]1]
2]
v N
1]2] 1]1]
2] 2]
Ql ll
1/0] 1]2]
2] 2]
2 1l X
1]2] 2[2] 1]0]
2] 1] 2]
/ 2 5 f
1)1] 1]2] 2]0]
2] 2] 1]
N :
1]1] 2]2]
2] 1]
1\L l2
2]1] 2[2]
1] 1]
N A
2[1]
1]

We give an example of a Demazure atom. For w = sos1 € W, we have w\ = (1, —2) and by,) =

|l\3| =

Q|},

2

EE

Then

where the right keys can be computed from DgB5 (sz 2 —i—wf} 2) or from virtualization of type B, into C,,. The
latter is shown in Figure[2l It can be computed using either the SJDT or the Willis like direct way presented

in [San21al [AS24].
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Example A.2.

1 1|®6
2]
N
1]2]" 11"
12] 12
2(5J Jlb
12" o2 a2 o1 ]”
12 12] |1 12 ]
2“J 1{ \
2" o [12]™” 221 B «22e]”
12 2] |1 1] 1] 12|
a1 wi2)edl2]” [z 52”22
1] 12 ] 12 ] 12 |1 1]
\ }6 26
2b
9 I|®3®1 Q|3 i ,|®4(®2 2|2
11 12 ] 11 1]
1% 26
o[1[" 3[2]"
1] 1]
—T—®6
2|1]
1]

This picture shows the 6-dilated crystal DgKNZ (wg? 4 wi?) embedded into KNZ (K (wg? + wi?)®0)
KNZ (6w? + 6wP?) where K (w22 + w?P?) denotes the By key of weight w? + w2, where K (w2 + wP?)

L1 | denotes the type Bs key of weight w232 + wfb. We have:
2

TOs(K (w5 +wi?)) = P(K (wg? +wi?)®) = OK (w5 +wi?) = 06T (K (wy* +wi™?))
22
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2]
N
1]2]2] 1[1]1]
2] 2]

! [
1]2]2 1]2]2]
2 2]

(™)
«—

—_

5
«—
S

—_
N}

™
[=]w
[\

o]

x

[V

%
[\v]
[\V]

%

N
N

[\l
[\l

[\
|l\3\ —
E=E

1]1]1] 2]2]2
2] 1]
| |
2[1]1] 2]2]2]
1] 1]

g

T3

BE

FIGURE 2. The virtual crystal PKNZ (w2? + wP?) embedded into KNS (w§ + w()

and

= —®3 = 2 —T—1®3 —T= 3

vod 1] r(2][1]" o[1l2]e[i]2]") —[2]1]1]" g[1]2]2]e[1]2]2]
2] 1] 2] (2] 1] 2] 2]
—og L 1[1]- ggr1]1]
2] 2]
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