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gl,— crystals

@ The finite-dimensional irreducible polynomial representations of the gl,, Lie algebra are
parameterized by the partitions in P, (partitions with at most n parts). For each A € P,
V(A) denotes the corresponding finite-dimensional representation (or gl,,-module).

@ To each partition A € P, corresponds a crystal graph B(\) which can be regarded as the
combinatorial skeleton of the simple module V().
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Set up: Cartan type A, 1

@ Weight lattice A = Z".
@ Pp={N€2Z%: A= (A1 >"--X; > 0)} the set of partitions with at most n parts.

@ /:=[n—1], simple roots {oj =e; —ej;1, i €1}, of =, i € 1.
{ei1,...,en} standard basis of R"

@ Fundamental weights w; =e; +---+e;, i € I.
@ Dynkin diagram [ Cartan type A,—1,

1 2 3 n—1
An_l o ———0— —0

Weyl group:

W=6,= <517 ceeySp—1 S,-2 = 1,(5,'5j)2 = 17 |f *_[| > 1,(S;S;+1)2 = 1>

@ Dynkin diagram automorphism, 6 : | — I, agjy = —woa; = 0(i) = n—i

n=6 I=[5 As 1 2 3 4 5
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gl,— crystals

A gl -crystal is a non-empty set B along with maps
wt: B—Z", e,f:B— BU{0},¢,0i:B—Z,

such that for any b, b’ € Band i € | = [n—1],
@ b’ = g;(b) if and only if b= f;(b');

@ if fi(b) # 0 then wt(fi(b)) = wt(b) — a;;
if ej(b) # 0, then wt(ej(b)) = wt(b) + j;

@ ¢i(b) = max{a € Zx¢ : €7(b) # 0} and p;(b) = max{a € Zx¢ : f7(b) # 0};
@ oi(b) = &i(b) + (wt(b), ax;).
We associate to the crystal B a directed graph with vertices in B and edges labelled by i € [.
fix)=y, x,y€B &x—y
i

For any i € I, the crystal B can be decomposed into its i-chains (or strings) which are obtained
just by keeping the i-arrows,

e-si(;)(b) ei(b) b fi(b) fw"(b)(b)
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Standard gl, crystal

@ Let B, := B(w1) = {1,...,n} be the standard Gl -crystal consisting of the words of a
sole letter on the alphabet [n] whose coloured crystal graph is

1522 31,
] > The Kashiwara operators f; and e; are defined for i € | = [n — 1] as follows:

Rl =i+ 1,
e,(l+1) = i:

otherwise, the letters are unchanged.

> The weight wt(i) = e;, for i=1,...,n.
> The highest (lowest) weight element of B(w1) is the word 1 (n), since

ei(1) =0 (fi(n) =0), foralliel

and the highest (lowest) weight is e; (en).
> The length functions are what is expected from the crystal graph.
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Tensor product of crystals

@ B and C crystals.

@ The crystal B ® C has set of vertices the cartesian product of the sets of vertices of B
and C, the elements denoted u® v, u € B, v € C, and crystal structure given by
wt(u ® v) =wt(u) + wt(v) and the following rules where we follow the Kashiwara

convention ' B u® ei(v) if gi(v) > ¢i(u)
e(u®v)= { ei(u) @ v if gi(v) < pi(u)

_ _ [ fi(w) @ vif gi(u) > &i(v)
filugv) = { u® fi(v)if ii(”) <ei(v)

@ GL3 standard tensor product: B(w;)®? = B(2w1) U B(wz)= B(2w1) @ B(w»)

181 5 201 3 3@1
1l 1
202 > 32 3 3®3
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Crystal of words

@ The crystal W, = || B®* Ly {(} of all finite words on [n] where ( is the empty word and
k>0

the vertex wi ® -+ @ wy € B®k s identified with the word w = wy - - - wy of length k on
[n].
@ Signature rule:
+ifw =i
1- substitute each letter w; by ¢ —if w; =i+1
erase it in any other case.

