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Introduction

We use non symmetric Cauchy kernel identities to get the laws of last passage perco-
lation (LPP) models in terms of Demazure characters. The construction is based on
the restrictions of the RSK correspondence to augmented stair (Young) shape matrices
and rephrased in a unified way compatible with crystal bases.

Preliminaries

Cauchy kernel identity
m∏
i=1

n∏
j=1

1
1− xiyj

=
∑

λ∈Pmin(m,n)

sλ(x)sλ(y)

LHS rewritten in the basis of Schur polynomials. Pr the set of partitions with at most r parts.

Non-symmetric Cauchy kernel identity, Lascoux 2000.∏
1≤j≤i≤n

1
1− xiyj

=
∑
µ∈Zn≥0

κµ(x)κµ(y)

LHS rewritten in the bases of Demazure and Demazure atom polynomials: κµ(x1, . . . , xn) = κσ0µ(xn, . . . , x1) opposite

Demazure atom character of Bµ and κµ(y) Demazure character of Bµ.

Bicrystals and RSK correspondence

ψ :


Mm,n(Z≥0) 1:1−→ ⊔

λ∈Pmin(m,n)

B(λ,m)× B(λ, n)

A 7−→ (P (A), Q(A))∏
1≤i≤m,1≤j≤n

1
1− xiyj

=
∑

A∈Mm,n

xwt(P (A))ywt(Q(A)) =
∑

λ∈Pmin(m,n)

sλ(x)sλ(y).

Remark: B(λ,m) tableau crystal on the alphabet [m] with highest weight element the key tableau K(λ), λ ∈ Pmin(m,n).
Bicrystal structure onMm,n(Z≥0) via ψ−1, i.e. reverse column Schensted insertion.

Mn,n(Z≥0) =
⊔
λ∈Pn

Cλ, Cλ ≃ B(λ, n)× B(λ, n), Choi-Kwon, 18.

Demazure crystals and restriction of RSK to Ferrers shape matrices

Stair RSK

ϱ =
The restriction of the RSK correspondence ψ to Mϱ

n,n, n × n lower triangular
matrices, gives a one-to-one correspondence

ψ :Mϱ
n,n

1:1−→ ⊔
µ∈Zn≥0

Bµ × Bµ Lascoux, 2000, A.-Emami,15, Choi-Kwon, 18

A 7→ (P,Q), K+(Q)≤K−(P )=K(µ)

∏
1≤j≤i≤n

1
1− xiyj

=
∑

A∈Mϱ
m,n

xwt(P (A))ywt(Q(A)) =
∑
µ∈Zn≥0

∑
(P,Q)

K+(Q)≤K−(P )=K(µ)

xwt(P )ywt(Q)

=
∑
µ∈Zn≥0

∑
(P,Q)∈Bµ×Bµ

xwt(P )ywt(Q)

=
∑
µ∈Zn≥0

κµ(x)κµ(y).

Remark: Bµ Demazure crystal consisting of all tableaux Q with right key K+(Q) ≤ K(µ).

Bµ opposite Demazure atom crystal consisting of all tableaux P with left key K−(P ) = K(µ).

Truncated stair RSK, bubble sort operators and parabolic map

n≥q≥p≥1, Λ(p,q)=

p
n

q ψ :MΛ(p,q)
n,n

1:1−→ ⊔
µ∈Zp≥0

Bµ
p × Bq,µ̃

A 7→ (P (A), Q(A)) K−(P )=K(µ), K+(Q)≤K(µ̃).∏
(i,j)∈Λ(p,q)

1
1− xiyj

=
∑
µ∈Zp≥0

κµ(xn−p+1, . . . , xn)κµ̃(y1, . . . , yq).

• The parabolic map: for σ ∈ Sn, the set S≤σq = {v ∈ Sq | v ≤ σ} has unique maximal element σIq for the
(strong) Bruhat order ≤, with Sq =< si|i ∈ Iq = [q − 1] >: Billey–Fan–Losonczy, 99; A. -Gobet-Lecouvey, 22.
• For µ = (µ1, . . . , µp) ∈ Zp≥0, let λ ∈ Pp and τ ∈ Sλ

p such that µ = τλ: µ̃ = (σ0τ )Iq(λ,0q−p,0n−q), σ0 ∈ Sn,

A.-Emami, 14, A.-Gobet-Lecouvey, 22.

n = 5, p = 3, q = 4, λ = (4, 3, 1), µ = (1, 3, 4)

AΛ(3,4) =



0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
1 1 1 0 0
1 0 2 1 0

 45⊗ 34⊗ 455⊗ 5⊗ ∅ 5→ 4→ 5→ 5→ 3→ 4→ 45

P =

3 4 4 5
4 5 5
5 = K−(P ) = K(0, 0, 1, 3, 4) = K(0, 0, µ), Q =

1 1 2 2
3 3 3
4

K+(Q) =

2 2 2 2
3 3 3
4 = K(0, 4, 3, 1, 0) ≤ K(µ̃) =

2 3 3 3
3 4 4
4 = K(0, 1, 4, 3, 0)

B(0,0,µ) ∩ B4(λ) = B(0,0,µ) ∩ B
σ

[4]
0 λ

= Bq,σI4λ = Bq,µ̃

σ0∈S5, σ0(µ,0,0)=(00431)=s2s3s4s1s2s3(43100) (s2s3s4s1s2s3)I4:=s2s3ŝ4s1s2s3=s2s3s1s2s3=s2s1s3s2s3

µ̃=s2s1s3s2s3(43100)=(01430)=π2π1π3π2π3(43100) Bq,µ̃ = Bπ2π1π3π2π3(43100), πi bubble sort operator (♣).