2- successively erase any pair +— until all the remaining letters form a word —2+2. Then
pi(w) = b and g;(w) = a.
3- e (f;) acts on the letter / + 1 (/) associated to the rightmost (leftmost) — (+) in

. iifa>0 o [i+1ifb>0
_agb e(i+1) = (i) =
el =30.20 N =Yoifb=0

@ 124211232113 € BP? = B(wy)®12.
122112211 — (12)2(1(12)2)11 — 211
211 — 111 = ¢(124211232113) = 1241112321 13
e

211 ? 221 = £1(124211232113) = 124211232213
1
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Crystal of Young tableaux

@ \eP,
B(A, n) the set of all Young tableaux of shape A on the alphabet [n]

@ the column reading word of a tableau

2|4
| ‘ — w(T) = 422514 € Ws.
415 column reading

T =

wt(w(T)) = (1,2,0,2,1)
@ a tableau in B(A, n) is uniquely recovered from its word.

@ the map T — w(T) gives an embedding of B(\, n) in W, and we may think of B(\, n)
as a subset of W,.

@ B(\, n) is closed for the action of ¢; and f;, i € I:
e(T):=ei(w(T)) and (T) := fi(w(T)) € B(\, n).
@ B(\, n) is a subcrystal of W,

8/41



gl; crystal B((2,1,0),3) CW;

_
RS -l S i R )
1l 11
2] 12
B ., [AE ., (23
2 1
o

B((2,1,0),3) = {f* - £(TA) | (ki,..-, ki) € Zho, in,-..,ip € 1 = [2]} \ {0}.
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gl; crystal B((2,1,0),3) CW;

_
™= B -
1l

1
_
W=8,

2]
_ -
2 1

@ Weyl group W = &, action on B(\, n): the simple reflection s; sends each vertex
b € B(A, n) to the unique vertex b’ in the i-chain of b such that b’ is the reflection of b
with respect to the center of the i-chain containing b. Note wt(s;.b) = s;wt(b).

@ The character of B()\, n), V() finite-dimensional irreducible polynomial representation
of gl, of highest weight J, is the Schur polynomial

SO, x) = > xMO =T K )Xt

beB(X,n) nw=A
@ Weight space decomposition of V()

V) =P VA, dim V(A) = K(\, 1), Kostka number
B

dimV(A) = > dim V(A = > K\ p) =B\, n)| =si(1,...,1).

B H=A
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gl; crystal B((2,1,0),3) CW;

_— . .

2 1 3
1l b1
2] 12

5 5
2 1
@ B((2,1,0),3):
5(2,1’0)(X1,X2,X3) :X210 +X120 +X201 +X021 +X012 +X102 +2X(111)

dim V(210) = s2,1,0)(1, 1, 1) = 8 = |B(210), 3)]

1, wpw#(1,1,1) <(2,1,0)

dim V(210),, = {2 11
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Crystal equivalence and classical Young tableau
combinatorics

@ Knuth equivalence in W,/ Schiitzenberger jeu de taquin (sliding)

X
<x<z
< Eg y =
Xyz_{xzy, y7x<z®: Y

yxz, y<z<x N E§7 y<z<x
Z|X
@ Two words w,w’ € W, are said Knuth equivalent if they can be transformed into each
other by a sequence of Knuth transformations. W,/ = is a monoid with [u][v] = [uv]

called plactic monoid.

@ Robinson-Schensted correspondence w = 31224 € W,
>

(0« 31224) = (3« 1224) = ([1]3] «+ 224) = — 24
1]2]3] 1]2]4]
- —a=Pw) = [2] Qw) = [3]
4] 15]

> For w,w' € Wy, w = w iff P(w) = P(w').
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Crystal equivalence

@ For w,w’ € W,, P(w) = P(w’) if and only if w and w’ occur at the same place in two
isomorphic connected components of the crystal graph of W,.
An isomorphism of GL,-crystals is an isomorphism of /-colored oriented graphs which
preserves the weight and length functions for every i € I.

@ Each connected component in W, is isomorphic to B(), n) for some A\ € Pp.

@ For w € Wy, ej(w) =0, forall j € | = [n— 1] (w is highest weight

1]-[1]1]
element)< P(w) = 2r2
nin

@ For w € Wy, ej(w) =0, for all i € | = [n— 1] if and only if the number of occurrences of
i in w is no less than that of i 4+ 1, for all i € | = [n — 1]. These words are called
Yamanouchi or lattice permutation or ballot words.

[ay
[ay

1]

N
w

12113241333 =

[]w]S]=
w
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Crystal equivalence

] B§®3 C W3, all words of length 3 on the alphabet [3].
@ The highest weight words in 3?3 are the ballot words in W5 of length 3:

111 = [A[i[1], 112 = , and 121 = ,123:

0 BE = B(w1)®3 = B(3w1) @ B(ws) @ B(w1 + =) @ B(121)

) B(wl + w2) ~ B(121)

r r r 121 —» 131 — 231

2 1
1 1
1 2
12 2] 12

24

132 — 133 — 233
N N 2 1
2 1

@ ~ connected componentes/ Knuth equivalence of vertices in a same position
112 =121, 113 = 131, 213 = 231,
212 =122, 312 = 132, 313 =133, 323 =233
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gl standard tensor product decomposition of B®*

@ BY? = B(w1)®3 = B(3w1) @ B(ws) @ B(w1 + w2)®?, where 3w1, w3, w1 + w> are
all the partitions of 3.

@ For A\ € Pp, how do | compute in W, the number of isomorphic components to B()\, n)?

> The Robinson-Schensted correspondence is a bijection between the sets B®* and
L] B n)xSYT(A k),
AEPn, A=k

w — (P(w), Q(w)).

> For w,w’ € W,, Q(w) = Q(w’) if and only if w and w’ occur in a same connected
component of the graph of W,.

> For X\ € P, of size k, there exist |SYT (], k)| crystal isomorphic components to
B(X, n) in Wh.
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gl; standard tensor product decomposition of B3

@ B(w + w2) ~ B(121)

T)\:

— —

l! 2 !ﬂ 1

2 Y

1

1l L1
122 232
2] 12

132 — 133 - 233

D 112=1+12=11 ¢ 2= P(112) = Q(112) =

0 A(112) =212 =2+ 12 =12+ 2 = P(212) = ,

Q(A(112)) = Q(112) =



_ _ [1] _ _ [A]1] _ [1]3]
®<—121_1<—21_<—1_P(112)_ . qaan = [

1oy _ [1] _ _ [1]2]
(D<—f1(121)_122_1<—22_<—2_P(112)_ :

_ _ [1]3]
Q(A(121)) = Q(121) =

@ |SYT((2,1),3)| =2
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RS correspondence and gl; standard tensor product
decomposition

@ The RS correspondence gives the following gl,, crystal isomorphism

B®k ~ @ B(Q) ~ @ B()\, n)éBlSYT()\,k)\7

AEPn,| X [=k AEPn, | A=k
QESYT(Ak)

where B(Q) = B(\, n) x {Q}.

@ For k > 1, B® decomposes into a disjoint union of crystals, each isomorphic to B(A, n),
with multiplicity |SYT (A, k)|, where X is a partition of k of length < n.

o gl,
V(wl)®k _ @ V(/\)Q}|SYT(/\,I<)\
AEP, | A=k
o gl3
n=3 k=2, V(@) = V(2w) P V(=)

n=3 k=3, V(@)® = V@m)EP V(z3) P V(m1 + =2)*?
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An identity

B = @ B8O mISTON
XEPy, |A|=k

Cat-4x) = D ISYTK)Isa(xa,- -, xn)
AEPy, [A|=k

nf = > ISYT(AK)ISSYT(A, )
AEPn, | A=k

@ n=k=3, B = B(w1)® = B(3w1) @ B(ws3) @ B(w1 + w2)®?