Last passage percolation in a Young diagram

For A = [ai,j] ∈Mn,n, the last passage percolation (time) associated to A:
perc(A) = max

π in A
{∑ entries along a path π in A with steps ←, ↓ starting in (1, n) and ending in (n, 1)}

= maximal row lenght of P (A) (or Q(A)).

perc(AΛ(3,4)) = 4, perc(A(7,4,2,2,2)) = 5
The random matrix W in Mn,n whose entry wi,j follows a geometric distribution of
parameter uivj
P(wi,j=k)=(1−uivj)(uivj)k for any k∈Z≥0 gives P(W = A) =

∏
1≤i≤n,1≤j≤n

(1−uivj)
∏

1≤i≤n,1≤j≤n
(uivj)ai,j.

Schur and Demazure measures

The law of the random variable G=perc(W):

W ∈Mn,n, P(G = k) =
∏

1≤i≤n,1≤j≤n
(1− uivj)

∑
λ∈Pn|λ1=k

sλ(u)sλ(v) Schur measure.

W ∈MΛ(n,n)
n,n , P(G = k) =

∏
1≤j≤i≤n

(1− uivj)
∑

µ∈Zn
≥0|max(µ)=k

κµ(u)κµ(v).

W ∈MΛ(p,q)
n,n , P(G = k) =

∏
(i,j)∈Λ(p,q)

(1− uivj)
∑

(µ1,...,µp)∈Zp
≥0|max(µ)=k

κ(µp,...,µ1)(un,...,un−p+1)κµ̃(v1,...,vq).

Augmented stair RSK

n = 5, ϱΛ = (3, 2, 1), Λ = (4, 4, 3); n = 8, Λ = (7, 4, 2, 2, 2), m = 4, ϱΛ = (4, 3, 2, 1)

(♣)
▲
■ 1 2
■ ■ 2 3
■ ■ ■ 3 0

Λ =

4 4
■ 3
■ ■ ▲
■ ■ ■ 3
■ ■ ■ ■ 4 5 6

σ(Λ, NW ) = s4s3s4, σ(Λ, SE) = s3s6s5s4

σ(Λ, NW ) = 1, σ(Λ, SE) = s2s1s3s2s3

ψ :MΛ
n,n

1:1−→ ⊔
(µ1,...,µm)∈Zm≥0

ι
(
∆̇σ(Λ,NW )B(µm,...,µ1)

)
×∆σ(Λ,SE)B(µ1,...,µm)

where ∆σ(Λ,SE) = ∆j1 · · ·∆jb, ∆̇σ(Λ,NW ) = ∆̇i1 · · · ∆̇ia, ι Schützenberger involution,∏
(i,j)∈Λ

1
1− xiyj

= Lascoux 2000
∑

(µ1,...,µm)∈Zm
Dσ(Λ,NW )κ(µm,...,µ1)(xn, . . . , xn−m+1)Dσ(Λ,SE)κ(µ1,...,µm)(y1, . . . , ym)

where Dσ(Λ,NW ) = Di1 · · ·Dia and Dσ(Λ,SE) = Dj1 · · ·Djb are Demazure operators.

A(7,4,2,2,2) =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0
0 0 0 0 1 0 2 0


577⊗ 45⊗ 7⊗ 7⊗ 8⊗ ∅ ⊗ 88⊗ ∅

P =

4 5 5 7 7
7 7 8
8 8 K−(P ) =

4 4 4 4 4
7 7 8
8 8 = K(03, 5, 02, 2, 3)

Q =

1 1 1 2 2
3 4 7
5 7 K+(Q) =

2 2 2 2 2
4 4 7
7 7 = K(0, 5, 0, 2, 02, 3, 0)

ι∆̇4∆̇3∆̇4B(µ4,µ3,µ2,µ1,04)=

=



ιB(µ4,µ3,µ2,0,04)
⊔
ιB(µ4,µ3,0,µ2,04)

⊔
ιB(µ4,µ3,02,µ2,03) if µ2>µ1=0 (♠)

ιB(µ4,µ3,0,0,04) if µ1=µ2=0

ιB(µ4,µ3,µ2,µ1,04)
⊔
ιB(µ4,µ3,µ2,0,µ1,03)

⊔
ιB(µ4,µ3,0,µ2,µ1,03)if µ1=µ2>0

∅, if µ1>µ2≥0

ιB(µ4,...,µ1,04)
⊔
ιB(µ4,µ3,µ1,µ2,04)

⊔
ιB(µ4,µ3,µ2,0,µ1,03)

⊔
ιB(µ4,µ3,0,µ2,µ1,03)

⊔
⊔
ιB(µ4,µ3,0,µ1,µ2,03)

⊔
ιB(µ4,µ3,µ1,0,µ2,03), if µ2>µ1>0.

K−(P )=K(03,5,02,2,3)⇔ P∈ ιB(3,2,02,5,03)=B(03,5,02,2,3) (♠)⇒ µ=(0,5,2,3)

K+(Q)=K(0,5,0,2,02,3,0)≤K(π3π6π5π4(µ,04))=K(0,5,0,2,02,3,0)⇒(P,Q)∈ιB(3,2,02,5,03)×B(0,5,0,2,02,3,0)

Demazure measure

The law of the random variable G=perc(W):
W∈MΛ

n,n, P(G = k) =∏
(i,j)∈DΛ

(1−uivj)
∑

(µ1,...,µm)∈Zm|max(µ)=k
Dσ(Λ,NW )κ(µm,...,µ1)(un,...,un−m+1)Dσ(Λ,SE)κ(µ1,...,µm)(v1,...,vm).