(a+x2+x3)> =D [SYT(A,3)[sx(x1, x2, x3)
A3

33 = 53)(1,1,1) + 250,1)(1,1,1) + 51,1,1)(1,1,1) =10+ 2 x 8+ 1
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The Littlewood-Richardson rule

@ For p,v € Pp, we have the following gl,, crystal isomorphism.
@ Let T € B(p,n), T" € B(rv,n), T T' =w(T)@w(T’") = w(T)w(T’) and

PTRT) =T+ w(T)=TT' =P(TxT)

@ The recording tableau Q(T ® T')?

> T = T’:
’

1[2]2] 1[2
T < 2423 = 423 = [2[3] +23= [2]3 +3=P(TeT)=[2][3
14] [314]
1]
> QTRT)= 1 is a Littlewood-Richardson tableau of shape \/p,

12]2]
1 =(2,1) and content v = (2,2) with word 1122 a Yamanouchi word.

> The set of Littlewood-Richardson tableaux of skew shape shape \/u and content v
is denoted by Lf;’u.

> The Littlewood-Richardson coefficient cﬁ‘,y = |Lf;yy

> 0.
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@ Themap TR T'+— (P(T® T'),Q(T ® T')) gives the following crystal isomorphism

A
B(M» n)®B(V7 n): @ B(Q) = @ B()‘7 n)EDC“’Vv
AEP) AEP,
QELR), , [Al=]pl+]v]

where B(Q) = B(A\,n) X {Q} and cﬁ‘yy =|LR)
3,2,2)

ol

( _
® Ly =1
@ sus, = Z c>"us)\.
AeEP,

@ Tensor product decomposition of two gl,, irreducible representations

A

Vimeve) = @ v
AEP,
M=1pl+lv|
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Lusztig-Schutzenberger involution

@ The Schiitzenberger—Lusztig involution £ : B(A) — B(\) is the unique map of sets such
that, for all b € B(X), and i € I,
> e€(b) = &fy(iy(b)
> fi{(b) = Eeq(i)(b)
> wt(£(b)) = wowt(b)
where wy is the long element of the Weyl group W and 6 is the | Dynkin diagram
automorphism.

@ Let b€ B(A) and b=f, -+ (uy), for jr,...,j1 € 1. Then

f(b) = €y(j,) """ eg(jl)(ul)‘\’w), Wt(f(b)) = Wth(b).

In particular,
> intype Ap_1, &(b) = ep_j, -+ enj, (ul?V), and wt(£(b)) = rev wt(b), where rev is
the reverse permutation (long element) of &,
& reverses all arrows and colors, and weight. In particular, it interchanges the
highest and lowest weight elements.
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Lusztig—Schutzenberger involution in type A

11 rotate o rectification 5 3

Schiitzenberger, 70’ reversal /evacuation : 5 — 33 — 3
1=— 2=—
11
2 23
/2 N /33\ /3 N
11 12
1 2 13 22
| \w/2 33\/23 3 \/3
13 12 2 1 12 13
2 3 13 23 3 2
13 23 1 1 11 12
3 \\\\ﬂ 3 13 Fk\\\ 22 3 Fk\\\ 2
23/ 1 11
3 12 2

B((2,1,0),3) = B((2.2)/(1),3) _— B((2,1,0),3)

rectification

€7) = evac( ) = 7
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Demazure crystals

@ Let G = GL,(C) and B a Borel subgroup. Let the Lie algebras of G and B be
g = gl(n,C) and b a Borel subalgebra of g respectively. Let V() be the irreducible
G-module with highest weight A.

@ For w € W, the Demazure module V,,(X) C V(A) is the B-submodule defined
V() = U(0).V(Mwa,

where U(b) is the enveloping algebra of the Borel subalgebra b of g, and V/()),, is the
one dimensional weight space of V/(\) with extremal weight w.

@ The Kashiwara crystal B()) is a combinatorial skeleton for the G-module V/(X).
@ Demazure characters are the characters of the B-submodules V,, ().
@ Kashiwara and Littelmann have shown that Demazure characters can be obtained by

summing the monomial weights over certain subsets B, = By, (), v € W), in the
crystal B(\, n), called Demazure crystals.

@ B, = By()) is the combinatorial skeleton of the Demazure module V,, (), for v € WA.

@ How to detect a Demazure crystal B, = By()) in B(A, n)?
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Demazure keys: Dilatation of crystals

@ Let m be a positive integer. There exists a unique embedding of crystals
Ym @ B(A) = B(mX\)
such that for b € B()) and any path b= f;, ---f;(by) in B()), we have
Ym(b) = "+ £7(bmx).-

o b%m is of highest weight mX in B(\)®™ = B(b%m) is a realization of B(m)) in B(\)®™
with highest weight vertex b$™.
@ This gives a canonical embedding

o { B(bx) = B(bY™) C B(by)®™
me b— b ® - ® bpy

with important properties.

@ For o € W the set of minimal coset representatives of W /Wy, 0m(bsy) = bf’;\"

@ When m has sufficiently many factors, there exist elements o1, ...,om in W?> such that
Om(b) = by;x ® -+ ® by, tensor product of keys.
> the elements b,y and b, » in 0,(b) do not depend on m,
> up to repetition, the sequence (o1, ...,omA) in 0,(b) does not depend on the

realization of the crystal B(\) and we have 01 > 02 > -+ > om.
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Demazure keys:right and left

@ For b€ B(A) and Om(b) = byjx @ -+ ® by 2
> The keys KT(b) and K~ (b) of b are defined as follows:

K*(b) = by, and K~ (b) = by, -

In particular, KT (byx) = K~ (bsx) = by for any ¢ € W,
> K—(b) < K*(b) for any b € B()), and

> K~=(b) = K*(b) if and only if bisin O(\) = {by : ¢ € W} the set of keys in
B(N).
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2 — dilatation, B((2,1),3) — B(T9?) C B((2,1))®?

B((2,1),3)



Lakshmibai-Seshadri (LS) paths

@ The dilatated crystal B(\)®™

LA, 00 L 22, A1 |, R 2
2 12 12
122
%@ L OB, @@ L, BE ., 2E
2 2 12
@ The corresponding crystal of LS paths
(id;0,1) ? (s2:0,1) T) (5152,52:0,1/2,1) ? (s152;0,1)
1l 12

(s1;0,1) S (esnai0l/21) = (s251;0,1) 7 (s15251;0,1)

> Lakshmibai-Seshadri (LS) path of shape A is a pair (v; a) of sequences
v:iyy > - > vs of elements in W /W, in strictly decreasing order and
a:ag=0<a; <- - < as < asy1 = 1 of rational numbers in strictly increasing
order, satisfying certain integrability conditions. We may regard 7 as a piecewise
linear function such that
i—1
7T(t) = Z(ak — ak,l)l/k)\ + (t — a,-_1)1/,-)\, a1 <t<a
k=1
> For m = (id;0,1), one has my(t) = At, t € [0,1] and 0m(K (X)) gives my.

> i(m) = v is the initial direction (right key) and e(w) = vy, the final direction (left

key) of the path. 28/41



The crystal of LS paths

@ We denote by BLS()) the set of all LS paths of shape .
@ 7 = (id;0,1) identified with 7 (t) = At, t € [0,1] is in BLS()).

@ BLS()\) has crystal structure isomorphic to B(\) with highest weight element 7y given by
Om(K(N)).-
@ There is a unique crystal isomorphism between B()\) and B5()) that sends K(\) to 7.
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Lascoux's keys: jeu de taquin

@ An effective way to compute the right and the left key of a SSYT.

_ 2R . 12 _ O

.
13

K(37 27 1) =

I 1 et
1[3]3] 1[3]
13[5] 1313]
15] 1515]
1
3]
1[3
; 3[5] 3[5
E 3|5

{
[o]w

[€21[O8] g

Gl W|—=
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Lascoux's keys or keys a la Lascoux

1[3]4] 2[4]
13]6] — [1]3]
15] [516]
1
4]
2[4
12[6] _, 136
13 15
5]
2[4]4]
KT = [4]6]
16]

O IN

2
— 3[4
1[5]6
1]1]1]
13]5]
5]
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Demazure crystal and its opposite

@ Demazure crystal

> If v=10) where 0 =5, ---s; € W is a reduced word, we define the Demazure
crystal B, (also denoted By () to be

By = {ff* - FYKWN) | ke, k1) € Zho} \ {O}.

Be(A) = By = {K(\)}, and if 0 = wp, Buy(X) = B(A).
> Decomposition into Demazure atoms. For p < o in W, B,(\) C Bs(A). The
Demazure crystal atom B, is defined to be

B,=B,\ || B.=B\ || B
uegVA K(u)<K(v)

» Decomposition into Demazure atoms

B, ={bec B(\): KT(b) = K(v)}

B,= || B, ={beB()):K'(b)<K(\)}

viewa
v/ <v
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Opposite Demazure cystal
@ For b € B()\), EK1(b) = K_(¢b), EK(v) = K(wov).
@ For u,v € WA, u < v in the induced Bruhat order & K(u) < K(v) < £K(u) > EK(v).
@ The opposite Demazure crystal BV is defined to be
B0V = {egl, - egh | (K(woN) | ke, -, ki) € ZE0}\ {0}
=¢&(By) =¢{be B(\): KT(b) < K(v)}
= {be B(\): K*(¢b) < K(v)}
={be B(X): K™ (b) < K(v)}
={be B(}): K7 (b) > £(K(v)}
={be B(\): K~ (b) > K(wyv)}.
BY = &§(Bwyv) = {b € B(A) : K7 (b) > K(v)}.
@ Opposite Demazure atom
B" ={be B(\): K~ (b) = K(v)} = £(Bugv)-
@ Decomposition into opposite Demazure atoms
g = || ¢BH= || B = || B

vieWX, v/ <v vieEWX, v/ <v v eWw
v/ >wov

v/>v 33/41



Relations between Demazure crystals

Let u,v,x,y € WX and b € B(X). Then
Q B.CB, &B OB &x<y.
Q B'nB, # () & u < v which happens when

BB, = {be BOY | K(u) = K~ (5) < K*(5) = K(v)} 2 [K(u), K()}.
© BN B, # 0 < u< v which happens when
BYNB, = {be B(\) | K(u) < K~ (b) < KT (b) < K(v)} 2 {K(2) | z € [u, v]},

where [u,v] C WA is an interval in the induced Bruhat order.
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Demazure character

_
m= 2 E
1) 11
1]2 2(2
® B((2.1,0),3) e 22

2] 12
R N
2] 2 [3] T3

@ Demazure crystal Bs;s,((2,1,0)) = {b € B((2,1,0),3) : K+(b) < K(s152(2,1,0))}

_
Ta= Ef T
1l 11

K+ 12 _ [2]2]

@ Demazure character and opposite Demazure character

K5152>\(X17 X2, X3) = Z XWt(b) = Z th(b)

bEBs; 5, (N) beB(X)
KF (D) <K(s1222)
KSISZA(Xl,X2,X3) — Z th(b) — Z th(b).
beEBS1%2(N) beB(X)

K~ (b)>K(s15oX\) 35/41



Schubert varieties and Demazure crystals

@ Let G be a simply-connected semisimple algebraic group over C, g its Lie algebra, and
T C G a maximal torus. We also fix T C B C G, B a Borel subgroup of G (a subgroup
of G containing a maximal torus). Let B~ be the corresponding opposite Borel subgroup,
that is, it is the unique Borel subgroup of G with the property BN B~ = T.

@ For simplicity, let G = GL,(C), B be the subgroup of upper triangular matrices and B~
the subgroup of lower triangular matrices.

@ Bruhat decomposition and (full) flag variety.
The Bruhat decomposition which describes the B x B, respectively B~ X B orbits in G
which are parameterized by W

G= |_| BwB = |_| B~ wB.
weWw weWw

@ Let G/B = {gB: g € G} be the (full) flag variety in G.

G/B= | | BwB/B= | | B~ wB/B.
wew weW
@ The Schubert cell Cy is C, = BwB/B = Bw, and
The opposite Schubert cell C% is C¥ = wyCyyw = B~ wB/B = B~ w.
@ The Schubert variety X, respectively the opposite Schubert variety X%, in G/B are

Xo=|] G, X =]] C"=woXuw C G/B,

v<w u>w

where < denotes the (strong) Bruhat order on W.
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Relations among Schubert varieties

@ For w,w’ € W,
Xu C Xy & w<w XY DXY.

@ The Richardson variety Xg in G/B corresponding to the pair (o, 8), o, 8 € W, is the (set
theoretic) intersection

X=XanXP= || C/nCc#0ep<a.
BV <u' <o
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Borel-Weil theorem, Demazure modules and Schubert
varieties

@ Let g be the Lie algebra of G. Let V() be the irreducible highest weight G-module over
C with highest weight A, and let B()\) its combinatorial skeleton.

@ Let Ly be a line bundle on the flag variety G/B.

@ By the Borel-Weyl theorem the space H°(G/B, Ly) of global sections is a G-module
isomorphic to V(A)* the dual of V(A),

V(A)* ~ H%(G/B, Ly).

@ Kashiwara constructed a specific C-basis of HO(XW7 Ly) via the quantized enveloping
algebra associated to g, specialized at g = 1. This C-basis, {G,"(b) : b € B(\)} the
upper global basis (specialized at g = 1) is compatible with Schubert varieties and
opposite Schubert varieties:

H(Xw, L) = Viw(N)*  C-basis {GP(b) : b € Bw(N)}

HO(X™, L)) =~ V¥(N)*  C-basis {GP(b) : b € B¥(\)}.

@ Associated to the combinatorial path model given by the LS paths of shape A, Littelmann
constructed also a basis for HO(G/B7 L) compatible with Schubert varieties and opposite
Schubert varieties and their intersections.
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Cartan type C,

Folding Azn—1:
1 2 P n—1
1 2 P n—1 n ¢ )
C, o —o—o— — e——<—9 — n
— o o -
2n—1 2n—2 2n—p n+1

@ In type Cn, an = 2en and ) = e, and the Weyl group W = B, the hyperocthaedral

group, and for v € Z", wov = —v. The Dynkin automorphism 6 = id.
@ B,~ B} :=(5:= sAs2An 30 i= si,1 < i < n) as a subgroup of &y,.
@ B, is the free group generated by r1, ..., rn—1, ra subject to the relations
?=1,1<i<n, (1)
(r)?=1,1<i<j<n,|i—j|>1, (2)
(i) =1,1<i<n-2, 3)
(rn-1r)* =1 4)
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@ Kashiwara crystal Let V' be an Euclidean space with inner product (-,-). Fix a root system
® with simple roots {«; | i € I} where | is an indexing set and a weight lattice
A D -span{a; | i € I}. A Kashiwara crystal of type ® is a nonempty set B together with

maps :
e, i :B—->BU{0} e,9 B —-U{—c0} wt:B—A

where i € [ and 0 ¢ B is an auxiliary element, satisfying the following conditions:

(a) if a, b € B then ej(a) = b < fi(b) = a. In this case, we also have
wt(b) = wt(a) + a1, 1(b) = £i(a) — 1 and @i(b) = wi(a) + 1
(b) for all a € B, we have

2¢

wi(a) = (wt(a), o) +ei(a) with ) = Taren

@ »i(a) = max{k €x¢| f¥(a) # 0} and ¢;(a) = max{k €x¢| e/(a) # 0}.
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Kashiwara-Nakashima tableaux

@ Let BE(\) be the irreducible C,-crystal with highest weight a partition A of at most n

parts.
We realize BC()\) as the crystal of symplectic Kashiwara—Nakashima tableaux of shape A

on the alphabet

{1<--<n<n<--<I}L
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